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7KH SULPDU\ JRDO RI WKLV SDSHU LV WR GHPRQVWUDWH D PHDQV WR SURYH DV\PSWRWLFDOO\ VWDEOH ZDONLQJ LQ DQ XQGHU
DFWXDWHG� SODQDU� nYH�OLQN ELSHG URERW PRGHO� 7KH DQDO\VLV DVVXPHV D ULJLG FRQWDFW PRGHO ZKHQ WKH VZLQJ OHJ LPSDFWV
WKH JURXQG DQG DQ LQVWDQWDQHRXV GRXEOH VXSSRUW SKDVH� 7KH VSHFLnF URERW PRGHO DQDO\]HG FRUUHVSRQGV WR D SURWRW\SH
XQGHU GHYHORSPHQW E\ WKH &156 LQ )UDQFH� $ VHFRQGDU\ JRDO RI WKH SDSHU LV WR HVWDEOLVK WKH YLDELOLW\ RI WKH WKHRUHWLFDOO\
PRWLYDWHG FRQWURO ODZ� 7KLV LV H[SORUHG LQ D QXPEHU RI ZD\V� )LUVW� LW LV VKRZQ KRZ NQRZQ WLPH�WUDMHFWRULHV� VXFK
DV WKRVH GHWHUPLQHG RQ WKH EDVLV RI ZDONLQJ ZLWK PLQLPDO HQHUJ\ FRQVXPSWLRQ� FDQ EH LQFRUSRUDWHG LQWR WKH SURSRVHG
FRQWUROOHU VWUXFWXUH� 6HFRQGO\� YDULRXV SHUWXUEDWLRQV WR WKH ZDONLQJ PRWLRQ DUH LQWURGXFHG WR YHULI\ GLVWXUEDQFH UHMHFWLRQ
FDSDELOLW\� )LQDOO\� WKH FRQWUROOHU LV GHPRQVWUDWHG RQ D GHWDLOHG VLPXODWRU IRU WKH SURWRW\SH ZKLFK LQFOXGHV WRUTXH OLPLWV
DQG D FRPSOLDQW PRGHO RI WKH ZDONLQJ VXUIDFH� DQG WKXV D QRQ�LQVWDQWDQHRXV GRXEOH VXSSRUW SKDVH�

.H\ZRUGV� %LSHG URERW� VWDEOH ZDONLQJ� 3RLQFDUuH VHFWLRQV� RSWLPDO WUDMHFWRULHV� UREXVWQHVV HYDOXDWLRQ� ULJLG DQG

FRPSOLDQW FRQWDFW PRGHOV

,� ,QWURGXFWLRQ

'XULQJ WKH WZR ODVW GHFDGHV� WKH LQWHUHVW LQ OHJJHG URERWV KDV LQFUHDVHG DQG KDV HYHQ JLYHQ ULVH WR

D IHZ VSHFWDFXODU SURGXFWV� OLNH +RQGD
V KXPDQRLG URERW >��@� DQG 6RQ\
V GRJ�OLNH DQG ELSHGDO URERWV

>��@� *RRG VXUYH\V FDQ EH IRXQG LQ >��@� >��@� >��@� >��@ DQG D ODUJH GDWDEDVH RI ZDONLQJ URERWV LQ

>��@� 5HSUHVHQWDWLYH SDSHUV LQ WKH PRUH UHFHQW OLWHUDWXUH RQ FRQWUROOHG� ELSHGDO URERWV LQFOXGH >��@�

>��@� >��@� >��@� >��@� >��@� >��@� %LSHGDO URERWV DUH EHLQJ FRQWUROOHG WR ZDON� MXPS� DQG UXQ� :LWK

YHU\ IHZ H[FHSWLRQV� WKH GHWHUPLQDWLRQ RI ZKHWKHU D FRQWURO ODZ DSSOLHG WR D OHJJHG URERW \LHOGV D

?VWDEOH� ZDONLQJ RU UXQQLQJ PRWLRQ KDV EHHQ EDVHG RQ H[WHQVLYH VLPXODWLRQV RU RQ EXLOGLQJ WKH URERW

DQG LPSOHPHQWLQJ WKH FRQWURO ODZ� ,Q WKLV VHQVH� WKHRU\ LV VLJQLnFDQWO\ WUDLOLQJ SUDFWLFH�

$V PD\ EH H[SHFWHG� WKH JUHDWHVW DQDO\WLFDO SURJUHVV RQ VWDELOLW\ DQDO\VLV KDV EHHQ LQ WKH FDVH RI

IXOO\ DFWXDWHG URERWV �DQ DFWXDWRU IRU HDFK PHFKDQLFDO GHJUHH RI IUHHGRP�� $ NH\ DVSHFW RI >��@ LV WKDW D

SHULRGLF RUELW LV FUHDWHG ZLWKRXW WUDFNLQJ D SUH�FRPSXWHG WUDMHFWRU\� OHDGLQJ WR D WLPH�LQYDULDQW FORVHG�

ORRS V\VWHP IRU ZKLFK VWDELOLW\ KDV EHHQ DQDO\]HG� )RU XQGHU DFWXDWHG URERWV� ZKLFK LV WKH WRSLF RI WKLV

SDSHU� D UDWKHU FRPSOHWH VWDELOLW\ DQDO\VLV KDV EHHQ DFKLHYHG LQ WZR PDLQ FDVHV� WKH ELSHG FRPSDVV

PRGHO ZLWKRXW D WRUVR >��@� >��@ �DQ H[WHQGHG PRGHO ZLWK D WRUVR ORFNHG DW ULJKW DQJOH WR WKH ZDONLQJ

VXUIDFH KDV EHHQ DQDO\]HG LQ >��@� DQG WKH PRQRSRG KRSSHU RI 5DLEHUW >��@� 7KH VWDELOLW\ DQDO\VLV RI

e&RUUHVSRQGLQJ DXWKRU� ,5&&\1� (FROH &HQWUDOH GH 1DQWHV� 805 &156 ����� %3 ������ � UXH GH OD 1RH� ����� 1DQWHV
FHGH[ ��� )UDQFH� )UDQFN�3OHVWDQ#LUFF\Q�HF�QDQWHV�IU

� &RQWURO 6\VWHPV /DERUDWRU\� (OHFWULFDO (QJLQHHULQJ DQG &RPSXWHU 6FLHQFH 'HSDUWPHQW� 8QLYHUVLW\ RI 0LFKLJDQ� $QQ $UERU�
0, ����������� 86$� IJUL]]OH�HZHVWHUYJ#XPLFK�HGX
d/*,30� 8QLYHUVLWuH GH 0HW]� ,87 GH 7KLRQYLOOH� (VSDFH &RUPRQWDLJQH� ����� <XW]� )UDQFH� DEED#LXW�XQLY�PHW]�IU
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WKH FRPSDVV PRGHO LV EDVHG RQ QXPHULFDOO\ FRPSXWLQJ WKH 3RLQFDUuH PDS� GHWHUPLQLQJ D n[HG SRLQW

WKURXJK D 1HZWRQ�5DSKVRQ VHDUFK� DQG WKHQ OLQHDUL]LQJ DERXW WKH n[HG SRLQW >��@� 7KH QXPHULFDO

GLpFXOW\ LQ FKHFNLQJ VWDELOLW\ LQ WKLV PDQQHU LQFUHDVHV UDSLGO\ ZLWK WKH GLPHQVLRQ RI WKH PRGHO� ,Q

WKH FDVH RI WKH KRSSHU� DQDO\WLFDO SURJUHVV ZDV EDVHG RQ GHULYLQJ DSSUR[LPDWH PRGHOV RI WKH KRSSHU

IRU ZKLFK WKH DVVRFLDWHG 3RLQFDUuH UHWXUQ PDS FDQ EH FRPSXWHG LQ FORVHG�IRUP >��@� >��@� >��@� 7KLV LQ

WXUQ KDV OHG WR WKH GHWHUPLQDWLRQ RI VDPSOHG�GDWD FRQWURO ODZV �VDPSOLQJ LV GRQH V\QFKURQRXVO\ ZLWK

LPSDFW HYHQWV� WKDW DGPLW ORZ�GLPHQVLRQDO WHVWV IRU DV\PSWRWLF VWDELOLW\ RI D SHULRGLF RUELW� %LSHGV

DUH PXFK PRUH FRPSOH[ WKDQ WKH KRSSHU� (YHQ IRU D VWLm�OHJJHG ELSHG PRGHO ZLWK D WRUVR� GHWHUPLQLQJ

D FORVHG�IRUP UHSUHVHQWDWLRQ RI WKH 3RLQFDUuH UHWXUQ PDS ZRXOG EH D IRUPLGDEOH WDVN �HVVHQWLDOO\ D PDS

IURP ,5� WR LWVHOI�� DQG GRLQJ WKLV IRU WKH FDVH RI D URERW ZLWK NQHHV LV VLPSO\ XQWKLQNDEOH DW WKH

SUHVHQW WLPH �D PDS IURP ,5� WR LWVHOI� RU ZRUVH�� ,QGHHG� WKH FRPSOH[LW\ RI WKH HTXDWLRQV RI PRWLRQV

KDV EHHQ XVHG DV D MXVWLnFDWLRQ IRU LQWXLWLYH FRQWURO PHWKRGV� VHH >��@ DQG >��@�

7KH FRQWURO ZRUN FORVHVW LQ VSLULW WR WKDW SUHVHQWHG KHUH LV >��@� $V LQ >��@� WKLV LQQRYDWLYH SDSHU DOVR

IRFXVHV RQ DFKLHYLQJ ZDONLQJ PRWLRQV LQ D URERW ZLWKRXW UHFRXUVH WR D SUH�FRPSXWHG VHW RI UHIHUHQFH

WUDMHFWRULHV� 7KH VWXGLHG URERW LV SODQDU DQG XQGHU DFWXDWHG� FRQVLVWLQJ RI WZR OHJV ZLWKRXW IHHW

FRQQHFWHG DW D KLS� WKHUH LV QR WRUVR� 7KH OHJV KDYH UHYROXWH NQHHV WKDW DUH XQDFWXDWHG� EXW ZKLFK

DUH HTXLSSHG ZLWK EORFNV VR WKDW WKH\ ORFN LQ WKH H[WHQGHG SRVLWLRQ EHIRUH LPSDFW� &RQVHTXHQWO\� WKH

VWDELOLW\ DQDO\VLV LV VLPLODU WR WKDW RI WKH FRPSDVV PRGHO� $ VLQJOH DFWXDWRU LV SURYLGHG DW WKH KLSV�

H[HUWLQJ D WRUTXH EHWZHHQ WKH WZR IHPXUV� 7KH FRQWURO ODZ LV SDUDPHWHUL]HG LQ WHUPV RI WKH DEVROXWH

DQJOH RI WKH VZLQJ OHJ WLELD� 6WDELOLW\ LV LQYHVWLJDWHG E\ QXPHULFDOO\ FRPSXWLQJ WKH 3RLQFDUuH PDS DQG

HYDOXDWLQJ LWV HLJHQYDOXHV DERXW D n[HG SRLQW� 7KH FRQWURO ODZ ZDV DOVR LPSOHPHQWHG H[SHULPHQWDOO\�

2QFH WKH PDVV DQG LQHUWLDO SDUDPHWHUV RI WKH DQDO\WLFDO PRGHO ZHUH LGHQWLnHG IURP WKH H[SHULPHQWDO

URERW DQG MRLQW IULFWLRQ ZDV HVWLPDWHG� WKH H[SHULPHQWV FRLQFLGHG YHU\ ZHOO ZLWK WKH WKHRU\� $ VLPLODU

VHW RI UHVXOWV IRU WKH JLDQW VZLQJ PRWLRQ RI D J\PQDVWLF URERW LV SUHVHQWHG LQ >��@�

7KH PDLQ REMHFWLYH RI WKLV SDSHU LV WR SURSRVH� IRU DQ XQGHU DFWXDWHG ELSHGDO URERW ZLWK D WRUVR

DQG UHYROXWH NQHHV� EXW QR IHHW� D QRYHO DQG FRPSOHWH DV\PSWRWLF VWDELOLW\ SURRI IRU D SHULRGLF ZDONLQJ

PRWLRQ RQ D ULJLG� oDW VXUIDFH� 7KH NH\ EUHDNWKURXJK EHKLQG WKLV LV WKH GHYHORSPHQW LQ >��@ RI D

FRQWLQXRXV�WLPH FRQWURO VWUDWHJ\ DQG D QRYHO H[WHQVLRQ RI 3RLQFDUuH
V PHWKRG WKDW VLJQLnFDQWO\ UHGXFH

WKH GLPHQVLRQ RI WKH VWDELOLW\ DQDO\VLV SUREOHP� IRU D FODVV RI K\EULG� PHFKDQLFDO V\VWHPV ZLWK 1
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GHJUHHV RI IUHHGRP �'2)� DQG �1b�� LQGHSHQGHQW DFWXDWRUV� WKH VWDELOLW\ DQDO\VLV SUREOHP LV IRUPDOO\

UHGXFHG WR WKH FDOFXODWLRQ RI D �FRQWLQXRXV� PDS IURP D VXE�LQWHUYDO RI ,5 WR LWVHOI� 7KLV UHVXOW ZDV

LOOXVWUDWHG LQ >��@ RQ D WKUHH�OLQN ELSHG PRGHO �WRUVR� WZR OHJV ZLWKRXW NQHHV�� 7KDW PRGHO ZDV

VXpFLHQWO\ VLPSOH WKDW LW FRXOG EH GHULYHG E\ KDQG DQG DOO RI WKH K\SRWKHVHV RI WKH WKHRU\ FKHFNHG LQ

DQ HOHPHQWDU\ PDQQHU� 7KH URERW XQGHU VWXG\ KHUH� RQ WKH RWKHU KDQG� LV VXpFLHQWO\ FRPSOH[ WKDW

WKH HTXDWLRQV RI PRWLRQ PXVW EH REWDLQHG V\PEROLFDOO\�� 7KH HTXDWLRQV RI PRWLRQ nOO VHYHUDO SDJHV

RI GHQVH W\SH� 1HYHUWKHOHVV� D FRQWUROOHU ZLWK SURYDEOH VWDELOLW\ SURSHUWLHV FDQ VWLOO EH GHVLJQHG� 7R

LOOXVWUDWH VRPH RI WKH GHVLJQ oH[LELOLW\ DYDLODEOH LQ WKLV DSSURDFK� D VHFRQG FRQWUROOHU LV GHVLJQHG RQ WKH

EDVLV RI RSWLPDO WLPH�WUDMHFWRULHV GHYHORSHG LQ >�@� ZKHUH OLPLWDWLRQV RQ WRUTXH DQG SRZHU KDYH EHHQ

DGGUHVVHG IRU WKH VDPH URERW� 7KLV FRQWUROOHU� OLNH WKH nUVW RQH� LV WLPH�LQYDULDQW DQG KDV SURYDEOH

VWDELOLW\ SURSHUWLHV�

7KH VHFRQG REMHFWLYH RI WKH SDSHU LV WR LQYHVWLJDWH UREXVWQHVV RI WKH FORVHG�ORRS V\VWHP E\ HYDOX�

DWLQJ WKH SHUIRUPDQFH RI WKH URERW LQ GLmHUHQW VLWXDWLRQV� )LUVW� WKH EHKDYLRU RI WKH URERW LV VWXGLHG

ZKHQ WKHUH LV DQ REVWDFOH RQ WKH JURXQG DQG ZKHQ WKHUH LV DQ H[WHUQDO IRUFH DFWLQJ RQ LWV KLSV RU

WRUVR� 7KH JRDO LV WR GHPRQVWUDWH WKDW WKH UHJLRQ RI DWWUDFWLRQ RI WKH SHULRGLF RUELW LV QRQ�QHJOLJLEOH�

6HFRQGO\� WKH UREXVWQHVV LV FKHFNHG E\ VXSSRVLQJ WKDW WKH URERW LV ZDONLQJ RQ D FRPSOLDQW VXUIDFH�

7KH IRUPDO VWDELOLW\ DQDO\VLV RI WKH URERW LQ FORVHG�ORRS ZLWK WKH FRQWUROOHU KDV EHHQ SHUIRUPHG XQGHU

WKH K\SRWKHVHV WKDW WKH FRQWDFW EHWZHHQ WKH OHJ HQG DQG WKH JURXQG LV ULJLG �SHUIHFWO\ LQHODVWLF� DQG

WKH GRXEOH VXSSRUW SKDVH LV LQVWDQWDQHRXV� 7KH DGYDQWDJH RI DVVXPLQJ D ULJLG FRQWDFW PRGHO LV WKDW

LW FRQVLGHUDEO\ ORZHUV WKH GLPHQVLRQ RI WKH PRGHO RI WKH URERW DQG WKH ZDONLQJ VXUIDFH� ,Q SDUWLFXODU�

WKHUH LV D UHGXFWLRQ LQ WKH QXPEHU RI GHJUHHV RI IUHHGRP RI WKH URERW PRGHO �VLQFH WKH VWDQFH OHJ DFWV DV

D SLYRW� WZR GHJUHHV RI IUHHGRP DUH UHPRYHG�� DQG WKH IRUFHV RQ WKH IHHW DUH GHWHUPLQHG E\ DQ DOJHEUDLF

HTXDWLRQ LQVWHDG RI GLmHUHQWLDO HTXDWLRQV� 7KLV UHGXFWLRQ LQ GLPHQVLRQ JUHDWO\ VLPSOLnHV WKH IHHGEDFN

GHVLJQ DQG WKH VWDELOLW\ DQDO\VLV� 1HYHUWKHOHVV� D UHDOLVWLF ZDONLQJ VXUIDFH ZLOO EH FRPSOLDQW DQG WKH

HQGV RI WKH OHJV PD\ VOLS ZKHQ LQ FRQWDFW ZLWK JURXQG� ,W LV WKXV LQWHUHVWLQJ WR GHWHUPLQH ZKHWKHU

WKH GHVLJQ K\SRWKHVLV RI D ULJLG FRQWDFW LV YDOLG� 7R FKHFN WKLV� WKH FRQWUROOHU GHVLJQHG RQ WKH EDVLV

RI D ULJLG ZDONLQJ VXUIDFH LV DSSOLHG WR D PRGHO WKDW LQFOXGHV FRPSOLDQFH DQG G\QDPLF IULFWLRQ RI WKH

ZDONLQJ VXUIDFH� 7KURXJK VLPXODWLRQ� LW LV YHULnHG WKDW LI WKH ZDONLQJ VXUIDFH LV VXpFLHQWO\ VWLm WKHQ

�7KH DXWKRUV XVHG WKH 6\PEROLF 7RROER[ LQ 0$7/$% IRU WKLV� 7KH IXOO PRGHO LV DYDLODEOH DW >��@�
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WKH UHVXOWLQJ ZDONLQJ PRWLRQ LV YHU\ VLPLODU WR WKDW REWDLQHG XQGHU WKH K\SRWKHVLV RI D ULJLG FRQWDFW�

7KH UHPDLQGHU RI WKH SDSHU LV VWUXFWXUHG DV IROORZV� 6HFWLRQ ,, GHYHORSV WKH G\QDPLFDO PRGHO RI WKH

��OLQN URERW DQG VSHFLnHV DOO RI WKH PHFKDQLFDO SDUDPHWHUV� WKH PRGHO FRUUHVSRQGV WR D SURWRW\SH WKDW

LV XQGHU FRQVWUXFWLRQ� 7KH VZLQJ SKDVH PRGHO LV EDVHG RQ /DJUDQJLDQ PHFKDQLFV DQG KDV QRW \HW EHHQ

H[SHULPHQWDOO\ YDOLGDWHG� $V GLVFXVVHG DERYH� D ULJLG PRGHO LV XVHG IRU WKH FRQWDFW EHWZHHQ WKH VZLQJ

OHJ DQG JURXQG DQG WKH GRXEOH VXSSRUW SKDVH LV DVVXPHG WR EH LQVWDQWDQHRXV� 7KH FRQWDFW EHWZHHQ

WKH VXSSRUW OHJ DQG WKH JURXQG LV PRGHOHG DV D SLYRW� DQG WKXV� GXULQJ WKH VLQJOH VXSSRUW SKDVH� WKH

PRGHO KDV nYH GHJUHHV RI IUHHGRP� 6HFWLRQ ,,, GHYHORSV WKH FRQWUROOHU� 7KH GHVLUHG SRVWXUH RI WKH URERW

WKURXJKRXW D VWHS LV nUVW SDUDPHWHUL]HG LQ WHUPV RI D VFDODU IXQFWLRQ RI WKH FRQnJXUDWLRQ YDULDEOHV RI

WKH URERW� LQVWHDG RI WLPH� )URP WKLV� D VHW RI RXWSXWV LV FRQVWUXFWHG LQ VXFK D ZD\ WKDW WKH QXOOLQJ

RI WKH RXWSXWV LV HTXLYDOHQW WR DFKLHYLQJ WKH GHVLUHG SRVWXUH� 7KH IHHGEDFN GHVLJQ LV FRPSOHWHG E\

FRPELQLQJ LGHDV IURP nQLWH�WLPH VWDELOL]DWLRQ DQG FRPSXWHG WRUTXH WR DV\PSWRWLFDOO\ QXOO WKH RXWSXWV�

7KH FRQWUROOHU
V SHUIRUPDQFH LV nUVW HYDOXDWHG E\ VLPXODWLRQ LQ 6HFWLRQ ,9 XQGHU WKH K\SRWKHVHV RI D

ULJLG FRQWDFW PRGHO� DQ LQVWDQWDQHRXV GRXEOH VXSSRUW SKDVH� DQG QR VOLSSLQJ RI WKH VXSSRUW OHJ� 7KH

VLPXODWLRQV LQGLFDWH WKDW WKH FRQWUROOHU LQGXFHV DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ PRWLRQ RI ��� P V�

EXW UHTXLUHV SHDN WRUTXHV WKDW DUH YHU\ QHDU WKH PD[LPDO FDSDELOLW\ RI WKH SURWRW\SH� 7KH DFWXDO

VWDELOLW\ RI WKH LQGXFHG ZDONLQJ PRWLRQ LV IRUPDOO\ SURYHQ LQ 6HFWLRQ 9� $ PHWKRG WR LQFRUSRUDWH

RSWLPDO WLPH�WUDMHFWRULHV >�@ LQWR D WLPH�LQYDULDQW FRQWUROOHU GHVLJQ LV LOOXVWUDWHG LQ 6HFWLRQ 9,� \LHOGLQJ

D FRQWUROOHU WKDW PHHWV QDWXUDO GHVLJQ FRQVWUDLQWV� 6HFWLRQ 9,, HYDOXDWHV WKH FRQWUROOHU
V SHUIRUPDQFH�

nUVW E\ VXSSRVLQJ SHUWXUEDWLRQV OLNH D FKDQJH LQ JURXQG KHLJKW RU DQ H[WHUQDO IRUFH DFWLQJ RQ WKH

KLSV� DQG VHFRQGO\� E\ FRQVLGHULQJ D FRPSOLDQW ZDONLQJ VXUIDFH� )RU WKH ODWWHU FDVH� WKH VLPXODWLRQV

DUH SHUIRUPHG RQ D PRUH GHWDLOHG VLPXODWRU GHYHORSHG E\ WKH )UHQFK 3URMHFW &RPPDQGH GH 5RERWV tD

3DWWHV >��@� 7KH PDLQ QRYHOW\ RI WKH GHWDLOHG VLPXODWRU LV WKH LQFOXVLRQ RI D QRQOLQHDU� FRPSOLDQW PRGHO

RI WKH FRQWDFW EHWZHHQ WKH URERW
V OLPEV DQG WKH JURXQG >��@� >��@� >�@ DQG D G\QDPLF IULFWLRQ PRGHO >�@�

>��@� >��@� 7KH GHWDLOHG VLPXODWRU WKXV H[HUFLVHV DOO VHYHQ RI WKH URERW
V GHJUHHV RI IUHHGRP �WKH DQJOHV

RI WKH nYH OLQNV SOXV WKH &DUWHVLDQ FRRUGLQDWHV RI WKH KLSV�� DQG WKHUHIRUH VHUYHV DV DQ LQGHSHQGHQW

FKHFN RI WKH YDOLGLW\ RI WKH NH\ K\SRWKHVHV PDGH LQ WKH PDWKHPDWLFDO GHULYDWLRQ RI WKH FRQWUROOHU� LQ

SDUWLFXODU� WKH FRQWDFW SRLQWV RI WKH OLPEV PD\ VOLS DQG�RU UHERXQG� DQG WKH GRXEOH VXSSRUW SKDVH LV

QRW LQVWDQWDQHRXV� 7KH FRQWUROOHU
V SHUIRUPDQFH RQ WKH PRUH FRPSOHWH PRGHO LV VKRZQ WR EH VLPLODU
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WR WKDW REWDLQHG XQGHU WKH LGHDOL]HG K\SRWKHVHV RI 6HFWLRQV ,9 DQG 9� $GGLWLRQDO VXSSRUWLQJ SORWV

DQG DQLPDWLRQV RI WKH YDULRXV FRQWUROOHUV VWXGLHG KHUH FDQ EH IRXQG DW >��@�

,,� 5RERW PRGHO

7KH PRGHO LV EDVHG RQ D SURWRW\SH XQGHU FRQVWUXFWLRQ� QDPHG 5$%%,7�� VHH )LJXUH �� 7KH SURWR�

W\SH KDV IRXU LQGHSHQGHQW DFWXDWRUV� WKH D[LV EHWZHHQ WKH WRUVR DQG HDFK WKLJK LV DFWXDWHG DV LV WKH

D[LV RI HDFK NQHH� 7KH DFWXDWRUV KDYH EHHQ VL]HG VR WKDW WKH URERW LV FDSDEOH RI JHQHUDWLQJ PRWLRQV

RI DW OHDVW � NP K ZKHQ ZDONLQJ DQG �� NP K ZKHQ UXQQLQJ� 7KHVH VSHHGV FRPSDUH ZHOO ZLWK WKH

FDSDELOLWLHV RI KXPDQV >�@� 0DQ\ RI WKH WHFKQLFDO FRQVLGHUDWLRQV WKDW ZHQW LQWR WKH GHVLJQ RI WKH URERW

DUH VXPPDUL]HG LQ >�@� 7KH SULQFLSDO PRWLYDWLRQV IRU FRQVWUXFWLQJ WKH SURWRW\SH ZHUH WR VWXG\ PRG�

HOLQJ �HVSHFLDOO\ K\EULG PHFKDQLFDO V\VWHPV DQG FRPSOLDQW FRQWDFW PRGHOV�� GHWHUPLQDWLRQ RI RSWLPDO

WUDMHFWRULHV� OLPLW F\FOHV� VWDELOL]DWLRQ RI WUDMHFWRULHV DQG WKH WUDQVLWLRQ EHWZHHQ ZDONLQJ DQG UXQQLQJ

>��@�

7KH SURWRW\SH LV OLPLWHG WR PRWLRQ LQ WKH VDJLWWDO SODQH E\ PHDQV RI D UDGLDO EDU� 7KH HQGV RI WKH

URERW
V OHJV DUH nWWHG ZLWK ZKHHOV WXUQHG QRUPDO WR WKH VDJLWWDO SODQH VR WKDW UDGLDO PRYHPHQWV RI

WKH FRQWDFW SRLQWV EHWZHHQ WKH URERW
V OHJV DQG WKH oRRU DUH FRPSOHWHO\ IUHH� DV WKH ZKHHOV DUH LQ WKH

IURQWDO SODQH� QR PRELOLW\ H[LVWV EHWZHHQ WKH OHJV DQG WKH ?IHHW� LQ WKH VDJLWWDO SODQH� 7KH UDGLXV RI

WKH FLUFXODU SDWK LPSRVHG E\ WKH EDU LV DSSUR[LPDWHO\ � P� 7KH GHVLJQ RI VWDELOL]LQJ FRQWUROOHUV IRU

WKH ODWHUDO PRWLRQ RI D ZDONLQJ URERW KDV EHHQ DGGUHVVHG LQ >��@� ZKHUH LW LV VKRZQ WKDW VWDELOLW\ FDQ

EH DFKLHYHG E\ DFWLYHO\ DGMXVWLQJ WKH ODWHUDO GLVWDQFH EHWZHHQ WKH IHHW� WKLV LVVXH LV QRW VWXGLHG KHUH�

7KH URERW LV PRGHOHG DV D SODQDU ELSHG FRQVLVWLQJ RI D WRUVR� KLSV� DQG WZR LGHQWLFDO OHJV ZLWK

NQHHV� EXW QR DQNOHV �VHH )LJXUH ��� ,W WKXV KDV � GHJUHHV RI IUHHGRP �WKH nYH MRLQW DQJOHV SOXV WKH

&DUWHVLDQ FRRUGLQDWHV RI WKH KLSV� IRU H[DPSOH�� ,W LV VXSSRVHG WKDW WKH URERW ZDONV IURP OHIW WR

ULJKW DQG WKDW WKHUH LV QR UHERXQG QRU VOLS EHWZHHQ WKH OHJ HQGV DQG WKH ZDONLQJ VXUIDFH� 8QGHU WKLV

DVVXPSWLRQ� GXULQJ WKH VZLQJ SKDVH �RQO\ RQH OHJ WRXFKLQJ WKH ZDONLQJ VXUIDFH�� WKH KLS FRRUGLQDWHV

DUH QRW LQGHSHQGHQW RI WKH DQJXODU FRRUGLQDWHV DQG WKXV WKH QXPEHU RI GHJUHHV RI IUHHGRP GHFUHDVHV

WR �� $ WRUTXH LV DSSOLHG EHWZHHQ HDFK OHJ DQG WKH WRUVR� DQG D WRUTXH LV DSSOLHG DW HDFK NQHH� 7KXV�

GXULQJ WKH VLQJOH VXSSRUW SKDVH WKH URERW LV XQGHU DFWXDWHG� WKHUH DUH ��'2) DQG � DFWXDWRUV� ,W LV

�7KH 5$%%,7 SURWRW\SH LV XQGHU FRQVWUXFWLRQ E\ WKH )UHQFK 3URMHFW &RPPDQGH GH 5RERWV tD 3DWWHV RI WKH &156 � *G5
$XWRPDWLTXH�
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VXSSRVHG WKDW DOO OLQNV DQG MRLQWV DUH ULJLG� LQ SDUWLFXODU� WKHUH LV QR HODVWLFLW\ EHWZHHQ WKH DFWXDWRUV

DQG OLQN MRLQWV >��@� >��@� >��@� ,W LV DVVXPHG WKDW WKH ZDONLQJ F\FOH WDNHV SODFH LQ WKH VDJLWWDO SODQH

DQG FRQVLVWV RI VXFFHVVLYH SKDVHV RI VLQJOH VXSSRUW�

7KH FRPSOHWH PRGHO RI WKH ELSHG URERW FRQVLVWV RI WZR SDUWV� WKH GLmHUHQWLDO HTXDWLRQV GHVFULELQJ

WKH G\QDPLFV RI WKH URERW GXULQJ WKH VZLQJ SKDVH �WKHVH HTXDWLRQV DUH GHULYHG XVLQJ WKH PHWKRG RI

/DJUDQJH >��@�� DQG DQ LPSXOVH PRGHO RI WKH FRQWDFW HYHQW �WKH LPSDFW EHWZHHQ WKH VZLQJ OHJ DQG WKH

JURXQG LV PRGHOHG DV D FRQWDFW EHWZHHQ WZR ULJLG ERGLHV >��@�� 7KH FRQWDFW EHWZHHQ WKH VWDQFH OHJ DQG

WKH JURXQG LV PRGHOHG DV D SLYRW� $V LQ >��@� >��@� WKH FRPSOHWH PRGHO FDQ EH H[SUHVVHG DV D QRQOLQHDU

V\VWHP ZLWK LPSXOVH HmHFWV >��@�

$� 6ZLQJ SKDVH PRGHO

7KH G\QDPLF PRGHO RI WKH URERW EHWZHHQ VXFFHVVLYH LPSDFWV LV GHULYHG IURP WKH /DJUDQJH IRUPDOLVP�

'�T� c �T � &�T� BT� c BT �*�T�  % c X ���

ZLWK T  �T��� T��� T��� T��� T��
� �VHH )LJXUH �� DQG X  �X�� X�� X�� X��

� �VHH )LJXUHV � DQG ��� 7KH WRUTXHV

X�� X�� X�� DQG X� DUH DSSOLHG EHWZHHQ WKH WRUVR DQG WKH VWDQFH OHJ� WKH WRUVR DQG WKH VZLQJ OHJ� DW

WKH NQHH RI WKH VWDQFH OHJ DQG DW WKH NQHH RI WKH VZLQJ OHJ� UHVSHFWLYHO\� 7KH PRGHO FDQ EH ZULWWHQ LQ

VWDWH VSDFH IRUP E\ GHnQLQJ

B[ � 
G

GW

�
T
�

w
 

�
�

'b��T� c �b&�T� �� c � b*�T� �% c X�

�
 � I�[� � J�[� c X ���

ZKHUH � � BT� DQG [ � �T�� ����� 7KH VWDWH VSDFH RI WKH PRGHO ZLOO EH UHVWULFWHG WR SK\VLFDOO\ UHD�

VRQDEOH YDOXHV RI T IRU ZDONLQJ� 7R GHnQH WKHVH ERXQGV� LW LV FRQYHQLHQW WR LQWURGXFH WKH FRRUGLQDWHV

�S��� S��� S��� S��� �VHH )LJXUH �� ZKHUH�
����
S��
S��
S��
S��

�
����  

�
����
�
�
�T�� � T���

{ � T�� b T��
�
�
�T�� � T���

{ � T�� b T��

�
���� � ���

1RWH WKDW� IRU WKH FRPSXWDWLRQ RI ���� LW LV DVVXPHG WKDW WKH WLELD DQG WKH IHPXU DUH RI HTXDO OHQJWK

�DV LV WKH FDVH RI WKH SURWRW\SH 5$%%,7�� 7KH YDULDEOH S�� �UHVS� S��� LV WKH DQJOH EHWZHHQ WKH YHUWLFDO

D[LV DQG D ?YLUWXDO� OHJ MRLQLQJ WKH KLSV WR WKH IRRW RI WKH VWDQFH OHJ �UHVS� WKH VZLQJ OHJ� DQG WKH

�7KH V\PEROLF FRPSXWDWLRQ RI WKH PRGHO LV DYDLODEOH DW >��@�
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YDULDEOH S�� �UHVS� S��� LV WKH UHODWLYH DQJOH RI WKH VWDQFH OHJ �UHVS� VZLQJ OHJ� NQHH� 7KH VWDWH VSDFH

IRU WKH V\VWHP ZLOO EH WDNHQ DV ; � I�T�� ���� M T �0� � � ,5�J� ZKHUH 0  IT M b {
�
� T� �

{
�
� �{
�
�

S�� �
�{
�
� � � S�� � {� �{

�
� S�� � �{

�
� � � S�� � {J� :LWK WKLV FKRLFH RI 0 � WKH URERW
V WRUVR DQG

VXSSRUW OHJ DUH QHYHU EHORZ WKH ZDONLQJ VXUIDFH� ZKLFK LV WDNHQ DV I�T� �� � ;M]�  �J� WKH VHW RI

SRLQWV ZKHUH WKH KHLJKW RI WKH HQG RI WKH VXSSRUW OHJ LV ]HUR �IRU GHnQLWLRQ RI ]�� VHH )LJXUH ���

%� ,PSDFW PRGHO

$Q LPSDFW RFFXUV ZKHQ WKH VZLQJ OHJ WRXFKHV WKH ZDONLQJ VXUIDFH� DOVR FDOOHG WKH JURXQG� 7KH

LPSDFW EHWZHHQ WKH VZLQJ OHJ DQG WKH JURXQG LV PRGHOHG DV D FRQWDFW EHWZHHQ WZR ULJLG ERGLHV� 7KH

GHYHORSPHQW RI WKH LPSDFW PRGHO UHTXLUHV WKH IXOO VHYHQ GHJUHHV RI IUHHGRP RI WKH URERW� /HW XV DGG

&DUWHVLDQ FRRUGLQDWHV �[+ � ]+� WR WKH KLSV �VHH )LJXUH ��� 2QH WKHQ REWDLQV WKH IROORZLQJ H[WHQGHG

PRGHO

'H�TH� c �TH � &H�TH� BTH� c BTH �*H�TH�  %H c X� p)H[W ���

ZLWK TH  �T��� T��� T��� T��� T�� [+ � ]+��� p)H[W UHSUHVHQWV WKH H[WHUQDO IRUFHV DFWLQJ RQ WKH URERW DW WKH

FRQWDFW SRLQW� 7KH EDVLF K\SRWKHVHV DUH

�� WKH FRQWDFW RI WKH VZLQJ OHJ ZLWK WKH JURXQG UHVXOWV LQ QR UHERXQG DQG QR VOLSSLQJ RI WKH VZLQJ OHJ�

�� DW WKH PRPHQW RI LPSDFW� WKH VWDQFH OHJ OLIWV IURP WKH JURXQG ZLWKRXW LQWHUDFWLRQ�

�� WKH LPSDFW LV LQVWDQWDQHRXV�

�� WKH H[WHUQDO IRUFHV GXULQJ WKH LPSDFW FDQ EH UHSUHVHQWHG E\ LPSXOVHV�

�� WKH LPSXOVLYH IRUFHV PD\ UHVXOW LQ DQ LQVWDQWDQHRXV FKDQJH LQ WKH YHORFLWLHV� EXW WKHUH LV QR LQVWDQ�

WDQHRXV FKDQJH LQ WKH SRVLWLRQV� DQG

�� WKH WRUTXHV VXSSOLHG E\ WKH DFWXDWRUV DUH QRW LPSXOVLRQDO�

)URP WKHVH K\SRWKHVHV� WKH DQJXODU PRPHQWXP LV FRQVHUYHG DERXW WKH LPSDFW SRLQW� 2QH GHGXFHV

'H� BT
�
H b BTbH �  )H[W ���

ZKHUH )H[W LV WKH UHVXOW RI WKH FRQWDFW LPSXOVH IRUFHV� BT
�
H �UHVS� BT

b
H � LV WKH YHORFLW\ MXVW DIWHU �UHVS�

EHIRUH� LPSDFW� $Q DGGLWLRQDO VHW RI WZR HTXDWLRQV LV REWDLQHG E\ VXSSRVLQJ WKDW WKH VWDQFH OHJ GRHV

QRW UHERXQG QRU VOLS DW LPSDFW� 7KHQ� IURP WKH FRQGLWLRQ WKDW WKH VZLQJ OHJ GRHV QRW UHERXQG QRU

VOLS DW LPSDFW� RQH REWDLQV

G

GW
(�TH�  

#(

#TH
c BT�H  � ���
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ZLWK (�TH�  �[�� ]��� WKH &DUWHVLDQ FRRUGLQDWHV RI WKH HQG RI WKH VZLQJ OHJ� 7KH UHVXOW RI VROYLQJ ���

DQG ��� \LHOGV DQ H[SUHVVLRQ� IRU BT�H LQ WHUP RI BT
b

H � 7KH nQDO UHVXOW LV DQ H[SUHVVLRQ IRU [
� � �T�� ���

�VWDWH YDOXH MXVW DIWHU WKH LPSDFW� LQ WHUPV RI [b � �Tb� �b� �VWDWH YDOXH MXVW EHIRUH WKH LPSDFW��

ZKLFK LV H[SUHVVHG DV

[�  c�[b�� ���

&� 1RQOLQHDU V\VWHP ZLWK LPSXOVH HmHFWV

7KH RYHUDOO ELSHG URERW PRGHO FDQ EH H[SUHVVHG DV D QRQOLQHDU V\VWHP ZLWK LPSXOVH HmHFWV >��@

B[  I�[� � J�[� c X [b  � 6
[�  c�[b� [b � 6�

���

ZKHUH�

6 � I�T� �� � ;M]�  �� [� ! �J� ���

7KH FRQGLWLRQ ]�  � GHnQHV D FRQWDFW HYHQW EHWZHHQ WKH VZLQJ OHJ HQG DQG WKH JURXQG� ZKLOH [� ! �

LPSRVHV WKDW WKH VZLQJ OHJ WRXFKHV LQ IURQW RI WKH VWDQFH OHJ� 6ROXWLRQV RI ��� DUH WDNHQ WR EH ULJKW

FRQWLQXRXV �VHH >��@ IRU GHWDLOV�� :LWK WKLV FRQYHQWLRQ� DV ORQJ DV WKH URERW LV LQLWLDOL]HG LQ ; ZLWK WKH

VZLQJ OHJ RQ RU DERYH WKH ZDONLQJ VXUIDFH� DOO YDOLG VROXWLRQV RI WKH PRGHO UHVXOW LQ WKH URERW UHPDLQLQJ

RQ RU DERYH WKH ZDONLQJ VXUIDFH�

,,,� )HHGEDFN &RQWUROOHU 'HVLJQ

7KLV VHFWLRQ GHYHORSV WKH H[WHQVLRQ RI WKH FRQWUROOHU RI >��@� >��@ IRU WKH ��OLQN ELSHG ZLWK NQHHV�

7KH IXQGDPHQWDO LGHD LV WR HQFRGH ZDONLQJ LQ WHUPV RI D VHW RI ?SRVWXUH FRQGLWLRQV�� ZKLFK DUH LQ WXUQ

H[SUHVVHG DV ?KRORQRPLF FRQVWUDLQWV� RQ WKH SRVLWLRQ YDULDEOHV� 7KHVH ?FRQVWUDLQWV� DUH WKHQ XVHG WR

FRQVWUXFW RXWSXWV RI WKH PHFKDQLFDO PRGHO DQG DUH ?LPSRVHG� RQ WKH URERW YLD IHHGEDFN FRQWURO� 7KH

FRQWUROOHU LV GHVLJQHG RQ WKH EDVLV RI WKH DVVXPSWLRQV PDGH LQ 6HFWLRQ ,,� QDPHO\ WKDW WKH LPSDFW

PRGHO LV ULJLG DQG WKH GRXEOH VXSSRUW SKDVH LV LQVWDQWDQHRXV� 7KHVH K\SRWKHVHV ZLOO EH UH�YLVLWHG LQ

6HFWLRQ 9,,�

$� 2XWSXW GHnQLWLRQ

,Q KXPDQ ZDONLQJ� RQH REVHUYHV WKDW WKH WRUVR LV PDLQWDLQHG DW D QHDUO\ YHUWLFDO DQJOH� WKH KLSV

UHPDLQ URXJKO\ FHQWHUHG EHWZHHQ WKH IHHW DQG DW D QHDUO\ FRQVWDQW KHLJKW DERYH WKH ZDONLQJ VXUIDFH�
�7KH VROYDELOLW\ RI WKH HTXDWLRQV LV HDVLO\ YHULnHG� VHH >��@�
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DQG WKH HQG RI WKH VZLQJ OHJ WUDFHV DQ DSSUR[LPDWHO\ SDUDEROLF WUDMHFWRU\� ,Q DGGLWLRQ� WKH NQHHV DUH

QHYHU K\SHU�H[WHQGHG �DV RSSRVHG WR D ELUG� DQG RQO\ VOLJKWO\ oH[HG �DV RSSRVHG WR D PRQNH\�� 7KHVH

REVHUYDWLRQV KDYH EHHQ XVHG WR EXLOG D VHW RI FRQWURO REMHFWLYHV WKURXJK WKH IROORZLQJ RXWSXW IXQFWLRQV

ZKLFK ZLOO EH GULYHQ WR ]HUR �RU WR QXPHULFDOO\ VPDOO YDOXHV��

\�  N� c �T� b T�G�
\�  N� c �G� � G��
\�  N� c �]+ b ]+G�G���
\�  N� c �]� b ]�G�G����

����

,Q WKH DERYH� WKH &DUWHVLDQ FRRUGLQDWHV RI WKH KLSV� �[+ � ]+�� DQG WKH HQG RI WKH VZLQJ OHJ� �[�� ]���

DUH H[SUHVVHG LQ WKH FRRUGLQDWH IUDPH RI WKH IRRW RI WKH VWDQFH OHJ� �[�� ]�� �VHH )LJXUH ���

[�  �
]�  �
[+  /� c VLQ�T��� � /� c VLQ�T���
]+  b/� c FRV�T���b /� c FRV�T���
[�  [+ b /� c VLQ�T���b /� c VLQ�T���
]�  ]+ � /� c FRV�T��� � /� c FRV�T���
G�  [+ b [�  /� c VLQ�T��� � /� c VLQ�T���
G�  [+ b [�  /� c VLQ�T��� � /� c VLQ�T����

����

7KH RXWSXW \� LV FKRVHQ WR PDLQWDLQ WKH DQJOH RI WKH WRUVR DW D GHVLUHG FRQVWDQW YDOXH� VD\ T�G� 7KH

RXWSXW \� HQVXUHV WKH DGYDQFHPHQW RI WKH KLSV ZKLOH WKH VZLQJ OHJ JRHV IURP EHKLQG WKH VWDQFH OHJ WR

LQ IURQW RI LW �VHH )LJXUH � IRU WKH GHnQLWLRQ RI G� DQG G��� 7KH RXWSXW \� FRQWUROV WKH KLS KHLJKW LQ

VXFK D ZD\ WKDW WKH KLSV FDQ ULVH DQG IDOO E\ D VPDOO DPRXQW LQ D QDWXUDO ZD\� 7KH GHVLUHG WUDMHFWRU\

]+G RI WKH KLSV LV GHnQHG DV D VHFRQG RUGHU SRO\QRPLDO RI G� VXFK WKDW G� � >bVOG �� VOG �@� ZKHUH VOG

LV WKH GHVLUHG VWHS OHQJWK� ]+0$; �UHVS� ]+0,1� LV WKH PD[LPXP �UHVS� PLQLPXP� GHVLUHG YDOXH RI ]+

RYHU D VWHS DQG

]+G�bVOG ��  ]+0,1� ]+G���  ]+0$;� ]+G�VOG ��  ]+0,1� ����

7KH KLS WUDMHFWRU\ KDV QRW EHHQ FKRVHQ E\ RSWLPL]DWLRQ� WKRXJK LW VHHPV TXLWH QDWXUDO WKDW WKH KLSV

DUH KLJKHVW DW PLG�JDLW DQG ORZHVW DW IRRW WRXFKGRZQ DQG OLIWRm� 7KH RXWSXW \� FRQWUROV WKH WUDMHFWRU\

RI WKH HQG RI WKH VZLQJ OHJ� WKH GHVLUHG WUDMHFWRU\ ]�G LV GHnQHG DV D VHFRQG RUGHU SRO\QRPLDO RI G�

VXFK WKDW G� � >bVOG �� VOG �@� ZKHUH ]�0$; LV WKH PD[LPXP GHVLUHG YDOXH RI ]� RYHU D VWHS DQG

]�G�bVOG ��  �� ]�G���  ]�0$;� ]�G�VOG ��  �� ����

7KH IRRW WUDMHFWRU\ DOVR KDV QRW EHHQ FKRVHQ E\ RSWLPL]DWLRQ� EXW VHHPV WR FRUUHVSRQG WR QDWXUDO

ZDONLQJ JDLW� 7KH JDLQV N�� N�� N� DQG N� DUH FRQVWDQW YDOXHV WR EH FKRVHQ ODWHU� 7KXV� ZLWK WKH VDPH
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QRWDWLRQ DV LQ ����� WKH RXWSXW YHFWRU UHDGV DV

\  K�T� � 

�
����
K��T�
K��T�
K��T�
K��T�

�
����  

�
����
N� c �T� b T�G�
N� c �G��T� � G��T��
N� c �]+�T�b ]+G�G��T���
N� c �]��T�b ]�G�G��T���

�
���� � ����

%� &RQWUROOHU V\QWKHVLV

7KH FRQWURO REMHFWLYH LV WR GULYH WKH RXWSXWV ���� WR ]HUR� 6LQFH WKH RXWSXWV ���� RQO\ GHSHQG RQ

WKH JHQHUDOL]HG SRVLWLRQV� T� DQG WKH G\QDPLF PRGHO ��� LV VHFRQG RUGHU� WKH UHODWLYH GHJUHH RI HDFK

RXWSXW FRPSRQHQW LV DW OHDVW WZR� 8VLQJ VWDQGDUG /LH GHULYDWLYH QRWDWLRQ >��@� >��@� GLUHFW FDOFXODWLRQ

\LHOGV

�\  /�IK�[� � /J/IK�[� c X� ����

)RU WKH PRPHQW� LW LV VXSSRVHG WKDW WKH PDWUL[ /J/IK LV LQYHUWLEOH RQ WKH UHJLRQ RI LQWHUHVW� 7KLV ZLOO

EH FRQnUPHG ODWHU LQ WKH SDSHU� 7KH PHWKRG RI FRPSXWHG WRUTXH �RU LQYHUVH G\QDPLFV� FDQ WKHQ EH

XVHG WR GHnQH

Y � /�IK � /J/IK c X� ����

UHVXOWLQJ LQ IRXU GRXEOH LQWHJUDWRUV

�\L  YL� L  � WR �� ����

2QH SRVVLEOH DSSURDFK WR FRQWURO GHVLJQ ZRXOG EH WR GHVLJQ DV\PSWRWLFDOO\ VWDELOL]LQJ FRQWUROOHUV� VXFK

DV YL  NL�\L � NL� B\L� IRU WKH GRXEOH LQWHJUDWRUV ����� ,Q JHQHUDO� ZKHQ VXFK D IHHGEDFN LV DSSOLHG WR

WKH IXOO K\EULG PRGHO ���� LW LV QR ORQJHU DEOH WR GULYH WKH RXWSXWV ���� DV\PSWRWLFDOO\ WR ]HUR GXH WR

WKH LPSXOVLYH HmHFWV RI WKH LPSDFWV� $ JHQHUDO PHDQV RI WU\LQJ WR ?RYHUFRPH� WKLV FDQ EH REVHUYHG

LQ WKH OLWHUDWXUH� IRU H[SHULPHQWDO DV ZHOO DV VLPXODWLRQ EDVHG VWXGLHV� WKH IHHGEDFN JDLQV DSSHDU WR

EH XQLYHUVDOO\ FKRVHQ VXpFLHQWO\ ODUJH VR WKDW WKH WLPH FRQVWDQW IRU GULYLQJ WKH FRQWUROOHG TXDQWLWLHV

WR WKHLU UHIHUHQFH YDOXHV LV PXFK OHVV WKDQ WKH WLPH LQWHUYDO RI D VWHS� $ ELRORJLFDO EDVLV IRU GRLQJ

WKLV LV PXFK PRUH GLpFXOW WR HVWDEOLVK EHFDXVH WKH H[SHULPHQWV DUH QRW HDV\ WR GR ZHOO� 1HYHUWKHOHVV�

WKH HYLGHQFH VXJJHVWV WKDW LI D SHUWXUEDWLRQ LV GHOLEHUDWHO\ LQWURGXFHG LQ D KXPDQ
V JDLW >�@� >�@� WKH

VXEMHFW
V JDLW ZLOO UHFRYHU LQ MXVW D IHZ F\FOHV� VXJJHVWLQJ KLJK�JDLQ FRQWURO�

7KH XVH RI KLJK�JDLQ FRQWURO FDQ EH PDGH WR ZRUN TXLWH ZHOO LQ VLPXODWLRQ� 7KH GLpFXOW\ FRPHV

LQ PDWKHPDWLFDOO\ DQDO\]LQJ WKH H[LVWHQFH DQG VWDELOLW\ RI SHULRGLF RUELWV LQGXFHG E\ WKH FRQWUROOHU�
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6LQFH ZH DUH GHDOLQJ ZLWK SHULRGLF RUELWV� 3RLQFDUuH
V PHWKRG LV WKH DSSURSULDWH WRRO� +RZHYHU� WR

DSSO\ LW RQH PXVW FRPSXWH WKH LQGXFHG GLVFUHWH�WLPH G\QDPLFV IURP D K\SHU�VXUIDFH WUDQVYHUVDO WR WKH

RUELW EDFN WR WKH K\SHU�VXUIDFH >��@� >��@� 7KH LQGXFHG GLVFUHWH�WLPH G\QDPLFV LV FDOOHG WKH 3RLQFDUuH

PDS� ,Q WKH FDVH RI WKH PRGHO ���� WKH K\SHU�VXUIDFH KDV GLPHQVLRQ QLQH DQG WKH FRPSXWDWLRQ RI WKH

3RLQFDUuH PDS LV LPSUDFWLFDO� 7KH NH\ LGHD HVWDEOLVKHG LQ >��@ LV WKDW IRU D PHFKDQLFDO V\VWHP ZLWK

1 �GHJUHHV RI IUHHGRP DQG P�LQGHSHQGHQW LQSXWV� WKH IHHGEDFN FRQWURO GHVLJQ FDQ EH FDUULHG RXW LQ D

ZD\ WKDW JUHDWO\ VLPSOLnHV WKH VWDELOLW\ DQDO\VLV SUREOHP� WKH GLPHQVLRQ RI WKH LPDJH RI WKH 3RLQFDUuH

PDS FDQ EH UHGXFHG IURP �1 b � WR ��1 bP� b �� )RU WKH ELSHG FRQVLGHUHG KHUH� WKLV UHVXOWV LQ D

RQH�GLPHQVLRQDO DQDO\VLV SUREOHP� 7KH 3RLQFDUuH PDS IRU WKLV RQH�GLPHQVLRQDO SUREOHP PXVW VWLOO EH

FRPSXWHG QXPHULFDOO\� 7KH PDLQ SRLQWV DUH WKDW LWV QXPHULFDO FRPSXWDWLRQ LV YHU\ HDV\ DQG LW OHDGV

WR FRQFOXVLYH H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV IRU SHULRGLF RUELWV�

7KH IHHGEDFN GHVLJQ SURFHHGV DV IROORZV� 'HnQH D FRQWLQXRXV� IHHGEDFN Y  Y�\� B\� RQ ���� VR WKDW

HDFK RI WKH IRXU GRXEOH LQWHJUDWRUV �\L  YL LV �JOREDOO\� nQLWH�WLPH VWDELOL]HG� 7KH IHHGEDFN IXQFWLRQV

XVHG KHUH FRPH IURP >�@�

Y  k�\� B\� � �
q
c

�
����
���\�� q c B\��
���\�� q c B\��
���\�� q c B\��
���\�� q c B\��

�
���� � ����

(DFK IXQFWLRQ �L�\L� q c B\L�� L  � WR �� LV GHnQHG DV

�L�\L� q c B\L� � bVLJQ�q c B\L� c Mq c B\LM
m b VLJQ��L�\L� q c B\L�� c M�L�\L� q c B\L�M

m

�bm ����

ZLWK � � m � � DQG

�L�\L� q c B\L�  \L �
�
�bm
VLJQ�q c B\L� c Mq c B\LM

�bm� ����

7KH UHDO SDUDPHWHU q ! � DOORZV WKH VHWWOLQJ WLPH RI WKH FRQWUROOHUV WR EH DGMXVWHG� 7KH RYHUDOO IHHGEDFN

DSSOLHG WR ��� LV JLYHQ E\

X�[� � �/J/IK�[��
b� c

r
k�K�[�� /IK�[��b /�IK�[�

s
� ����

7KLV LV WKH PHWKRG RI FRPSXWHG WRUTXH ZLWK D nQLWH�WLPH VWDELOL]LQJ FRQWUROOHU RQ HDFK RI WKH GRXEOH

LQWHJUDWRUV�

�7KH WKHRU\ LQ >��@� >��@ GRHV 127 DOORZ WKH XVH D GLVFRQWLQXRXV IHHGEDFN DV LV FRPPRQO\ XVHG LQ VOLGLQJ PRGH FRQWURO�
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,9� 6LPXODWLRQV

&RQVLGHU WKH ELSHG URERW PRGHO ��� ZLWK WKH IROORZLQJ SDUDPHWHU YDOXHV >��@ �VHH )LJXUHV � DQG ���

VXSSRVH LQ DGGLWLRQ WKDW WKH DFWXDWRUV DW WKH NQHHV DQG DW WKH KLSV KDYH D JHDU UDWLR RI ����� ZLWK D

URWRU LQHUWLD RI ���� NJ�P�� 7KH PHFKDQLFDO SDUDPHWHUV DUH JLYHQ E\

0HFKDQLFDO SDUDPHWHUV 7RUVR )HPXU 7LELD

0DVV�NJ� 07 �� 0� ��� 0� ���
/HQJWK �P� /7 ����� /� ��� /� ���

3RVLWLRQ RI WKH &HQWHU RI 0DVV �P� =7 ��� =� ���� =� �����

&RQVLGHU WKH IHHGEDFN RI 6HFWLRQ ,,,�% ZLWK WKH IROORZLQJ SDUDPHWHUV

2XWSXW *DLQ 3DUDPHWHUV

\� N� ���� T�G  b{ �� UDG
\� N� ���
\� N� � ]+0,1  ���� P� ]+0$;  ���� P� VOG ���� P
\� N� � ]�0$;  �� PP� VOG ���� P

7KH URERW ZDV LQLWLDOL]HG LQ GRXEOH VXSSRUW ZLWK DQ LQLWLDO KLS YHORFLW\ � Yb+ �L�H� WKH KRUL]RQWDO YHORFLW\

RI WKH KLSV MXVW EHIRUH LPSDFW�� RI ���� P V� 7KLV FKRLFH LV MXVWLnHG� LQ 6HFWLRQ 9� LQ IDFW� WKH FORVHG�

ORRS V\VWHP VWDELOLW\ DQDO\VLV VKRZV WKDW WKH V\VWHP LV VWDEOH LI Yb+ LV WDNHQ EHWZHHQ ���� P V DQG ����

P V �VHH 6HFWLRQ 9 DQG )LJXUH ���� DQG DOVR WKDW Yb+ LV FORVH WR ���� P V RQ WKH OLPLW F\FOH� 1RWH DOVR

WKDW WKH DYHUDJH YHORFLW\ RI WKH ELSHG HTXDOV DERXW ��� P V RQ WKH OLPLW F\FOH� ,Q WKH IHHGEDFN �����

q  ���� DQG m  ���� 7KH SDUDPHWHU q ! � DOORZV WKH VHWWOLQJ WLPH RI WKH FRQWUROOHU WR EH DGMXVWHG

DQG � � m � � DFKLHYHV D nQLWH�VHWWOLQJ WLPH�

6HYHUDO DVSHFWV RI WKH VROXWLRQ FRUUHVSRQGLQJ WR WKH PRGHO DQG IHHGEDFN ZLWK WKH DERYH SDUDPHWHUV

DUH QRZ KLJKOLJKWHG� 6LPXODWLRQV ZHUH SHUIRUPHG LQ WKH 0$7/$%�6LPXOLQN HQYLURQPHQW� XVLQJ WKH

RGH�� LQWHJUDWLRQ DOJRULWKP ZLWK YDULDEOH VWHS VL]H� )LJXUH � GLVSOD\V WKH RXWSXWV DQG VKRZV WKDW WKH

FRQWUROOHU GULYHV WKHP WR ]HUR EHIRUH LPSDFW� 7KLV LPSOLHV WKDW WKH SRVWXUH FRQVWUDLQW HQFRGHG LQ WKH

RXWSXW IXQFWLRQ ���� LV VDWLVnHG DQG WKDW WKH SURRI RI VWDELOLW\ WR EH SUHVHQWHG LQ WKH QH[W VHFWLRQ

FDQ EH DSSOLHG� )LJXUH � GLVSOD\V WKH ZDONLQJ PRWLRQ RI WKH ELSHG URERW DV D VHULHV RI VWLFN nJXUHV

RYHU WKUHH VWHSV� 7KH ZDONLQJ DSSHDUV WR EH QDWXUDO� L�H�� KRZ D KXPDQ ZLWKRXW DUPV PLJKW ZDON�

)LJXUH � GLVSOD\V WKH DSSOLHG WRUTXHV RYHU D IHZ ZDONLQJ F\FOHV� QRWH WKDW WKH SHDN WRUTXH PDJQLWXGH

LV DURXQG ��� 1P RQ WKH OLPLW F\FOH� )LJXUH � GLVSOD\V WKH QRUPDO DQG WDQJHQWLDO IRUFHV DFWLQJ RQ WKH

VWDQFH OHJ HQG� QRWH WKDW WKH PD[LPXP IRUFH LV OHVV WKDQ ��� 1 � )LJXUH �� GLVSOD\V WKH FRRUGLQDWHV

�([WHQVLYH VLPXODWLRQV DUH QRW SHUIRUPHG KHUH WR YHULI\ VWDELOLW\ EHFDXVH DQ DQDO\WLFDO SURRI LV SURYLGHG LQ WKH QH[W VHFWLRQ�
+RZHYHU� VXSSRUWLQJ SORWV DQG DQLPDWLRQV DUH DYDLODEOH DW >��@�
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]� �YHUWLFDO KHLJKW RI WKH HQG RI WKH VZLQJ OHJ� DQG ]+ �YHUWLFDO KHLJKW RI WKH KLSV�� ZKLFK DUH NH\

TXDQWLWLHV LQ WKH GHnQLWLRQ RI WKH RXWSXWV XVHG WR JHQHUDWH WKH IHHGEDFN FRQWUROOHU� )URP WKH SORW RI

]+ LW LV REVHUYHG WKDW WKH JDLW LV ?FRPSDVV�OLNH� LQ WKDW WKH KLSV DUH KLJKHVW DW PLG VWDQFH DQG ORZHVW

DW IRRW WRXFKGRZQ�OLIWRm�

)URP )LJXUHV �^��� WKH ZDONLQJ WUDMHFWRULHV DSSHDU WR EH DV\PSWRWLFDOO\ VWDEOH� DIWHU VHYHUDO VWHSV�

WKH URERW VHHPV WR UHDFK D OLPLW F\FOH� 7KLV DSSHDUDQFH ZLOO SURYHG LQ WKH IROORZLQJ VHFWLRQ� ,Q

WKH VHTXHO� UREXVWQHVV RI WKH IHHGEDFN LV LQYHVWLJDWHG YHUVXV JURXQG KHLJKW YDULDWLRQV DQG H[WHUQDO

SHUWXUEDWLRQV� WKDW LV� WKH URERW VWLOO ZDONV ZLWK PRGHUDWH SHUWXUEDWLRQV �VHH 6HFWLRQ 9,,�� 7KH

RXWSXW IXQFWLRQ FKRVHQ� ����� LV FHUWDLQO\ QRW XQLTXH� IRU H[DPSOH� DSSURSULDWHO\ FRQWUROOLQJ WRUVR

DQJOH� KRUL]RQWDO KLS SODFHPHQW� DQG VZLQJ DQG VWDQFH OHJ NQHH DQJOHV ZLOO DOVR \LHOG D VWDEOH ZDONLQJ

PRWLRQ� ,Q RUGHU WR XVH WKH FRQWUROOHU RQ 5$%%,7� LW LV LQWHUHVWLQJ �IRU DFKLHYLQJ JUHDWHU DXWRQRP\

RI WKH URERW� WR GHFUHDVH WKH HQHUJ\ XVHG IRU ZDONLQJ� 7KLV ZLOO EH DGGUHVVHG LQ 6HFWLRQ 9,�

9� 6WDELOLW\ 3URRI

7KH SXUSRVH RI WKLV VHFWLRQ LV WR SURYH WKH DV\PSWRWLF VWDELOLW\ RU LQVWDELOLW\ RI WUDMHFWRULHV UHVXOWLQJ

IURP WKH ELSHG LQ FORVHG ORRS ZLWK WKH FRQWUROOHU ����� $Q LPSRUWDQW UHVXOW IURP >��@ LV WKDW VWDELOLW\

�RU LQVWDELOLW\� FDQ EH SURYHQ RQ WKH EDVLV RI WKH UHVWULFWLRQ RI WKH 3RLQFDUuH PDS WR D RQH�GLPHQVLRQDO

PDQLIROG� ,Q WKH IROORZLQJ� RQO\ WKH EDUH PLQLPXP RI PDWKHPDWLFDO QRWDWLRQ QHHGHG WR XVH WKLV WRRO

ZLOO EH LQWURGXFHG� 7KH UHDGHU VHHNLQJ D FDUHIXO GHYHORSPHQW RI WKHVH LGHDV LV UHIHUUHG WR >��@� 7KH

VWHSV IROORZHG KHUH ZRXOG EH WKH VDPH IRU DQ\ 1 �OLQN ELSHG ZLWK 1 b � LQGHSHQGHQW DFWXDWRUV�

/HW = GHQRWH WKH ]HUR G\QDPLFV PDQLIROG� L�H� =  I�T� BT� � ; MK�T�  �� /IK�T�  �J� DQG UHFDOO

WKDW 6 � I�T� �� � ;M]�  �� [� ! �J� 7KH FRQGLWLRQV UHTXLUHG WR GHnQH WKH UHVWULFWHG 3RLQFDUuH PDS

DUH

�� 6 ? = LV D VPRRWK VXEPDQLIROG RI ; �

�� WKH GHFRXSOLQJ PDWUL[ /J/IK LV LQYHUWLEOH� DQG

�� WKH FRQYHUJHQFH WLPH RI WKH FRQWUROOHU LV VWULFWO\ OHVV WKDQ WKH WLPH RI D VLQJOH VWHS RI WKH URERW�
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$� 6PRRWKQHVV RI 6 ? =

)URP VWDQGDUG UHVXOWV LQ >�@� 6 ? = ZLOO EH D VPRRWK RQH�GLPHQVLRQDO PDQLIROG LI WKH PDS

�
���

K�T�

/IK�T� BT�

]��T�

�
��� ����

KDV FRQVWDQW UDQN� HTXDO WR QLQH RQ 6 ? =� $ VLPSOH DUJXPHQW VKRZV WKDW WKLV LV HTXLYDOHQW WR WKH

UDQN RI >K�T�� ]��T�@
� EHLQJ HTXDO WR nYH� +HQFH� GHnQH WKH �d � PDWUL[

$  

�
� #K

#T

#]�
#T

�
� ����

ZKRVH GHWHUPLQDQW LQ WKH S FRRUGLQDWHV LV SURSRUWLRQDO WR

VLQ �S��� c VLQ �S��� c VLQ
t
S��
�

u
c VLQ �S���� ����

2Q 0 � LW LV HDVLO\ YHULnHG WKDW WKH GHWHUPLQDQW YDQLVKHV RQO\ DW S��  {� +RZHYHU� LI T � = DQG

S��  {� WKHQ ]��T�  ����� �� DQG WKXV T �� 6� +HQFH� WKH GHWHUPLQDQW RI $ LV QRQ�]HUR RQ 6 ? =� ,I

�T� �� � 6 ? =� WKHQ LW IROORZV WKDW T LV HTXDO WR D FRQVWDQW� FDOO WKLV YDOXH T�� )XUWKHUPRUH� LW IROORZV

WKDW � LV SDUDPHWHUL]HG E\ D VLQJOH YDULDEOH� 7KLV SDUDPHWHUL]DWLRQ LV GHYHORSHG QH[W� /HW

j�T�  

�
K�T�

[+�T�

�
� ����

ZKHUH [+ LV WKH KRUL]RQWDO SRVLWLRQ RI WKH URERW
V KLSV� ,W LV VWUDLJKWIRUZDUG WR YHULI\ WKDW j KDV IXOO

UDQN DW T�� 2Q =� LW IROORZV WKDW G
GW
K�T�  /IK�T� ��  �� DQG WKXV

�
�
Y+

w
 

G

GW
j�T�  

#j

#T
c �� ����

7KXV� } � ,5� 6 ? = E\

}�Yb+� � 

�
��
T�K
#j�T��
#T

Lb�
c Yb+

�
�� ����

LV D GLmHRPRUSKLVP IURP ,5 WR 6 ? =� ZLWK Yb+ WKH KRUL]RQWDO YHORFLW\ RI WKH KLSV MXVW EHIRUH LPSDFW�

%� 3URYLQJ LQYHUWLELOLW\ RI WKH GHFRXSOLQJ PDWUL[

7KH FRPSOH[LW\ RI WKH GHFRXSOLQJ PDWUL[� /J/IK� PDNHV D GLUHFW SURRI RI LQYHUWLELOLW\ KLJKO\ QRQ�

WULYLDO� 0RUHRYHU� VLQFH WKH SRLQW TH[W  �{� {� {� {� ��
� LV DQ H[WUHPXP RI WKH KHLJKW RI WKH KLSV� WKH

�5HFDOO WKDW WKH UDQN RI D PDS DW D SRLQW LV E\ GHnQLWLRQ WKH UDQN RI LWV -DFRELDQ PDWUL[ HYDOXDWHG DW WKH VDPH SRLQW�
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GHFRXSOLQJ PDWUL[ IRU WKH FKRLFH RI RXWSXWV ���� LV QHFHVVDULO\ VLQJXODU DW TH[W� +HQFH� D SURRI RI WKH

LQYHUWLELOLW\ RI WKH GHFRXSOLQJ PDWUL[ PXVW EH ORFDO LQ T� 2QH PHWKRG RI ORFDO SURRI LV WR GHPRQVWUDWH

VLJQ GHnQLWHQHVV RI WKH GHFRXSOLQJ PDWUL[
V GHWHUPLQDQW LQ DQ RSHQ VHW DERXW WKH ELSHG
V WUDMHFWRULHV�

6LJQ GHnQLWHQHVV LPSOLHV WKH GHWHUPLQDQW QHYHU HTXDOV ]HUR LQ WKDW VHW DQG� KHQFH� LQ WKDW VHW� WKH

GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH� 7KLV LV WKH PHWKRG XVHG KHUH� 7KH SURRI LV FDUULHG RXW LQ WZR VWHSV�

,Q WKH nUVW VWHS� WKH GHFRXSOLQJ PDWUL[ LV VLPSOLnHG E\ WKH DSSOLFDWLRQ RI DQ LQYHUWLEOH IHHGEDFN >��@

WR WKH PRGHO�� ,Q WKH VHFRQG VWHS� HOHPHQWDU\ ERXQGV RQ WKH LQGLYLGXDO WHUPV DSSHDULQJ LQ WKH

GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[ DUH GHWHUPLQHG DQG XVHG WR FRPSXWH XSSHU DQG ORZHU ERXQGV

RQ WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[� 7R DSSO\ WKH WHFKQLTXH RI >��@� LW LV HDVLHVW WR ZRUN LQ

UHODWLYH FRRUGLQDWHV

xT � �xT��� xT��� xT��� xT��� T��
� ����

ZKHUH �
����
xT��
xT��
xT��
xT��

�
����  

�
����
T�� b T�
T�� b T��
T�� b T�
T�� b T��

�
���� � ����

'HQRWH WKH G\QDPLF PRGHO ��� LQ WKHVH QHZ FRRUGLQDWHV DV

x'�xT� c �xT � x&�xT� BxT� c BxT � x*�xT�  x% c X� ����

,W LV HDVLO\ VKRZQ WKDW x% KDV WKH IRUP

x%  
�
,
�

w
� ����

1H[W� SDUWLWLRQ WKH FRRUGLQDWHV LQWR

TD  �xT��� xT��� xT��� xT���
� DQG TE  T�� ����

WKH ?DFWXDWHG� FRRUGLQDWHV DQG ?XQ�DFWXDWHG� FRRUGLQDWHV� UHVSHFWLYHO\� :ULWH ���� DV

x'���xT��TD � x'���xT��TE � x&��xT� BxT� BTD � x*��xT�  X ����

x'���xT��TD � x'���xT��TE � x&��xT� BxT� BTD � x*��xT�  �� ����

DQG VROYH ���� IRU �TE DV

�TE  b x'���xT�
b�
r
x'���xT��TD � x&��xT� BxT� BTD � x*��xT�

s
� ����

�%\ VWDQGDUG UHVXOWV LQ >��@� WKH LQYHUWLELOLW\ RI WKH GHFRXSOLQJ PDWUL[ LV LQYDULDQW XQGHU WKH DSSOLFDWLRQ RI LQYHUWLEOH IHHGEDFNV�
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6XEVWLWXWLQJ ���� LQWR ���� \LHOGV

A'�xT��TD � A&�xT� BxT� BTD � A*�xT�  X ����

ZKHUH�

A'�xT�  x'���xT�b x'���xT� x'
b�
�� �xT�

x'���xT� ����

A&�xT� BxT�  x&��xT� BxT�b x'���xT� x'
b�
�� �xT� x&��xT� BxT� ����

A*�xT�  x*��xT�b x'���xT� x'
b�
�� �xT� x*��xT�� ����

$SSO\LQJ WKH SDUWLDO OLQHDUL]LQJ IHHGEDFN

X  A'�xT�Y � A&�xT� BxT� BTD � A*�xT� ����

WR ���� DOORZV ���� DQG ���� WR EH UH�ZULWWHQ DV

�TD  Y ����

�TE  b x'���xT�
b�
r
x'���xT��TD � x&��xT� BxT� BTD � x*��xT�

s
� ����

7KH PRGHO ���� DQG ���� LV IHHGEDFN HTXLYDOHQW WR WKH RULJLQDO V\VWHP� ,W FDQ EH H[SUHVVHG LQ VWDWH

VSDFH IRUP ZLWK WKH VDPH FKRLFH RI [ DV EHIRUH WR REWDLQ

B[  AI�[� � AJ�[�Y� ����

6LQFH WKH UDQN RI WKH GHFRXSOLQJ PDWUL[ LV LQYDULDQW XQGHU LQYHUWLEOH IHHGEDFN� WKH GHFRXSOLQJ PDWULFHV

IRU V\VWHPV ��� DQG ���� KDYH WKH VDPH UDQN� 7KH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[ IRU ���� FDQ

EH GLUHFWO\ FRPSXWHG DQG VKRZQ WR EH RI WKH IRUP��

GHW/AJ/ AIK�xT�  
1XP�xT�

'HQ�xT�
����

ZLWK

1XP�xT�  
��;
L �

N1L J1L
r
F1L xT

s
DQG 'HQ�xT�  

�;
L �

N'L J
'
L

r
F'L xT

s
����

ZKHUH WKH NL
V DUH FRQVWDQWV� JL
V DUH VLQH DQG FRVLQH IXQFWLRQV� DQG FL
V DUH URZ YHFWRUV LQ ,5�� )RU D

JLYHQ VXEVHW 2 |0 �UHFDOO WKDW0 LV WKH DOORZHG VHW IRU WKH FRQnJXUDWLRQ YDULDEOHV�� XSSHU DQG ORZHU

�7KH LQYHUWLELOLW\ RI x'�� LV DVVXUHG E\ WKH SRVLWLYH GHnQLWHQHVV RI '�
��,W LV VWUDLJKWIRUZDUG WR FKHFN WKDW WKH GHFRXSOLQJ PDWUL[ GHSHQGV RQO\ XSRQ WKH FRQnJXUDWLRQ YDULDEOHV� T� DQG QRW RQ WKH

DQJXODU YHORFLWLHV�
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ERXQGV RQ WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[ FDQ EH IRXQG YLD FDOFXODWLRQ RI WKH PLQLPXP DQG

PD[LPXP RI HDFK RI WKH ��� WHUPV RI WKH QXPHUDWRU DQG GHQRPLQDWRU RYHU 2� )RU H[DPSOH� LI WKH

GHQRPLQDWRU LQ ���� LV SRVLWLYH� WKHQ

PD[
xT�2

GHW/AJ/ AIK�xT� �
PD[xT�2 1XP�xT�

PLQxT�2'HQ�xT�
�
PD[L�, PD[xT�2L

1XP�xT�

PLQL�, PLQxT�2L
'HQ�xT�

� ����

ZKHUH� 2 |
6
L�, 2L� DQG WKH 2L DUH FORVHG DQG ERXQGHG� 7KH PD[ DQG PLQ RSHUDWLRQV LQ ���� DUH

HVSHFLDOO\ WULYLDO WR HYDOXDWH LI WKH VHWV 2L DUH VHOHFWHG WR EH RI WKH IRUP

2L � 
Q
[ M xT PLQ

���L � xT�� � xT
PD[
���L � xT PLQ

���L � xT�� � xT
PD[
���L �

xT PLQ
���L � xT�� � xT

PD[
���L � xT PLQ

���L � xT�� � xT
PD[
���L � T PLQ

��L � T� � T PD[
��L

R
�

����

7KH DERYH WHFKQLTXH ZDV DSSOLHG WR WKH DSSDUHQW OLPLW�F\FOH RI 6HFWLRQ RI ,9� ,QGLYLGXDO FORVHG

VHWV 2L ZHUH GHWHUPLQHG E\ GLYLGLQJ WKH WLPH WUDMHFWRU\ LQWR GLVMRLQW SLHFHV� DQG RYHU ERXQGLQJ WKH

FRQnJXUDWLRQ YDULDEOHV VR WKDW RYHU WKH LbWK WLPH LQWHUYDO� WKH WUDMHFWRU\ RI WKH FRQnJXUDWLRQ YDULDEOHV

OLHV VWULFWO\ LQ WKH LQWHULRU RI 2L� $V DQ LOOXVWUDWLRQ� )LJXUH �� VKRZV WKH UHVXOW RI WKLV SURFHVV IRU xT���

'LYLVLRQ RI WKH WUDMHFWRULHV LQ WLPH LQWR SLHFHV RYHU ZKLFK WKH GHWHUPLQDQW FRXOG EH SURYHQ WR EH

VLJQ GHnQLWH ZDV DFFRPSOLVKHG ZLWK D VLPSOH ELQDU\ VHDUFK DOJRULWKP� 7KH UHVXOWV RI WKLV SURFHVV DUH

SUHVHQWHG LQ 7DEOH ,� ZKLFK JLYHV WKH XSSHU DQG ORZHU ERXQGV RI WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ

PDWUL[ DV ZHOO DV WKH PLQLPXP DQG PD[LPXP RI WKH GHWHUPLQDQW RYHU HDFK VXEVHW� DQG WKH EHJLQQLQJ

DQG HQG RI HDFK VHW
V GLYLVLRQ LQ WLPH� ,W VKRXOG EH QRWHG WKDW� ��� WKLV SURFHVV FRXOG EH LWHUDWHG

WR SURYH WKH GHFRXSOLQJ PDWUL[
V LQYHUWLELOLW\ RYHU D ODUJHU VXEVHW RI WKH ELSHG
V VWDWH VSDFH� DQG� ���

WKH IDFW WKDW WKLV PHWKRG ZRUNV LV QRW DQ DFFLGHQW� 6WDQGDUG FRPSDFWQHVV DQG FRQWLQXLW\ DUJXPHQWV

FDQ EH XVHG WR VKRZ WKDW WKH GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH RQ DQ RSHQ VHW DERXW WKH FRQnJXUDWLRQ

YDULDEOH WUDMHFWRULHV LI DQG RQO\ LI D WKHUH H[LVWV D VHW 2 ZKLFK LV WKH LQWHULRU RI D XQLRQ RI D nQLWH

QXPEHU RI FORVHG VHWV 2L DV GHVFULEHG DERYH�

&� 7KH UHVWULFWHG 3RLQFDUuH PDS

7KH FURVV VHFWLRQ IRU WKH 3RLQFDUuH PDS ZLOO EH WDNHQ WR EH 6� WKH LPSDFW VXUIDFH� /HW 3 � 6 � 6 EH

WKH XVXDO 3RLQFDUuH�� PDS� )RU WKRVH WUDMHFWRULHV IRU ZKLFK WKH FRQYHUJHQFH WLPH RI WKH FRQWUROOHU ����

LV OHVV WKDQ WKH WLPH WR PDNH D VLQJOH VWHS� WKH WUDMHFWRU\ ZLOO KDYH FRQYHUJHG WR WKH ]HUR G\QDPLFV

��6LQFH QRW HYHU\ LQLWLDO FRQGLWLRQ LQ 6 ZLOO UHVXOW LQ WKH URERW PDNLQJ D VXFFHVVIXO VWHS� 3 LV LQ JHQHUDO RQO\ D SDUWLDO PDS� WKDW
LV� LWV GRPDLQ RI GHnQLWLRQ LV QRW DOO RI 6� 7KH VDPH LV WUXH� RI FRXUVH� IRU WKH UHVWULFWHG 3RLQFDUuH PDS�
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PDQLIROG� =� LQ nQLWH�WLPH� ,Q WKLV FDVH� 3 WDNHV YDOXHV LQ 6 ? =� 7KH UHVWULFWHG 3RLQFDUuH PDS LV

GHnQHG WR EH | � 6 ?= � 6 ?= E\ |�[�  3 �[�� WKDW LV | � 3 M6?= � 7R FRPSXWH |� LW LV HDVLHVW WR XVH

WKH LGHQWLnFDWLRQ RI 6 ? = ZLWK ,5 JLYHQ E\ ����� 7KXV� GHnQH w � ,5 � ,5 E\ w � }b� p | p }� 7KH

IXQFWLRQ w FDQ EH FRPSXWHG LQ D VWUDLJKWIRUZDUG PDQQHU�

5HVWULFWHG 3RLQFDUuH PDS� w � ,5� ,5

�� /HW Yb+ ! � GHQRWH WKH KRUL]RQWDO YHORFLW\ RI WKH URERW
V KLSV MXVW EHIRUH LPSDFW �WKH UHVWULFWLRQ WR

SRVLWLYH YHORFLWLHV FRUUHVSRQGV WR WKH URERW ZDONLQJ IURP OHIW WR ULJKW�� &RPSXWH [b � }�Yb+� � 6?=�

WKH SRVLWLRQ RI WKH URERW MXVW EHIRUH LPSDFW�

�� $SSO\ WKH LPSDFW PRGHO WR [b� WKDW LV� FRPSXWH [� � c�[b��

�� 8VH [� DV WKH LQLWLDO FRQGLWLRQ LQ ��� FRQWUROOHG E\ ����� WKH URERW LQ FORVHG ORRS ZLWK WKH FRQWUROOHU�

DQG VLPXODWH XQWLO RQH RI WKH IROORZLQJ KDSSHQV�

D� 7KHUH H[LVWV D �nUVW� WLPH 7 ! � ZKHUH ]��7 �  �� ,I 7 LV JUHDWHU WKDQ WKH VHWWOLQJ WLPH RI WKH

FRQWUROOHU� WKHQ w�Yb+� � Y�+�7 �� HOVH� w�Y
b

+� LV XQGHnQHG DW WKLV SRLQW�

E� 7KHUH GRHV QRW H[LVW D 7 ! � VXFK WKDW ]��7 �  �� LQ WKLV FDVH� LW LV DOVR WUXH WKDW w�Yb+� LV

XQGHnQHG DW WKLV SRLQW�

'� 6WDELOLW\ UHVXOWV

7R GHWHUPLQH LI WKH FORVHG�ORRS V\VWHP LV VWDEOH XQGHU WKH FRQWUROOHU ����� WKH IXQFWLRQ w LV FRPSXWHG

IRU Yb+ � >���� ���@� )LJXUH �� GLVSOD\V WKH IXQFWLRQV w� 2QH GHGXFHV WKDW w LV XQGHnQHG IRU Yb+ OHVV

WKDQ ���� P V �EHFDXVH WKH URERW GRHV QRW KDYH HQRXJK NLQHWLF HQHUJ\ WR PDNH D VWHS� DQG PRUH WKDQ

���� P V �EHFDXVH WKH URERW LV PRYLQJ WRR IDVW IRU WKH RXWSXWV WR FRQYHUJH LQ D VLQJOH VWULGH�� $ n[HG

SRLQW DSSHDUV DW DSSUR[LPDWHO\ ����P V� DQG FRUUHVSRQGV WR DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH�

)LJXUH �� GLVSOD\V WKH OLPLW F\FOH RYHU VHYHUDO VWHSV ZLWK WKH SUHYLRXV SDUDPHWHUV RI VLPXODWLRQ� DQG

ZLWK WKH LQLWLDO KLS YHORFLW\ VHW WR Yb+  ��� P V� 7KH UHVXOWLQJ WUDMHFWRU\ FRQYHUJHV WR D OLPLW F\FOH�

VXSSRUWLQJ WKH VWDELOLW\ DQDO\VLV�

9,� ,QFRUSRUDWLQJ .QRZQ 2SWLPDO 7UDMHFWRULHV LQWR WKH &RQWURO /DZ

7KHUH LV D JUHDW GHDO RI oH[LELOLW\ LQ KRZ RQH FKRRVHV WKH RXWSXWV WKDW DUH WR EH GULYHQ WR ]HUR�

)XUWKHUPRUH� WKH FKRLFH RI WKH �WUDMHFWRULHV RI WKH� RXWSXWV KDV D VWURQJ LQoXHQFH RQ WKH HQHUJ\
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FRQVXPHG E\ WKH V\VWHP� ,Q >�@� RSWLPDO ZDONLQJ DQG UXQQLQJ WLPH�WUDMHFWRULHV DUH DQDO\]HG IRU

WKH VDPH ELSHG PRGHO� 5$%%,7� )ROORZLQJ >��@� 6HFWLRQ ,9�$� WKHVH WLPH WUDMHFWRULHV FDQ RIWHQ EH

FRQYHUWHG LQWR RXWSXW IXQFWLRQV� 2EVHUYH WKDW LQ D QRUPDO ZDONLQJ PRWLRQ� WKH DQJOH S�� �VHH )LJXUH ��

ZLOO EH VWULFWO\ PRQRWRQLFDOO\ LQFUHDVLQJ �WKH KRUL]RQWDO SRVLWLRQ RI WKH KLSV DQG RIWHQ WKH DQJOH RI WKH

WLELD RI WKH VWDQFH OHJ DUH DOVR VWULFWO\ PRQRWRQLFDOO\ LQFUHDVLQJ RYHU D VWHS�� 2QFH D VWULFWO\ LQFUHDVLQJ

JHQHUDOL]HG FRRUGLQDWH KDV EHHQ LGHQWLnHG� LW LV DOZD\V SRVVLEOH WR UH�SDUDPHWHUL]H WKH WUDMHFWRULHV

IRU WKH UHPDLQLQJ JHQHUDOL]HG FRRUGLQDWHV LQ WHUPV RI LW� 7KLV SURFHGXUH ZDV FDUULHG RXW KHUH IRU D

ZDONLQJ PRWLRQ RI ���� P�V WKDW LV RSWLPDO ZLWK UHVSHFW WR FRQVXPHG HQHUJ\ >�@� 6HFWLRQ ���� FULWHULD

&�� ZKHUH� LQ WKH RSWLPL]DWLRQ SURFHGXUH� WKH DFWXDWRU OLPLWDWLRQV DQG RWKHU FRQVWUDLQWV DVVRFLDWHG

ZLWK WKH SURWRW\SH KDYH EHHQ WDNHQ LQWR DFFRXQW�

$V LQ 6HFWLRQ ,,,� WKH TXDQWLWLHV WR EH FRQWUROOHG ZHUH WDNHQ DV T�� G� � G�� ]+ DQG ]�� 1HZ RXWSXWV

ZHUH SRVHG LQ WKH IRUP
\�  T� b 3��S���
\�  G� � G� b 3��S���
\�  ]+ b 3��S���
\�  ]� b 3��S����

����

ZKHUH HDFK SRO\QRPLDO 3L LV GHnQHG DV

3L  D�L � D�L c S�� � D�L c S
�
�� � D�L c S

�
�� � D�L c S

�
�� � D�L c S

�
�� � D�L c S

�
��� ����

5HJUHVVLQJ WKHVH SRO\QRPLDOV DJDLQVW WKH RSWLPDO WLPH�WUDMHFWRULHV IURP >�@ \LHOGV WKH FRHpFLHQWV

L D�L D�L D�L D�L D�L D�L D�L

� ������������ ����������� ������������ ���������� ����������� ��������� ���������

� ����������� ����������� ������������ ���������� ����������� ��������� ��������

� ���������� ���������� ���������� ��������� ��������� �������� �������

� ���������� ������������ ���������� ����������� ��������� ���������� �������

&RQVLGHU QH[W WKH ELSHG URERW PRGHO ��� ZLWK WKH SDUDPHWHU YDOXHV RI 6HFWLRQ ,9� WKH DERYH RXWSXWV�

DQG WKH IHHGEDFN RI 6HFWLRQ ,,,� 7KH LQLWLDO YHORFLW\ RI WKH KLSV� Yb+ � LV FKRVHQ DV ��� P V� LQ RUGHU

WR VKRZ WKDW WKHUH LV FRQYHUJHQFH WR D OLPLW F\FOH DIWHU VHYHUDO VWHSV� 7KLV FKRLFH LV MXVWLnHG E\ WKH

VWDELOLW\ DQDO\VLV� ,QGHHG� SURFHHGLQJ H[DFWO\ DV LQ 6HFWLRQ 9� LW FDQ EH VKRZQ WKDW

q 6 ? = LV D VPRRWK RQH�GLPHQVLRQDO PDQLIROG�

q WKH GHFRXSOLQJ PDWUL[ /J/IK LV LQYHUWLEOH�

q WKH IXQFWLRQ w�Yb+� KDV D n[HG SRLQW DQG LV GHnQHG RYHU D UHDVRQDEOH GRPDLQ �VHH )LJXUH ����

7KH FORVHG�ORRS V\VWHP VWDELOLW\ DQDO\VLV EDVHG RQ w�Yb+� VKRZV WKDW WKH V\VWHP LV VWDEOH LI Y
b

+ LV WDNHQ

JUHDWHU WKDQ � P V� DQG WKDW WKHUH LV D OLPLW F\FOH FRUUHVSRQGLQJ WR Yb+ RI DERXW ��� P V� 7KH LQLWLDO
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FRQGLWLRQ RI Yb+  ��� P V GRHV QRW VWDUW WKH V\VWHP RQ WKH OLPLW F\FOH� EXW WKH VLPXODWLRQV VKRZ WKDW

WKH ELSHG
V PRWLRQ FRQYHUJHV WR D OLPLW F\FOH �VHH )LJXUH ���� FRUUHVSRQGLQJ WR DQ DYHUDJH YHORFLW\ RI

WKH ELSHG HTXDO WR ���� P V� DQG WR KLSV YHORFLW\ EHIRUH WKH LPSDFW� Yb+ � HTXDO WR ��� P V� 6LPXODWLRQV

WKHUHIRUH FRQnUP WKH UHVXOWV GHULYHG IURP DQDO\VLV RI w� 7KH IHHGEDFN ���� KDV EHHQ WXQHG ZLWK q  ���

DQG m  ����

7KH VLPXODWLRQ YHULnHG WKDW WKH FRQWUROOHU VXFFHVVIXOO\ GULYHV WKH RXWSXWV WR ]HUR EHIRUH LPSDFW�

)LJXUH �� GLVSOD\V WKH ZDONLQJ PRWLRQ RI WKH ELSHG URERW DV D VHULHV RI VWLFN nJXUHV RYHU WKUHH VWHSV�

)LJXUH �� GLVSOD\V WKH DSSOLHG WRUTXHV RYHU D IHZ VWHSV� QRWH WKDW WKH SHDN WRUTXH PDJQLWXGH RQ WKH

OLPLW F\FOH LV QRZ DERXW �� 1P� ZKLFK LV FRPSDWLEOH ZLWK WKH SURWRW\SH
V WRUTXH OLPLWV� DQG ZKLFK LV

DERXW ��� RI WKDW XVHG E\ WKH SUHYLRXV FRQWURO ODZ� 7KH QRUPDO DQG WDQJHQWLDO IRUFHV DFWLQJ RQ WKH

VWDQFH OHJ HQG DUH ZLWKLQ WKH DOORZHG IULFWLRQ FRQH ZLWK FRHpFLHQW RI IULFWLRQ x � ���� WKH PD[LPXP

QRUPDO IRUFH LV QRZ OHVV WKDQ ��� 1 � )LJXUH �� GLVSOD\V WKH FRRUGLQDWHV ]� �YHUWLFDO KHLJKW RI WKH

HQG RI WKH VZLQJ OHJ� DQG ]+ �YHUWLFDO KHLJKW RI WKH KLSV� IRU ODWHU FRPSDULVRQ ZKHQ ZDONLQJ RQ D

FRPSOLDQW VXUIDFH� )LJXUH �� GLVSOD\V WKH DEVROXWH YDOXHV RI WKH DFWXDWRU DQJXODU YHORFLWLHV YHUVXV WKH

DEVROXWH YDOXHV RI WRUTXH �WKHVH YDOXHV WDNH LQWR DFFRXQW WKH JHDU UDWLR� DQG VKRZV WKDW WKH UHVXOWV DUH

FRPSDWLEOH ZLWK 5$%%,7
V DFWXDWRUV >�@� >�@�

9,,� $ 3DUWLDO 5REXVWQHVV (YDOXDWLRQ

5REXVWQHVV RI WKH ?RSWLPDO� FRQWUROOHU RI 6HFWLRQ 9, LV LQYHVWLJDWHG WKURXJK VLPXODWLRQ LQ WKUHH

GLmHUHQW VLWXDWLRQV� DQ H[WHUQDO IRUFH DFWLQJ RQ WKH KLSV RU WKH WRUVR� D FKDQJH LQ WKH KHLJKW RI WKH

ZDONLQJ VXUIDFH� DQG ZDONLQJ RQ D FRPSOLDQW VXUIDFH� 7KH ODVW SRLQW LV VWXGLHG VHSDUDWHO\ VLQFH LW

QHFHVVLWDWHV D FKDQJH LQ WKH PRGHO RI WKH URERW IURP WKH SUHYLRXV RQH� WKH FRPSOLDQFH LQ WKH ZDONLQJ

VXUIDFH H[HUFLVHV DOO ��'2) RI WKH PRGHO�

$� ([WHUQDO SHUWXUEDWLRQV

7KLV VHFWLRQ SURYLGHV WZR UHVXOWV WRZDUGV FKHFNLQJ WKH UREXVWQHVV RI WKH FRQWUROOHU 6HFWLRQ 9, WR H[�

WHUQDO GLVWXUEDQFHV� ,Q HDFK FDVH� WKH VLPXODWLRQV KDYH EHHQ SHUIRUPHG ZLWK WKH FRQWUROOHU SDUDPHWHUV

XVHG SUHYLRXVO\� L�H� q  ��� DQG m  ���� )XUWKHUPRUH� WKH LQLWLDO YHORFLW\ RI WKH KLSV Yb+ KDV EHHQ

WDNHQ WR EH ���P V �Yb+ LV VHW WR WKH YDOXH FRUUHVSRQGLQJ WR WKH OLPLW F\FOH� � ,Q RUGHU WR OLPLW WKH

QXPEHU RI nJXUHV� RQO\ WKH RXWSXW EHKDYLRU LV VKRZQ IRU WKHVHV WHVWV� 7KHVH SORWV� ZKLFK JLYH D JRRG



3/(67$1� *5,==/(� :(67(59(/7 $1' $%%$� 67$%/( %,3(' :$/.,1* ��

SLFWXUH RI WKH VWDELOLW\� DUH XVHG WR VKRZ ZKHWKHU WKH FORVHG�ORRS V\VWHP UHWXUQV WR WKH OLPLW F\FOH

DIWHU WKH SHUWXUEDWLRQ LV UHPRYHG�

q ([WHUQDO IRUFH� $ KRUL]RQWDO IRUFH LV DSSOLHG LQ WKH PLGGOH RI WKH WRUVR DW W  ��� V� LWV PDJQLWXGH

LV ��� 1 DQG LWV GXUDWLRQ LV ��� V� $V ERUQ RXW E\ )LJXUH ��� WKH V\VWHP UHWXUQV WR WKH OLPLW F\FOH

ZKHQ WKH IRUFH LV UHPRYHG� 7KH WHVW ZDV DOVR UHSHDWHG� ZLWK VLPLODU UHVXOWV� ZLWK D IRUFH DFWLQJ RQ WKH

KLSV�

q &KDQJH LQ ZDONLQJ VXUIDFH KHLJKW� $ � PP KLJK REVWDFOH�� LV SODFHG RQ WKH ZDONLQJ VXUIDFH

LQ WKH SDWK RI WKH URERW� 6WHSSLQJ RQ WKH REVWDFOH LQWURGXFHV DQ HUURU LQ WKH ]HUR�DOWLWXGH IRU WZR

VXFFHVVLYH FRQWDFWV �L�H�� RYHU WZR KDOI�VWHSV�� :KHQ WKH ELSHG VWHSV XS RQ WKH REVWDFOH WKHUH LV FRQWDFW

DW ]�  � PP� DQG ZKHQ LW VWHSV Rm WKH REVWDFOH� WKHUH LV FRQWDFW DW ]�  b� PP� )LJXUH �� VKRZV

WKDW WKH FRQWUROOHU WDNHV WKLV SHUWXUEDWLRQ LQ VWULGH�

%� :DONLQJ RQ D FRPSOLDQW VXUIDFH

2Q WKH DFWXDO SURWRW\SH� WKH FRQWDFW EHWZHHQ WKH HQGV RI WKH OHJV DQG WKH JURXQG ZLOO QRW EH ULJLG

DQG WKH HQGV RI WKH OHJV PD\ VOLS� 7KLV VHFWLRQ SUHVHQWV WKH UHVXOWV RI HYDOXDWLQJ WKH FRQWUROOHU ����

ZLWK WKH RXWSXWV GHnQHG LQ 6HFWLRQ 9, RQ D GHWDLOHG VLPXODWRU IRU 5$%%,7 >��@ WKDW LQFOXGHV WKH

QRUPDO IRUFHV RQ WKH OHJV GXH WR D FRPSOLDQW FRQWDFW ZLWK WKH JURXQG >��@� >��@� >�@ DQG WKH WDQJHQWLDO

IRUFHV GXH WR G\QDPLF IULFWLRQ >�@� >��@� >��@� )RU WKH VDNH RI FRPSOHWHQHVV� WKH QRPLQDO PRGHOV RI >��@�

>��@� >�@� >�@� >��@� >��@� >��@ DUH nUVW VXPPDUL]HG� D PRGLnFDWLRQ LV GLVFXVVHG� DQG WKHQ WKH VLPXODWLRQ

UHVXOWV DUH UHSRUWHG�

7KH ULJLG DQG FRPSOLDQW PRGHOV DUH FRQFHSWXDOO\ YHU\ GLmHUHQW� $V SUHVHQWHG LQ 6HFWLRQ ,,� WKH

ULJLG PRGHO LV FRPSRVHG RI D G\QDPLFDO QRQOLQHDU V\VWHP IRU WKH VZLQJ SKDVH� DQG DQ LPSXOVLRQDO

V\VWHP IRU WKH FRQWDFW HYHQW� :LWK WKH DVVXPSWLRQV VWDWHG LQ 6HFWLRQ ,, �LQ SDUWLFXODU� WKH LPSDFW LV

LQVWDQWDQHRXV�� WKLV LPSOLHV WKDW WKHUH LV QR GRXEOH VXSSRUW SKDVH GXULQJ D VWHS� 7KH FRPSOLDQW PRGHO�

RQ WKH RWKHU KDQG� LV DQ RUGLQDU\ �QRQ�K\EULG� G\QDPLFDO QRQOLQHDU V\VWHP DQG DOORZV D GRXEOH VXSSRUW

SKDVH ZKHUH WKHUH LV VLPXOWDQHRXV FRQWDFW EHWZHHQ WKH VZLQJ OHJ DQG WKH JURXQG DQG WKH VWDQFH OHJ

DQG WKH JURXQG� 2I FRXUVH� WKLV IDFW ZDV QRW WDNHQ LQWR DFFRXQW LQ WKH V\QWKHVLV RI WKH FRQWUROOHU� DQG

DSSO\LQJ WKH FRQWUROOHU WR WKH FDVH RI ZDONLQJ RQ D FRPSOLDQW VXUIDFH DOORZV D FKHFN RI LWV UREXVWQHVV

��7KLV SHUWXUEDWLRQ LV QRW QHJOLJLEOH LQ YLHZ RI WKH YDOXH RI WKH PD[LPXP KHLJKW RI WKH VZLQJ OHJ HQG ]� �VHH )LJXUH ��� LQ WKH
QRPLQDO FDVH�
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SURSHUWLHV�

%�� &RPSOLDQW FRQWDFW DQG IULFWLRQ PRGHOV

7KH G\QDPLF PRGHO LV EDVHG RQ WKH IXOO ��'2) PRGHO RI WKH ELSHG ZLWK D FRPSXWDWLRQ RI WKH IRUFHV

DFWLQJ RQ WKH HQG RI HDFK OHJ�

'�TH� c �TH � &�TH� BTH� c BTH �*�TH�  % c X� - ��TH� c )� ����

ZKHUH� TH  �T��� T��� T��� T��� T�� [+ � ]+�
�� -�TH� LV WKH � d � -DFRELDQ PDWUL[ RI WKH HQG SRLQWV RI WKH

WZR OHJV

-�TH�  
#

#TH

�
����
[��TH�
]��TH�
[��TH�
]��TH�

�
���� � ����

DQG ) FRQVLVWV RI WKH QRUPDO DQG WDQJHQWLDO IRUFHV DFWLQJ RQ WKH HQGV RI WKH WZR OHJV

)  �)Q�� )W�� )Q�� )W��
� � ����

7KH URERW
V G\QDPLFV DUH WKHQ GHVFULEHG E\ RUGLQDU\ �QRQ�K\EULG� GLmHUHQWLDO HTXDWLRQV RYHU WKH

HQWLUH VWHS� HYHQ GXULQJ WKH LPSDFW� ZKLFK ZLOO KDYH D QRQ�]HUR GXUDWLRQ� :KHQHYHU RQH RU ERWK RI

WKH HQGV RI WKH OHJV DUH LQ FRQWDFW ZLWK JURXQG� WKH UHVXOWLQJ QRUPDO DQG WDQJHQWLDO IRUFHV DFWLQJ RQ

WKH HQG RI WKH OHJ DUH JLYHQ E\ �LI WKH SHQHWUDWLRQ GHSWK ]* � �� L�H� WKH IRRW LV WRXFKLQJ WKH JURXQG �

LI ]* ! �� WKHVH IRUFHV HTXDO ]HUR�

|
)Q  bwDY c M]*M

Q c B]* � N c M]*M
Q

)W  x�G� Y� c M)QM

��
�
BG  Y b MYM c

}K�
mK�

c G

x�G� Y�  }K� c G� }K� c BG� mK� c Y

����

7KH PRGHO FRPHV IURP D PDWKHPDWLFDO DQG SK\VLFDO DQDO\VLV RI WKH FRQWDFW EHWZHHQ D VWHHO EDOO DQG

D SODQDU VWHHO VXUIDFH��� 7KH PRGHO RI WKH QRUPDO IRUFH FDQ EH YLHZHG DV D YHUWLFDO QRQOLQHDU VSULQJ�

GDPSHU� ]* LV WKH SHQHWUDWLRQ RI WKH OLQN LQWR WKH JURXQG� w
D
Y LV WKH GDPSLQJ FRHpFLHQW RI WKH YHUWLFDO

GDPSHU� NY WKH VWLmQHVV RI WKH YHUWLFDO VSULQJ DQG Q LV D FRHpFLHQW FKDUDFWHUL]LQJ WKH IRUP RI WKH

VXUIDFHV LQ FRQWDFW� )RU WKH ELSHG URERW� LW LV DVVXPHG WKDW D VSKHUH LV LPSDFWLQJ D +HUW]LDQ SODQH� VR

��7KLV LV D URXJK DSSUR[LPDWLRQ IRU WKH SURWRW\SH EHFDXVH WKH ZKHHO LV PDGH RI SRO\PHU� UHVXOWLQJ LQ OHVV VWLmQHVV� D ODUJHU
FRQWDFW VXUIDFH� DQG GDPSLQJ�
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WKDW Q  ��� �WKLV YDOXH FRUUHVSRQGV WR WKH FRQWDFW RI D VWHHO EDOO DQG D SODQDU VWHHO VXUIDFH� ZKLFK LV

DQ DSSUR[LPDWLRQ IRU WKH ELSHG��

7KH WDQJHQWLDO IRUFH� )W  x�G� Y� c M)QM� LV LQ WKH IRUP RI D IULFWLRQ PRGHO ZLWK D QRQ�FRQVWDQW

FRHpFLHQW RI IULFWLRQ� 7KH /X*UH IULFWLRQ PRGHO LV XVHG WR HYDOXDWH WKH IULFWLRQ FRHpFLHQW x >�@� >��@�

7KLV PRGHO VXSSRVHV WKDW WKH LQWHUIDFH EHWZHHQ WKH WZR FRQWDFWLQJ VXUIDFHV LV D FRQWDFW EHWZHHQ

EULVWOHV� 7KH EULVWOH G\QDPLFV DUH PRGHOHG E\ KRUL]RQWDO VSULQJV DQG GDPSHUV� ZKLFK� LI WKH DSSOLHG

WDQJHQWLDO IRUFH LV VXpFLHQW� DUH GHoHFWLQJ DQG VOLSSLQJ� 7KH PRGHO XVHV WKH DYHUDJH GHoHFWLRQ G RI

WKH EULVWOHV DV WKH LQWHUQDO VWDWH RI WKH IULFWLRQ� BG  Y b MYM c
}K�
mK�

c G� ZKHUH Y LV WKH UHODWLYH YHORFLW\

RI WKH FRQWDFWLQJ VXUIDFHV� }K� WKH VWLmQHVV RI WKH KRUL]RQWDO VSULQJ DQG mK� LV WKH FRHpFLHQW RI VWDWLF

IULFWLRQ� ,Q WKH RYHUDOO IULFWLRQ FRHpFLHQW� x�G�  }K� cG�}K� c BG�mK� cY� }K� LV WKH GDPSLQJ FRHpFLHQW

RI WKH KRUL]RQWDO GDPSHU DQG mK� LV WKH FRHpFLHQW RI YLVFRXV IULFWLRQ�

,Q WKH FDVH RI WKH ELSHG� WKH SHQHWUDWLRQ ]*L �ZKHUH L HTXDOV � RU �� LV WKH YHUWLFDO FRRUGLQDWH RI WKH

HQG RI OHJ L� WKLV YDOXH LV GHULYHG IURP WKH KHLJKW RI WKH KLSV ]+ DQG WKH DQJXODU FRRUGLQDWHV T�L DQG

T�L

]*L  ]+ � /� c FRV�T�L� � /� c FRV�T�L� ����

7KH UHODWLYH YHORFLW\ YL �ZKHUH L HTXDOV � RU �� LV WKH UHODWLYH YHORFLW\ RI WKH HQG RI WKH OHJ L ZLWK

UHVSHFW WR WKH JURXQG� WKLV YDOXH LV GHULYHG IURP WKH KRUL]RQWDO YHORFLW\ RI WKH KLSV B[+ � DQG WKH

DQJXODU FRRUGLQDWHV DQG YHORFLWLHV T�L� T�L� BT�L DQG BT�L

YL  B[+ b /� c FRV�T�L� c BT�L b /� c FRV�T�L� c BT�L ����

%�� $ PRGLnFDWLRQ

7KH DERYH PRGHO SHUIRUPV ZHOO ZKHQ WKH ZDONLQJ VXUIDFH LV UHODWLYHO\ FRPSOLDQW �JURXQG SHQHWUDWLRQ

RI RQ WKH RUGHU RI D WHQV RI PLOOL�PHWHUV�� +RZHYHU� ZKHQ WKH SDUDPHWHUV DUH WXQHG XS IRU D VXUIDFH

ZKHUH WKH SHQHWUDWLRQ RI WKH OHJ LV RQ WKH RUGHU RI D IHZ PLOOL�PHWHUV� LW LV GLpFXOW WR DGMXVW WKH

GDPSLQJ WR DYRLG ULQJLQJ� )RU WKLV UHDVRQ� VLJQHG�VTXDUH URRW WHUPV ZHUH DGGHG WR WKH QRUPDO IRUFH

DQG WKH IULFWLRQ FRHpFLHQW� DV VKRZQ EHORZ� WR SURYLGH EHWWHU GDPSLQJ� $OVR� WKH PDJQLWXGH RI WKH
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IULFWLRQ FRHpFLHQW x ZDV VDWXUDWHG DW ��� WR HQVXUH WKDW WKH OHJ FRXOG VOLS�

�
)Q  bwDY c M]*M

Q c B]* b wEYM]*M
QVJQ� B]*�

T
M B]*M� N c M]*M

Q

)W  x�G� Y� c M)QM

�!�
!�
BG  Y b MYM c

}K�
mK�

c G

x�G� Y�  }K� c G� }K� c BG� mK� c Y � mK�VJQ� BY�
T
MYM

����

%�� 6LPXODWLRQV

,Q WKLV VHFWLRQ� WKH IHHGEDFN FRQWUROOHU RI 6HFWLRQ ,,,�% ZLWK WKH RXWSXWV GHnQHG LQ 6HFWLRQ 9,

�RSWLPDO WUDMHFWRULHV� LV GLUHFWO\ DSSOLHG WR WKH ELSHG URERW PRGHO GHULYHG IURP ����� ZLWK WKH IRUFHV

RQ WKH IHHW FRPSXWHG E\ ����� ,W LV DVVXPHG WKDW WKH PHFKDQLFDO SDUDPHWHUV GHnQHG LQ 6HFWLRQ ,9 DUH

WKH VDPH� DQG WKDW WKH SDUDPHWHUV RI WKH FRQWUROOHU KDYH QRW EHHQ FKDQJHG �m  ��� DQG q  ����� 7KH

LQLWLDO FRQGLWLRQ Yb+ LV ��� P V� L�H� WKH YHORFLW\ FRUUHVSRQGLQJ WR WKH OLPLW F\FOH LQ WKH ULJLG FDVH� 7KH

JURXQG SDUDPHWHUV DUH WDNHQ WR EH DV FORVH DV SRVVLEOH WR WKH SDUDPHWHUV RI WKH JURXQG XVHG E\ WKH

SURWRW\SH 5$%%,7

wDY  ���d ��
�� wEY  �d ��

�� Q  ���� N  �d ����
}K�  ���� }K�  ���� mK�  ������ mK�  ����� mK�  ����

����

1RWH WKDW

�� Q  ��� VLQFH WKH HQG RI HDFK RI 5$%%,7
V OHJV LV HTXLSSHG ZLWK D ZKHHO LQ WKH IURQWDO SODQH�

�� 7KH VWLmQHVV SDUDPHWHU RI WKH ZDONLQJ VXUIDFH� N� ZDV DGMXVWHG IRU D QRPLQDO SHQHWUDWLRQ RI DS�

SUR[LPDWHO\ � PP� 7KH GDPSLQJ FRHpFLHQWV ZHUH DGMXVWHG WR \LHOG PLQLPDO ULQJLQJ�

,Q WKH FDVH RI WKH FRPSOLDQW FRQWDFW PRGHO� WKHUH LV D FRQWLQXRXV FKDQJH LQ WKH IRUFHV DSSOLHG WR WKH

WZR OHJV� DQG KHQFH WKHUH LV QRW D FRQWDFW PRPHQW� VLQFH� LQ IDFW� WKHUH LV D QRQ�]HUR SHULRG RI WLPH

ZKHUH ERWK OHJV DUH LQ FRQWDFW ZLWK WKH JURXQG� +RZHYHU� WR DSSO\ WKH FRQWUROOHU FRPSXWHG RQ WKH

EDVLV RI WKH ULJLG FRQWDFW PRGHO� D FRQWDFW PRPHQW PXVW EH GHFODUHG VR WKDW WKH FRUUHFW WRUTXHV FDQ

EH DSSOLHG WR WKH VXSSRUW OHJ DQG WKH VZLQJ OHJ� )RU WKH FRQWUROOHU� WKHUHIRUH� FRQWDFW ZDV GHFODUHG

ZKHQ WKH KHLJKWV RI WKH WZR IHHW ZHUH HTXDO� 7KLV� RI FRXUVH� LV H[DFWO\ WKH VDPH FULWHULRQ DV LQ WKH

ULJLG FRQWDFW PRGHO�

7KH FRQWUROOHU RI 6HFWLRQ ,,,�% ZKHQ DSSOLHG WR WKH PRGHO WKDW LQFOXGHV WKH FRPSOLDQW ZDONLQJ

VXUIDFH UHVXOWV LQ DQ DSSDUHQWO\ DWWUDFWLYH RUELW� )LJXUHV ����� SUHVHQW VRPH VLPXODWLRQ UHVXOWV RYHU D

IHZ F\FOHV QHDU WKH VWDEOH RUELW� )LJXUH �� GLVSOD\V WKH RXWSXWV� ZKLFK DUH VWLOO GULYHQ WR ]HUR EHIRUH
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WKH LPSDFW� )LJXUH �� GLVSOD\V WKH DSSOLHG WRUTXHV RYHU D IHZ ZDONLQJ F\FOHV LQ WKH FRPSOLDQW �SODLQ

OLQH� DQG ULJLG �GRWWHG OLQH� FDVH� WKH SHDN WRUTXH PDJQLWXGH LV DURXQG ��� 1P LQ WKH FRPSOLDQW

FDVH� 7KH DYHUDJH ZDONLQJ VSHHG RI WKH URERW RQ WKH FRPSOLDQW VXUIDFH HTXDOV DERXW ��� P V DQG LV

ORZHU WKDQ LQ WKH ULJLG FDVH� WKHUH VHHPV WR EH DGGLWLRQDO ORVV RI HQHUJ\ GXULQJ WKH FRPSOLDQW LPSDFW�

ZKLFK LQGXFHV D ORZHU DYHUDJH ZDONLQJ VSHHG� 7KH WRUTXH DW WKH LPSDFW KDV VLJQLnFDQWO\ LQFUHDVHG� EXW

RWKHUZLVH WKURXJKWRXW WKH VWHS� WKH WRUTXHV LQ WKH ULJLG DQG FRPSOLDQW FDVHV DUH TXLWH VLPLODU� )LJXUH

�� GLVSOD\V�� WKH QRUPDO IRUFHV DFWLQJ RQ WKH OHJ HQGV� LW LV FOHDU WKDW WKHUH LV D GRXEOH VXSSRUW SKDVH�

1RWH DOVR WKDW WKH PD[LPXP YDOXHV �DERXW ��� 1 � DUH DFFHSWDEOH E\ WKH SURWRW\SH 5$%%,7� )LJXUH

�� GLVSOD\V WKH FRRUGLQDWHV ]+ � ]� DQG ]�� ZKLFK JLYH WKH YHUWLFDO SRVLWLRQ RI WKH KLSV DQG WKH HQGV RI

WKH OHJV� ]� DQG ]� EHFRPH QHJDWLYH� VKRZLQJ WKDW WKHUH LV SHQHWUDWLRQ LQ WKH JURXQG RI DERXW �PP�

9,,,� &RQFOXVLRQV

$ ULJRURXV VWDELOLW\ DQDO\VLV KDV EHHQ DFFRPSOLVKHG IRU D SODQDU� nYH�OLQN� IRXU�DFWXDWRU ELSHG PRGHO

ZKHQ ZDONLQJ RQ D ULJLG� oDW VXUIDFH� 7KH VWXGLHG ELSHG FRQVLVWV RI D WRUVR DQG WZR LGHQWLFDO OHJV ZLWK

UHYROXWH NQHHV EXW QR IHHW� ,W LV WKXV XQGHU DFWXDWHG GXULQJ VLQJOH VXSSRUW� DV RSSRVHG WR IXOO\ DFWXDWHG

�D FRQWURO DW HDFK MRLQW DQG WKH FRQWDFW SRLQW ZLWK WKH JURXQG�� 7KH GRXEOH VXSSRUW SKDVH ZDV PRGHOHG

DV EHLQJ LQVWDQWDQHRXV� WKXV D ZDONLQJ PRWLRQ FDQQRW LQ DQ\ VHQVH EH FRQVWUXHG DV VWDWLFDOO\ VWDEOH�

$ VWHDG\ ZDONLQJ F\FOH LV D QRQ�WULYLDO SHULRGLF PRWLRQ� 7KLV PHDQV WKDW VWDQGDUG VWDELOLW\ WRROV IRU

VWDWLF HTXLOLEULD GR QRW DSSO\� ,QVWHDG� RQH PXVW XVH WRROV DSSURSULDWH IRU WKH VWXG\ RI SHULRGLF RUELWV�

VXFK DV 3RLQFDUuH UHWXUQ PDSV� ,W LV RI FRXUVH ZHOO NQRZQ KRZ WR XVH QXPHULFDO PHWKRGV WR FRPSXWH D

3RLQFDUuH UHWXUQ PDS DQG WR nQG n[HG SRLQWV RI LW� 7KH GUDZEDFN LQ VXFK D GLUHFW DSSURDFK IRU ELSHGV

LV WKDW LW LQYROYHV WKH QXPHULFDO FRPSXWDWLRQ RI D KLJK�GLPHQVLRQDO� QRQOLQHDU PDS DQG GRHV QRW \LHOG

PXFK LQVLJKW IRU IHHGEDFN GHVLJQ DQG V\QWKHVLV�

$ NH\ GHYHORSPHQW LQ >��@ VKRZHG KRZ WR GHVLJQ D FRQWLQXRXV�WLPH FRQWURO VWUDWHJ\ LQ VXFK D ZD\ WKDW

WKH H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV RI SHULRGLF RUELWV FDQ EH FKHFNHG� ZLWK QHFHVVDU\ DQG VXpFLHQW

FRQGLWLRQV� RQ WKH EDVLV RI D RQH�GLPHQVLRQDO PDS� 7KLV PHWKRG ZDV IXOO\ LOOXVWUDWHG KHUH RQ WKH

nYH�OLQN ELSHG PRGHO� 7KHVH UHVXOWV DUH D nUVW DWWHPSW DW D FRPSOHWH FORVHG�ORRS VWDELOLW\ DQDO\VLV RI

D ELSHG ZDONHU RI QRQ�WULYLDO FRPSOH[LW\� ,W LV KRSHG WKDW WKLV DQDO\VLV ZLOO LQVSLUH RWKHU UHVHDUFKHUV

��1RWH WKDW� IRU )LJXUHV �� DQG ��� /HJ � �UHVS� �� LV QRW FRQVLGHUHG DOZD\V DV WKH VWDQFH �UHVS� VZLQJ� OHJ� EXW LV DFWLQJ DV D
QRUPDO OHJ� L�H� VZDSSLQJ EHWZHHQ WKH VWDQFH DQG VZLQJ VWDWHV GXULQJ ZDONLQJ�
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WR GHYHORS DGGLWLRQDO DQDO\WLFDOO\�RULHQWHG GHVLJQ PHWKRGV IRU ELSHGDO ZDONHUV�

7KH VWDELOLW\ DQDO\VLV SHUIRUPHG KHUH DVVXPHG D ULJLG FRQWDFW PRGHO DQG LQVWDQWDQHRXV GRXEOH

VXSSRUW SKDVH� ,Q WKH ELSHG URERWLFV FRPPXQLW\� WKHVH DVVXPSWLRQV KDYH EHHQ JHQHUDOO\ UHJDUGHG

DV EHLQJ JRRG DSSUR[LPDWLRQV WR ZDONLQJ RQ D VWLm� WKRXJK FRPSOLDQW� ZDONLQJ VXUIDFH� 7R IXUWKHU

LQYHVWLJDWH WKHVH WZR DVVXPSWLRQV� D PRUH FRPSOHWH PRGHO ZDV XVHG WKDW LQFOXGHG GLmHUHQWLDO HTXDWLRQV

WR FRPSXWH WKH QRUPDO IRUFHV RQ WKH OHJV GXH WR D FRPSOLDQW FRQWDFW ZLWK WKH JURXQG >��@� >��@� >�@

DQG WKH WDQJHQWLDO IRUFHV GXH WR G\QDPLF IULFWLRQ >�@� >��@� >��@� 7KLV PRGHO QHFHVVDULO\ H[HUFLVHG WKH

IXOO ��'2) RI WKH ELSHG VLQFH WKH VXSSRUW OHJ LV QR ORQJHU DVVXPHG WR DFW DV D SLYRW� )XUWKHUPRUH� WKH

ZDONLQJ PRWLRQ QHFHVVDULO\ KDV D QRQ�WULYLDO GRXEOH VXSSRUW SKDVH� 1HYHUWKHOHVV� ZKHQ WKH SDUDPHWHUV

LQ WKH FRPSOLDQW FRQWDFW PRGHO ZHUH DGMXVWHG WR FRUUHVSRQG WR ZDONLQJ RQ D UHODWLYHO\ VWLm VXUIDFH�

VLPXODWLRQV VKRZHG WKDW WKH FRQWUROOHU GHVLJQHG XQGHU WKH VLPSOLI\LQJ DVVXPSWLRQV RI D ULJLG FRQWDFW

DQG LQVWDQWDQHRXV GRXEOH VXSSRUW SKDVH UHVXOWHG LQ DQ DSSDUHQWO\ DWWUDFWLYH OLPLW F\FOH�

&XUUHQWO\� ZRUN LV EHLQJ GRQH WR PRUH GLUHFWO\ LQFRUSRUDWH RSWLPDOLW\ LQWR WKH IHHGEDFN GHVLJQ

SURFHVV� $Q LQGLUHFW PHWKRG ZDV LOOXVWUDWHG LQ 6HFWLRQ 9,� 7KH REMHFWLYH LV WR DFKLHYH VWDEOH ZDONLQJ

PRWLRQV WKDW H[SORLW WKH ?QDWXUDO� G\QDPLFV RI WKH V\VWHP� ,Q WKLV UHJDUG� LW PD\ DOVR EH LQWHUHVWLQJ WR

?UHOD[� VRPHZKDW WKH FRQWURO ODZV XVHG LQ WKLV SDSHU E\ PRYLQJ DZD\ IURP WKH nQLWH�WLPH FRQYHUJHQFH

SURSHUWLHV� ZKLOH VWLOO SUHVHUYLQJ WKH VSLULW RI WKH VLPSOH DQG HOHJDQW DQDO\WLFDO UHVXOWV XVHG KHUH� ,W

VHHPV WKDW WKLV PLJKW EH SRVVLEOH E\ LQWURGXFLQJ D RQH�SDUDPHWHU IDPLO\ RI FRQWUROOHUV ZKHUH WKH nQLWH�

WLPH FRQYHUJHQFH SURSHUW\ LV RQO\ REWDLQHG DV D OLPLWLQJ YDOXH RI WKH SDUDPHWHU� 7KLV PD\ LQYROYH D

VLQJXODU SHUWXUEDWLRQ�OLNH DQDO\VLV RI WKH K\EULG URERW PRGHO� WKDW� LI GRQH FDUHIXOO\� PD\ EH DEOH WR

DSSUR[LPDWHO\ IDFWRU WKH 3RLQFDUuH UHWXUQ PDS RI WKH IXOO�RUGHU FORVHG�ORRS URERW PRGHO LQWR D SRUWLRQ

WKDW FRUUHVSRQGV WR WKH UHVWULFWHG 3RLQFDUuH PDS DQG D SRUWLRQ FRUUHVSRQGLQJ WR WKH ?WUDQVYHUVDO�

YDULDEOHV VSHFLnHG E\ K DQG /IK� ,I WKH WUDQVYHUVDO YDULDEOHV DUH VXpFLHQWO\ UDSLGO\ FRQWUDFWLQJ� WKHQ

WKH UHVWULFWHG 3RLQFDUuH PDS ZLOO VWLOO GHWHUPLQH VWDELOLW\� MXVW DV LQ WKH ?VORZ�IDVW� GHFRPSRVLWLRQ RI D

VLQJXODUO\ SHUWXUEHG V\VWHP�

:KHQ WKH SURWRW\SH LV UHDG\ IRU WHVWLQJ� D QXPEHU RI LPSOHPHQWDWLRQ UHODWHG LVVXHV ZLOO EH LQ�

YHVWLJDWHG� 7KHVH LQFOXGH� D QRQOLQHDU PRGHO RI WKH JHDU ER[HV� SRWHQWLDO FRPSOLDQFH LQ WKH WRUTXH

WUDQVPLVVLRQ SDWK DQG OLQNV� HmHFWV RI LPSOHPHQWLQJ WKH FRQWUROOHU LQ GLVFUHWH�WLPH� HmHFWV LQ HUURUV LQ

GHWHUPLQLQJ WKH LPSDFW FRQGLWLRQ�
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$FNQRZOHGJPHQWV

7KH ZRUN RI -�:� *UL]]OH DQG (� :HVWHUYHOW ZDV VXSSRUWHG LQ SDUW E\ 16) JUDQWV ,17�������� DQG

,,6��������� DQG LQ SDUW E\ WKH 8QLYHUVLW\ RI 0LFKLJDQ &HQWHU IRU %LRPHGLFDO (QJLQHHULQJ 5HVHDUFK

�&%(5�� )� 3OHVWDQ DQG *� $EED WKDQN WKH )UHQFK 5HVHDUFK *URXS� *URXSH GH 5HFKHUFKH &RPPDQGH

GH 5RERWV tD 3DWWHV�

5HIHUHQFHV

>�@ %DLQRY� '�'�� 6LPHRQRY� 3�6�� 6\VWHPV ZLWK LPSXOVH HmHFWV� VWDELOLW\� WKHRU\ DQG DSSOLFDWLRQV� (OOLV +RUZRRG /LPLWHG� &KLFK�
HVWHU� �����

>�@ %KDW� 6�3�� %HUQVWHLQ� '�6�� ?&RQWLQXRXV nQLWH�WLPH VWDELOL]DWLRQ RI WKH WUDQVODWLRQDO DQG URWDWLRQDO GRXEOH LQWHJUDWRUV��
,((( 7UDQV� $XWRP� &RQWURO� ��� �� SS��������� �����

>�@ %RRWKE\� :�0�� $Q ,QWURGXFWLRQ WR 'LmHUHQWLDEOH 0DQLIROGV DQG 5LHPDQQLDQ *HRPHWU\� $FDGHPLF 3UHVV� 1HZ <RUN� �����
>�@ &DQXGDV� &�� 2OVVRQ� +�� $VWU�RP� .�-�� /LVFKLQVN\� 3�� ?$ QHZ�PRGHO IRU FRQWURO RI V\VWHPV ZLWK IULFWLRQ�� ,((( 7UDQV�

$XWRP� &RQWURO� ��� �� SS��������� �����
>�@ &DQXGDV� &�� 5RXVVHO� /�� *RVZDQL� $�� ?3HULRGLF VWDELOL]DWLRQ RI D ��'2) KRSSLQJ URERW RQ QRQOLQHDU FRPSOLDQW VXUIDFH��

3URF� ,)$& 6\PSRVLXP RQ 5RERW &RQWURO� 1DQWHV� )UDQFH� 6HSWHPEHU� �����
>�@ &KHYDOOHUHDX� &�� $RXVWLQ� <�� ?2SWLPDO UHIHUHQFH WUDMHFWRULHV IRU ZDONLQJ DQG UXQQLQJ RI D ELSHG URERW�� 5RERWLFD� ���

SS��������� �����
>�@ &KHYDOOHUHDX� &�� 6DUGDLQ� 3�� ?'HVLJQ DQG DFWXDWLRQ RSWLPL]DWLRQ RI D ��D[HV ELSHG URERW IRU ZDONLQJ DQG UXQQLQJ �� 3URF�

,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� 6DQ�)UDQFLVFR� &DOLIRUQLD� $SULO� �����
>�@ (QJ� -�-�� :LQWHU� '�$�� 3DWOD� $�(�� ?6WUDWHJLHV IRU UHFRYHU\ IURP D WULS LQ HDUO\ DQG ODWH VZLQJ GXULQJ KXPDQ ZDONLQJ��

([SHULPHQWDO %UDLQ 5HVHDUFK� ���� �� SS��������� �����
>�@ (QJ� -�-�� :LQWHU� '�$�� 3DWOD� $�(�� ?,QWUDOLPE G\QDPLFV VLPSOLI\ UHDFWLYH FRQWURO VWUDWHJLHV GXULQJ ORFRPRWLRQ�� -RXUQDO

RI %LRPHFKDQLFV� ��� �� SS��������� �����
>��@ )UDQzFRLV� &�� 6DPVRQ� &�� ?$ QHZ DSSURDFK WR WKH FRQWURO RI WKH SODQDU RQH�OHJJHG KRSSHU�� 7KH ,QWHUQDWLRQDO -RXUQDO RI

5RERWLFV 5HVHDUFK� ��� ��� SS����������� �����
>��@ )XMLPRWR� <�� .DZDPXUD� $�� ?6LPXODWLRQ RI DQ DXWRQRPRXV ELSHG ZDONLQJ URERW LQFOXGLQJ HQYLURQPHQWDO IRUFH LQWHUDFWLRQ��

,((( 5RERWLFV DQG $XWRPDWLRQ 0DJD]LQH� SS� ������ -XQH� �����
>��@ *KRUEHO� )�� 6SRQJ� 0�:�� ?,QWHJUDO PDQLIROGV RI VLQJXODUO\ SHUWXUEHG V\VWHPV ZLWK DSSOLFDWLRQ WR ULJLG�OLQN oH[LEOH�MRLQW

PXOWLERG\ V\VWHPV�� ,QWHUQDWLRQDO -RXUQDO RI 1RQ�OLQHDU 0HFKDQLFV� ��� SS� �������� �����
>��@ *RVZDQL� $�� (VSLDX� %�� .HUDPDQH� $�� ?/LPLW F\FOHV DQG WKHLU VWDELOLW\ LQ D SDVVLYH ELSHGDO JDLW�� 3URF� ,((( ,QWHUQDWLRQDO

&RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� 0LQQHDSROLV� 0LQQHVRWD� $SULO� �����
>��@ *UL]]OH� -�:�� $EED� *�� 3OHVWDQ� )�� ?$V\PSWRWLFDOO\ VWDEOH ZDONLQJ IRU ELSHG URERWV� DQDO\VLV YLD V\VWHPV ZLWK LPSXOVH

HmHFWV�� ,((( 7UDQV� $XWRP� &RQWURO� ��� �� SS������� �����
>��@ *UL]]OH� -�:�� $EED� *�� 3OHVWDQ� )�� ?3URYLQJ DV\PSWRWLF VWDELOLW\ RI D ZDONLQJ F\FOH IRU D nYH '2) ELSHG URERW PRGHO��

3URF� ,QWHUQDWLRQDO &RQIHUHQFH RQ &OLPELQJ DQG :DONLQJ 5RERWV� 3RUWVPRXWK� (QJODQG� �����
>��@ *XFNHQKHLPHU� -�� +ROPHV� 3�� 1RQOLQHDU 2VFLOODWLRQV� '\QDPLFDO 6\VWHPV� DQG %LIXUFDWLRQV RI 9HFWRU )LHOGV� YROXPH �� RI

$SSOLHG 0DWKHPDWLFDO 6FLHQFHV� 6SULQJHU�9HUODJ� 1HZ <RUN� FRUUHFWHG VHFRQG SULQWLQJ HGLWLRQ� �����
>��@ +RZHOO� *�:�� %DLOOLHXO� -�� ?6LPSOH FRQWUROODEOH ZDONLQJ PHFKDQLVPV ZKLFK H[KLELW ELIXUFDWLRQV�� 3URFHHGLQJV RI WKH ��WK

,((( &RQIHUHQFH RQ 'HFLVLRQ DQG &RQWURO� 9RO� �� SS� ��������������
>��@ +HQVHQ� 5�+�$�� YDQ GH 0ROHQJUDIW� 0�-�*�� DQG 6WHLQEXFK� 0�� ?)UHTXHQF\ GRPDLQ LGHQLWLnFDWLRQ RI G\QDPLF IULFWLRQ PRGHO

SDUDPHWHUV�� ,((( 7UDQV� $XWRP� &RQW�� ��� �� SS� �������� �����
>��@ +XDQJ� 4�� <RNRL� .�� .DMLWD� 6�� .DQHNR� .�� $UDL� +�� .R\DFKL� 1�� 7DQLH� .�� ?3ODQQLQJ ZDONLQJ SDWWHUQV IRU D ELSHG

URERW�� ,((( 7UDQV� 5RERW� $XWRP�� ��� �� SS��������� �����
>��@ +XQW� .�+�� &URVVHOH\� )�5�� ?&RHpFLHQW RI UHVWLWXWLRQ LQWHUSUHWHG DV GDPSLQJ LQ YLEURLPSDFW�� -RXUQDO RI $SSOLHG 0HFKDQLFV�

SS��������� �����
>��@ +XUPX]OX� <�� 0DUJKLWX� '�%�� ?5LJLG ERG\ FROOLVLRQV RI SODQDU NLQHPDWLF FKDLQV ZLWK PXOWLSOH FRQWDFW SRLQWV�� 7KH ,QWHU�

QDWLRQDO -RXUQDO RI 5RERWLFV 5HVHDUFK� ��� �� SS������� �����
>��@ ,VLGRUL� $�� 1RQOLQHDU FRQWURO V\VWHPV� DQ ,QWURGXFWLRQ� 6SULQJHU�9HUODJ� %HUOLQ� �QG HGLWLRQ� �����
>��@ .RGLWVFKHN� '�'�� %XKOHU� 0�� ?$QDO\VLV RI D VLPSOLnHG KRSSLQJ URERW�� 7KH ,QWHUQDWLRQDO -RXUQDO RI 5RERWLFV 5HVHDUFK� ���

�� SS��������� �����
>��@ 3� .RNRWRYLF� +� .�� .KDOLO� 2
5HLOO\� -�� 6LQJXODU 3HUWXUEDWLRQ 0HWKRGV LQ &RQWURO� $QDO\VLV DQG 'HVLJQ� $FDGHPLF 3UHVV�

/RQGRQ� �����
>��@ .XR� $� '�� ?6WDELOL]DWLRQ RI ODWHUDO PRWLRQ LQ SDVVLYH G\QDPLF ZDONLQJ�� 7KH ,QWHUQDWLRQDO -RXUQDO RI 5RERWLFV 5HVHDUFK�

��� �� SS��������� �����
>��@ GH /DVD� 0�� %XHKOHU� 0�� ?'\QDPLF FRPSOLDQW ZDONLQJ RI D TXDGUXSHG URERW� SUHOLPLQDU\ H[SHULPHQWV�� 3URF� ,QWHUQDWLRQDO

&RQIHUHQFH RQ &OLPELQJ DQG :DONLQJ 5RERWV� 0DGULG� 6SDLQ� �����
>��@ /LP� +�� 7DNDQLVKL� $�� ?:DONLQJ SDWWHUQ JHQHUDWLRQ IRU ELSHG ORFRPRWLRQ�� 3URF� ��WK ,QWHUQDWLRQDO 6\PSRVLXP RQ 5RERWLFV�

6HRXO� .RUHD� $SULO� �����
>��@ /LVFKLQVN\� 3�$�� &RPSHQVDWLRQ GH IURWWHPHQW HW FRPPDQGH HQ SRVLWLRQ G
XQ URERW K\GUDXOLTXH LQGXVWULHO� 3K�'� 7KHVLV�

,QVWLWXW 1DWLRQDO 3RO\WHFKQLTXH GH *UHQREOH� LQ )UHQFK� �����
>��@ 0DUKHIND� '�:�� 2ULQ� '�(�� ?6LPXODWLRQ RI FRQWDFW XVLQJ D QRQOLQHDU GDPSLQJ PRGHO�� 3URF� ,((( ,QWHUQDWLRQDO &RQIHUHQFH

RQ 5RERWLFV DQG $XWRPDWLRQ� 0LQQHDSROLV� 0LQQHVRWD� $SULO� �����



�� 68%0,77(' 72 ,((( 75$16� 52%27,&6 $1' $8720$7,21 � 5(*8/$5 3$3(5 5(9,6(' ���0$5&+�����

>��@ 2QR� .�� 7DNDKDVKL� 5�� 6KLPDGD� 7�� ?6HOI�H[FLWHG ZDONLQJ RI D ELSHG PHFKDQLVP�� WR DSSHDU LQ ,QW� -� 5RERWLFV 5HVHDUFK�
>��@ 2QR� .�� <DPDPRWR� .�� ,PDGX� $�� ?&RQWURO RI JLDQW VZLQJ PRWLRQ RI D WZR�OLQN KRUL]RQWDO EDU J\PQDVW URERW�� $GYDQFHG

5RERWLFV� 9RO� ��� 1R� �� SS� �������� �����
>��@ 3DUNHU� 7�6�� &KXD� /�2�� 3UDFWLFDO 1XPHULFDO $OJRULWKPV IRU &KDRWLF 6\VWHPV� 6SULQJHU�9HUODJ� 1HZ <RUN� �����
>��@ 3IHLmHU� )�� /RqHU� .�� *LHQJHU� 0��?7KH &RQFHSW RI -RJJLQJ -2+11,(�� WR DSSHDU LQ 3URF� RI WKH ,((( ,QWHUQDWLRQDO

&RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� :DVKLQJWRQ '&� 0D\� �����
>��@ 3UDWW� -�� 'LOZRUWK� 3�� 3UDWW� *�� ?9LUWXDO PRGHO FRQWURO RI D ELSHGDO ZDONLQJ URERW�� 3URF� ,((( ,QWHUQDWLRQDO &RQIHUHQFH

RQ 5RERWLFV DQG $XWRPDWLRQ� $OEXTXHUTXH� 1HZ�0H[LFR� $SULO� �����
>��@ 3UDWW� -�� 3UDWW� *�� ?,QWXLWLYH FRQWURO RI D SODQDU ELSHGDO ZDONLQJ URERW�� 3URF� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ 5RERWLFV

DQG $XWRPDWLRQ� /HXYHQ� %HOJLXP� 0D\� �����
>��@ 3UDWW� *�� ?/HJJHG URERWV DW 0,7� ZKDW
V QHZ VLQFH 5DLEHUW"�� ,((( 5RERWLFV DQG $XWRPDWLRQ 0DJD]LQH� 6HSWHPEHU� �����
>��@ 5H\KDQRJOX� 0�� YDQ GHU 6FKDIW� $�� 0F&ODPURFK� 1�+�� .ROPDQRYVN\� ,�� ?'\QDPLFV DQG FRQWURO RI D FODVV RI XQGHUDFWXDWHG

PHFKDQLFDO V\VWHPV�� ,((( 7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO� ��� �� SS����������� �����
>��@ 5RXVVHO� /�� *uHQuHUDWLRQ GH WUDMHFWRLUHV GH PDUFKH RSWLPDOHV SRXU XQ URERW ELStHGH� 3K�'� 7KHVLV� ,QVWLWXW 1DWLRQDO 3RO\WHFK�

QLTXH GH *UHQREOH� LQ )UHQFK� �����
>��@ 5DLEHUW� 0�+�� /HJJHG URERWV� &RPPXQLFDWLRQV RI WKH $&0� ��� �� SS��������� �����
>��@ 5DLEHUW� 0�+�� ?/HJJHG URERWV WKDW EDODQFH�� 0,73� 0DVV�� �����
>��@ 6DUDQOL� 8�� %HUNHPHLHU� 0�'�� .RGLVWVFKHN� '�7�� ?7RZDUG WKH FRQWURO RI PXOWL�MRLQHG� PRQRSRG UXQQHU�� 3URF� ,(((

,QWHUQDWLRQDO &RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� /HXYHQ� %HOJLXP� 0D\� �����
>��@ 6SRQJ� 0�:�� ?3DVVLYLW\ %DVHG &RQWURO RI 7KH &RPSDVV *DLW %LSHG�� ,)$& :RUOG &RQJUHVV� %HLMLQJ� &KLQD� -XO\� �����
>��@ 6SRQJ� 0�:�� 9LG\DVDJDU� 0�� 5RERW G\QDPLFV DQG FRQWURO� -RKQ :LOH\ DQG 6RQV� 1HZ�<RUN� �����
>��@ 7DNDQLVKL� $�� ?+XPDQRLG URERWV DQG DQLPDO URERWV � 7RZDUGV HQWHUWDLQPHQW URERW PDUNHW LQ ��VW FHQWXU\�� 3URF� ��WK

,QWHUQDWLRQDO 6\PSRVLXP RQ 5RERWLFV� 6HRXO� .RUHD� $SULO� �����
>��@ 7KXLORW� %�� *RVZDQL� $�� (VSLDX� %�� ?%LIXUFDWLRQ DQG FKDRV LQ D VLPSOH SDVVLYH ELSHGDO JDLW�� 3URF� ,((( ,QWHUQDWLRQDO

&RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� $OEXTXHUTXH� 1HZ�0H[LFR� $SULO� �����
>��@ 9XNREUDWRYLF� 0�� %RURYDF� %�� 6XUOD� '�� 6WRNLF� '�� %LSHG ORFRPRWLRQ� 6SULQJHU�9HUODJ� %HUOLQ� �����
>��@ <DPDJXFKL� -�� 1LVKLQR� '�� 7DNDQLVKL� $�� ?5HDOL]DWLRQ RI G\QDPLF ELSHG ZDONLQJ YDU\LQJ MRLQW VWLmQHVV XVLQJ DQWDJRQLVWLF

GULYHQ MRLQWV�� 3URF� ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� /HXYHQ� %HOJLXP� 0D\� �����
>��@ <H� +�� 0LFKHO� $�1�� +RX� /�� ?6WDELOLW\ WKHRU\ IRU K\EULG G\QDPLFDO V\VWHPV�� ,((( 7UDQV� $XWRP� &RQWURO� ��� �� SS�����

���� �����
>��@ <L� .�<�� ?:DONLQJ RI D ELSHG URERW ZLWK FRPSOLDQW DQNOH MRLQWV� LPSOHPHQWDWLRQ ZLWK .8%&$�� 3URF� ,((( &RQIHUHQFH RQ

'HFLVLRQ DQG &RQWURO� 6\GQH\� $XVWUDOLD� 'HFHPEHU� �����
>��@ ZZZ�XZH�DF�XN�FODZDU�
>��@ ZZZ�KRQGD�FR�MS�URERW�
>��@ ZZZ�ODJ�HQVLHJ�LQSJ�IU�UHFKHUFKH�FVHU�35&�%LSHGHV�3URWRW\SH�UDEELW�KWPO�
>��@ ZZZ�DL�PLW�HGX�SURMHFWV�OHJODE�
>��@ ZZZ�VRQ\�FR�MS�HQ�3URGXFWV�
>��@ ZZZ�HHFV�XPLFK�HGX�zJUL]]OH�
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)LJ� �� 3KRWR RI 5$%%,7 SURWRW\SH�

-

)LJ� �� 6FKHPDWLF RI ELSHG URERW� DEVROXWH DQJOHV�

)LJ� �� 6FKHPDWLF RI ELSHG URERW WRUVR�

)LJ� �� 6FKHPDWLF RI ELSHG URERW OHJ�
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)LJ� �� 6FKHPDWLF RI ELSHG URERW� UHODWLYH DQJOHV�
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