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.H\ZRUGV � 1RQOLQHDU REVHUYHUV� H[WHQGHG OLQHDUL]D�
WLRQ� QXPHULFDO GLmHUHQWLDWLRQ� VWDWH�DpQH V\VWHPV�

$EVWUDFW

5HFHQW ZRUN LQ QRQOLQHDU REVHUYHU GHVLJQ KDV VRXJKW WR
EULQJ WRJHWKHU WKH VWUXFWXUDO �RU WUDQVIRUPDWLRQ EDVHG�
DSSURDFK IRXQG LQ >�� �� �� ��@ DQG WKH QXPHULFDO GLmHU�
HQWLDWLRQ DSSURDFK IRXQG LQ >�@� 7KH JRDO LV WR DFKLHYH
KLJKHU oH[LELOLW\ DQG ZLGHU DSSOLFDELOLW\ WKDQ LV SRVVLEOH
ZLWK HLWKHU DSSURDFK DORQH� ,Q WKLV SDSHU� LW LV QRWHG WKDW
DQ\ REVHUYDEOH� DXWRQRPRXV V\VWHP DGPLWWLQJ DQ HTXL�
OLEULXP SRLQW FDQ EH H[SUHVVHG DV D VWDWH�DpQH V\VWHP
SDUDPHWHUL]HG E\ WKH RXWSXW DQG LWV GHULYDWLYHV� $ FODVV
RI �VLQJOH�RXWSXW� V\VWHPV LV LGHQWLnHG WKDW DGPLW SDUDP�
HWHUL]DWLRQV ZLWK IHZHU WKDQ Qb � GHULYDWLYHV� ZKHUH Q LV
WKH GLPHQVLRQ RI WKH VWDWH�

� ,QWURGXFWLRQ DQG %DFNJURXQG

7KH JRDO RI WKH VWUXFWXUDO DSSURDFK WR REVHUYHU GHVLJQ LV
WR WUDQVIRUP D JLYHQ QRQOLQHDU V\VWHP
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LQWR DQ REVHUYDEOH OLQHDU V\VWHP SOXV QRQOLQHDU LQSXW�
RXWSXW LQMHFWLRQ� ,Q WKLV ZD\� DQ REVHUYHU ZLWK OLQHDU�
H[SRQHQWLDOO\ FRQYHUJLQJ� HUURU G\QDPLFV FDQ EH UHDGLO\
IRUPHG� 7KH nUVW UHVXOWV LQ >�� ��@ WDUJHWHG VLQJOH�RXWSXW
V\VWHPV WKDW FDQ EH WUDQVIRUPHG� YLD D �ORFDO� VWDWH VSDFH
GLmHRPRUSKLVP� LQWR
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1HFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU WKH H[LVWHQFH RI WKH
WUDQVIRUPDWLRQ DUH NQRZQ >�@� ,W LV DOVR NQRZQ WKDW WKH
FODVV RI V\VWHPV IRU ZKLFK REVHUYHUV FDQ EH FRQVWUXFWHG LQ
WKLV ZD\ LV YHU\ VPDOO�

6XEVHTXHQW UHVHDUFK KDV DGGUHVVHG WKH FDVH RI PXOWL�
RXWSXW V\VWHPV� EXW HYHQ PRUH LPSRUWDQWO\� LW KDV VRXJKW
WR H[SDQG WKH FODVV RI V\VWHPV WKDW FDQ EH WUHDWHG LQ WZR
GLUHFWLRQV� WKH nUVW E\ DOORZLQJ RXWSXW WUDQVIRUPDWLRQV
>�� ��@� DQG WKH VHFRQG E\ DOORZLQJ D PRUH JHQHUDO FODVV RI
WDUJHW V\VWHPV >�� �� �� ��� ��� ��� ��� ��� ��@� $PRQJ WKH
ODWWHU JURXS� LW LV ZRUWK UHFDOOLQJ WKH ZRUN RI >��@� ZKLFK
DOORZHG PRUH JHQHUDO RXWSXW LQMHFWLRQV RI WKH IRUP
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ZKLOH NHHSLQJ WKH PDWULFHV $ DQG & FRQVWDQW� DQG WKH
ZRUN RI >�� ��� ��@� ZKLFK DOORZHG WKH ?$� PDWUL[ WR EH
WLPH YDU\LQJ LQ WKH VHQVH WKDW LW GHSHQGV RQ WKH LQSXW DQG
RXWSXW
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ZKHUH y  �X� \��
7KH PRWLYDWLRQ IRU VHHNLQJ V\VWHPV LQ WKH ?VWDWH�DpQH�

IRUP ��� FRPHV IURP >�� �@� ZKLFK HVWDEOLVKHG FRQGLWLRQV
XQGHU ZKLFK OLQHDU WLPH�YDU\LQJ REVHUYHU GHVLJQ FRXOG EH
H[WHQGHG WR WKLV FODVV RI V\VWHPV� 7KH REVHUYHU LV
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7KH FRQGLWLRQV JLYHQ IRU WKH HUURU G\QDPLFV WR FRQYHUJH
H[SRQHQWLDOO\ WR ]HUR DUH WKDW VROXWLRQV WR ��� H[LVW IRU�
ZDUG LQ WLPH RQ >W����� DQG WKDW WKHUH H[LVW nQLWH QXP�
EHUV 7 ! � DQG m ! � VXFK WKDW WKH VWDQGDUG WLPH�YDU\LQJ
REVHUYDELOLW\ JUDPPLDQ LV JUHDWHU WKDQ m, RYHU HYHU\ LQ�
WHUYDO RI WKH IRUP >W� W�7@� IRU W w W�� 7KHVH FRQGLWLRQV
DUH QRW UHDGLO\ FKHFNDEOH IRU PRVW V\VWHPV�
7KHUH DUH WZR PDLQ VKRUWFRPLQJV WR WKH VWUXFWXUDO DS�

SURDFK WR REVHUYHU GHVLJQ� 7KH nUVW LV WKDW GHVSLWH PXFK
UHFHQW SURJUHVV� WKH FODVV RI V\VWHPV WKDW FDQ EH WUHDWHG
UHPDLQV TXLWH UHVWULFWHG� 7KH VHFRQG DQG PRUH LPSRUWDQW



VKRUWFRPLQJ LV WKDW FRPSXWLQJ WKH DSSURSULDWH FRRUGLQDWH
WUDQVIRUPDWLRQ FDQ EH YHU\ GLpFXOW� ,Q PDQ\ FDVHV� LW UH�
TXLUHV WKH VROXWLRQ RI D SDUWLDO GLmHUHQWLDO HTXDWLRQ �3'(��
ZKLFK LV HQRXJK WR GHWHU PDQ\ ZRXOG�EH XVHUV�

$ FRPSOHWHO\ GLmHUHQW DSSURDFK WR REWDLQLQJ VWDWH HVWL�
PDWHV RI D V\VWHP ��� ZDV RXWOLQHG LQ >�@� 7KH LGHD LV EDVHG
GLUHFWO\ RQ WKH QRWLRQ RI REVHUYDELOLW\� QDPHO\� WKH DELO�
LW\ WR UHFRQVWUXFW WKH VWDWHV RQ WKH EDVLV RI WKH V\VWHP
V
RXWSXW DQG D nQLWH QXPEHU RI LWV GHULYDWLYHV� 1XPHULFDO
GLmHUHQWLDWLRQ ZDV XVHG WR FRPSXWH WKH GHULYDWLYHV RI WKH
RXWSXW� DQG WKH VWDWHV ZHUH WKHQ UHFRQVWUXFWHG IURP WKHP
ZLWK D VWDWLF PDS� 7KH DSSURDFK PD\ VHHP VRPHZKDW
QDLYH� EXW LW LV YHU\ JHQHUDO� oH[LEOH DQG VWUDLJKWIRUZDUG
WR LPSOHPHQW LQ SUDFWLFH� LW GRHV QRW UHTXLUH WKH VROXWLRQ
RI D 3'( WR nQG DQ DSSURSULDWH FKDQJH RI FRRUGLQDWHV�
0RUHRYHU� LW LV TXLWH SRVVLEOH WR VWDWH ?VHSDUDWLRQ�W\SH�
UHVXOWV IRU VXFK REVHUYHUV� DORQJ WKH OLQH RI WKH REVHUYD�
WLRQ PDGH LQ >��@ IRU GLVFUHWH�WLPH V\VWHPV� )LQDOO\� IRU
V\VWHPV H[SUHVVHG LQ LQSXW�RXWSXW IRUP� QDPHO\�
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REVHUYHUV DUH FRPSXWLQJ WKH RXWSXW DQG LWV GHULYDWLYHV�
LQ DQ\ FDVH� DQG WKLV IDFW LV H[SOLFLWO\ H[SORLWHG LQ WKH
KLJK JDLQ REVHUYHU IRXQG LQ >�� ��@� IRU H[DPSOH� DQG WKH
VHSDUDWLRQ WKHRUHP RI >��@�

$PRQJ WKH VKRUWFRPLQJV RI WKLV DSSURDFK� RQH PXVW
QRWH WKDW WKH QXPHULFDO GHULYDWLYHV DUH TXLWH VHQVLWLYH WR
PHDVXUHPHQW QRLVH LI WKH GHULYDWLYHV PXVW EH FRPSXWHG
ZLWKLQ D VKRUW GHOD\ RI WDNLQJ WKH PHDVXUHPHQWV >�@� WKDW
LV� LI DQ LQWHUYDO RI WLPH IRU VPRRWKLQJ FDQQRW EH DOORZHG�
7KXV� LW LV EHVW WR PLQLPL]H� DV PXFK DV SRVVLEOH� WKH
PD[LPXP RUGHU RI WKH GHULYDWLYHV WKDW PXVW EH FRPSXWHG�

2XU JRDO KHUH LV WR FRQWULEXWH WR WKH PHUJHU RI WKH VWUXF�
WXUDO DQG QXPHULFDO DSSURDFKHV LQ RUGHU WR FRPELQH WKH
VWUHQJWKV RI HDFK DSSURDFK DQG WR DPHOLRUDWH WKH VKRUW�
FRPLQJV� $OUHDG\� IURP WKH ZRUN RI >��@� WKLV LV VHHQ WR
EH D QDWXUDO WKLQJ WR GR VLQFH WKH RXWSXW LQMHFWLRQ WHUPV
UHTXLUH WKH FRPSXWDWLRQ RI WKH GHULYDWLYHV RI WKH RXWSXW
IURP PHDVXUHG GDWD�

� $Q 2EVHUYDWLRQ RQ 6WDWH�$pQH

3DUDPHWHUL]DWLRQV

7R VLPSOLI\ WKH H[SRVLWLRQ� V\VWHPV ZLWKRXW LQSXWV ZLOO EH
WUHDWHG LQ WKH UHPDLQGHU RI WKH SDSHU� &RQVLGHU D V\VWHP
RI WKH IRUP ���� ZLWK [ � ,5Q� QR LQSXWV� \ � ,5� DQG
I�[�X�  � I�[� DQDO\WLF� 6XSSRVH WKDW WKH IROORZLQJ RE�
VHUYDELOLW\ SURSHUW\ �VHH >�@� LV PHW� WKHUH LV DQ LQWHJHU 1

VXFK WKDW WKH PDS GHnQHG E\
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LV LQMHFWLYH� ,Q D QHLJKERUKRRG RI D SRLQW [�� FRQGLWLRQ ���
LV LPSOLHG E\ WKH REVHUYDELOLW\ UDQN FRQGLWLRQ
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6LQFH \ � ,5� 1 w Q� %\ WKH LQMHFWLYLW\ RI +� WKHUH H[LVWV
/ VXFK WKDW [  /
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6XSSRVH LQ DGGLWLRQ WKDW I���  �� 7KHQ WKH PHDQ
YDOXH WKHRUHP FDQ EH XVHG WR VKRZ WKDW WKHUH H[LVWV D
�QRQ�XQLTXH� PDWUL[ $�[� VXFK WKDW
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6XSSRVLQJ WKDW ��� LV REVHUYDEOH� WKH V\VWHP FDQ EH UH�
ZULWWHQ DV
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ZKLFK LV RI WKH IRUP ���� ZLWK y  �\� B\� c c c � \�1b���� 7KXV�
XQGHU OLQHDU WLPH�YDU\LQJ�OLNH� XQLIRUP REVHUYDELOLW\ FRQ�
GLWLRQV� DQ REVHUYHU RI WKH IRUP ��� FDQ EH GHVLJQHG� DV
ORQJ DV WKH GHULYDWLYHV RI WKH RXWSXW FDQ EH REWDLQHG�
7KHVH FDQ EH FRPSXWHG YLD WKH QXPHULFDO GLmHUHQWLDWLRQ
UHVXOWV RI >�@� IRU H[DPSOH� 'HVLJQLQJ DQ REVHUYHU RQ
WKH EDVLV RI ���� EHDUV VRPH UHVHPEODQFH WR DQ H[WHQGHG
.DOPDQ nOWHU� WKH GLmHUHQFH LV WKDW WKH V\VWHP LV EHLQJ
?OLQHDUL]HG� DORQJ D VWDWH ?HVWLPDWH� FRPLQJ IURP QXPHU�
LFDO GLmHUHQWLDWLRQ LQVWHDG RI DQ HVWLPDWH FRPLQJ IURP WKH
nOWHU LWVHOI� ,W VKRXOG EH QRWHG KRZHYHU WKDW PHHWLQJ WKH
REVHUYDELOLW\ UHTXLUHPHQW FDQ EH GLpFXOW� DQG VHHPV WR
GHSHQG RQ WKH FKRLFH RI $ DQG WKH FRRUGLQDWHV LQ ZKLFK
WKH SDUDPHWHUL]DWLRQ LV GRQH�
2I FRXUVH� HYHQ ZLWKRXW DQ HTXLOLEULXP SRLQW DVVXPS�

WLRQ� ��� FRXOG EH H[SUHVVHG DV
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+RZHYHU� WKH REVHUYDELOLW\ FRQGLWLRQ RI ��� ZRXOG WKHQ
EH LPSRVVLEOH WR PHHW� 0RUH JHQHUDOO\ VSHDNLQJ� LW LV
WKH H[SHULHQFH RI WKH DXWKRUV� WKDW� ZKHQ WU\LQJ WR DS�
SO\ REVHUYHUV RI WKH IRUP ��� WR V\VWHPV ZLWK QRLV\ �RU
LQH[DFW� PHDVXUHPHQWV� LW LV ?EHVW� WR LQFOXGH DV PXFK RI
WKH PRGHO DV SRVVLEOH LQ WKH ?$�y�� PDWUL[� DQG WR PLQL�
PL]H WKH SDUW WKDW LV SODFHG LQ WKH LQMHFWLRQ WHUP� +HUH�
?EHVW� LV PHDQW LQ WKH LQWXLWLYH VHQVH RI DFKLHYLQJ VRPH
?nOWHULQJ� RU ?VPRRWKLQJ� RI WKH PHDVXUHPHQW SHUWXUED�
WLRQ� 2QH ZD\ RI ORRNLQJ DW D nOWHU LV WKDW LW LV D PHDQV
RI SURGXFLQJ WUDMHFWRULHV WKDW DUH FRPSDWLEOH ZLWK D JLYHQ
PRGHO� 7HUPV LQ WKH ?$�y�� PDWUL[ VHHP WR IRUFH PRUH
FRQVWUDLQWV RQ WKH WUDMHFWRULHV WKDQ WKRVH LQ WKH LQMHFWLRQ



EHFDXVH WKH REVHUYHU WUHDWV DQ\WKLQJ LQ WKH LQMHFWLRQ WHUP
DV DQ H[RJHQRXV YDULDEOH� 2Q WKH RWKHU KDQG� WKLV PXVW EH
EDODQFHG DJDLQVW WKH REVHUYDELOLW\ RI WKH UHVXOWLQJ VWDWH�
DpQH V\VWHP� ZKLFK LV GHSHQGHQW RQ KRZ WKH WHUPV DUH
GLYLGHG XS EHWZHHQ $ DQG ��
$V D nQDO SRLQW RI ?SKLORVRSK\�� LW LV FOHDU WKDW WKH

KLJKHU WKH RUGHU RI WKH GHULYDWLYH� WKH OHVV H[DFW ZLOO EH LWV
HVWLPDWH� 7KXV� LW LV LPSRUWDQW WR XVH DV IHZ GHULYDWLYHV
DV SRVVLEOH ZKHQ H[SUHVVLQJ D V\VWHP LQ VWDWH�DpQH IRUP�
2Q WKH RWKHU KDQG� SODFLQJ FRQVWUDLQWV RQ WKH PD[LPXP
RUGHU RI WKH GHULYDWLYHV DOORZHG LQ ���� UHVWULFWV WKH FODVV
RI V\VWHPV WKDW ZLOO PHHW WKH DVVRFLDWHG FRQGLWLRQV�

� 0DLQ 5HVXOWV

$V PHQWLRQHG LQ 6HFWLRQ �� SUHYLRXV ZRUN KDV VWXGLHG WKH
SUREOHP RI WUDQVIRUPLQJ D V\VWHP WR D VWDWH�DpQH IRUP
ZLWKRXW FRQVLGHULQJ WKH XVH RI GHULYDWLYHV RI WKH RXWSXW
LQ $� ZKLOH DOORZLQJ WKHP LQ �� ,Q IDFW� WKHUH VHHPV WR
EH YHU\ OLWWOH UHDVRQ WR DOORZ GHULYDWLYHV LQ RQH DQG QRW
WKH RWKHU� 2QH RI WKH FRQWULEXWLRQV RI WKLV SDSHU LV WR
VKRZ WKDW LW LV SRVVLEOH WR LGHQWLI\ D VXEFODVV RI V\VWHPV
IRU ZKLFK FRQVWUXFWLYH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV
FDQ EH JLYHQ IRU WKH H[LVWHQFH RI D VWDWH FRRUGLQDWH WUDQV�
IRUPDWLRQ SXWWLQJ WKH V\VWHP LQWR VWDWH�DpQH IRUP ZLWK
DW PRVW Qb� RXWSXW GHULYDWLYHV� 7KH SUREOHP LV ORRNHG DW
IURP ERWK WKH VWDWH VSDFH DQG LQSXW�RXWSXW SHUVSHFWLYHV�

��� 6WDWH�VSDFH SHUVSHFWLYH

/HPPD � ,Q D QHLJKERUKRRG RI D JLYHQ SRLQW [�� WKHUH
H[LVWV D ORFDO FKDQJH RI FRRUGLQDWHV ]  ��[� ZKLFK WUDQV�
IRUPV B[  I�[� LQWR
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LI� DQG RQO\ LI� WKHUH H[LVWV D YHFWRU nHOG ; VDWLVI\LQJ
;�[��� � DQG >;� >;� I @@  ��

3URRI� ,I VXFK D YHFWRU nHOG H[LVWV� WKHQ FKRRVH FRRU�
GLQDWHV �]�� c c c � ]Q� LQ ZKLFK ;  #

#]Q
� 7KH FRQGLWLRQ

>;� >;�I @@  � LPSOLHV WKDW #�I
#]�

Q

 �� ZKLFK JLYHV ����� 2Q

WKH RWKHU KDQG� LW LV HDVLO\ YHULnHG WKDW LI WKH V\VWHP KDV
WKH IRUP ����� WKHQ ;  #

#]Q
VDWLVnHV WKH VWDWHG FRQGL�

WLRQV�
7KH IROORZLQJ UHVXOW JLYHV D VXpFLHQW FRQGLWLRQ XQGHU

ZKLFK WKH V\VWHP FDQ EH WDNHQ LQWR WKH VWDWH�DpQH IRUP
���� ZLWK y  �\� B\� c c c � \�Qb����

7+(25(0 � &RQVLGHU WKH VFDODU RXWSXW V\VWHP
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ZLWK [ � ,5Q� Q w �� ,Q D QHLJKERUKRRG RI D JLYHQ SRLQW
[�� VXSSRVH WKDW WKH REVHUYDELOLW\ UDQN FRQGLWLRQ ��� KROGV
DQG WKDW WKHUH H[LVWV D YHFWRU nHOG ; VDWLVI\LQJ ;�[��� ��

; � IGK� c c c � G/Qb�I KJ" DQG >;� >;� I@@  �� 7KHQ WKHUH
H[LVWV D ORFDO FKDQJH RI FRRUGLQDWHV ]  ��[� LQ ZKLFK WKH
V\VWHP FDQ EH H[SUHVVHG DV

B]�  ]�
���

B]Qb�  ]Qb� ����

B]Qb�  $Qb��]�� c c c � ]Qb��]Q

B]Q  $Q�]�� c c c � ]Qb��]Q � �Q�]�� c c c � ]Qb��

\  ]�

3URRI� )URP GLPIGK�[��� c c c � G/
�Qb��
I K�[��J  Qb ��

DQG WKH H[LVWHQFH RI D YHFWRU nHOG ; VDWLVI\LQJ ;�[��� �
DQG ; � IGK� c c c � G/Qb�I KJ"� LW FDQ EH VKRZQ WKDW� LQ
D QHLJKERUKRRG RI [�� WKHUH H[LVWV D IXQFWLRQ s�[� VXFK

WKDW �]�� � � � � ]Qb�� a]Q� � �K�[�� � � � �/�Qb��I K�[�� s�[�� LV
D ORFDO FKDQJH RI FRRUGLQDWHV� DQG� LQ WKHVH FRRUGLQDWHV�
;  #

#a]Q
� )URP WKLV� LW HDVLO\ IROORZV WKDW B]L  ]L�� IRU

L  �� c c c � Qb�� $V LQ WKH SURRI RI /HPPD �� WKH FRQGLWLRQ
>;� >;� I@@  � JLYHV WKH DpQH VWUXFWXUH LQ WKH UHPDLQLQJ
FRRUGLQDWHV�
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Ba]Q  a$Q�]�� c c c � ]Qb��a]Q � a�Q�]�� c c c � ]Qb���

)URP WKH REVHUYDELOLW\ UDQN FRQGLWLRQ� LW IROORZV WKDW
$Qb� GRHV QRW YDQLVK LQ D QHLJKERUKRRG RI [�� 7KHQ� WKH

FKDQJH RI FRRUGLQDWHV ]Q � a]Q �
a�Qb�

$Qb�
SXWV WKH V\VWHP

LQWR WKH GHVLUHG IRUP�
2I FRXUVH� ���� FDQ EH UH�ZULWWHQ DV
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ZLWK y  �\� B\� c c c � \�Qb����

$  

�
%%%%%%%#

� � � c c c � �
� � � c c c � �
���
���

���
� � �

���
���

� � c c c c c c � �
� � c c c c c c � $Qb��y�
� � c c c c c c � $Q�y�

�
&&&&&&&$

����

�  

�
%%%%%%%#

�
�
���
�
�

�Q�y�

�
&&&&&&&$

����

DQG
&  ��� �� c c c � ��� ����

,W LV UHPDUNHG WKDW 7KHRUHP � FDQ EH XVHG WR VKRZ WKDW
DQ REVHUYDEOH V\VWHP RI WKH IRUP
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FDQ DOZD\V EH H[SUHVVHG LQ WKH IRUP ���� WKURXJK D FKDQJH
RI FRRUGLQDWHV�

��� ,QSXW�RXWSXW SHUVSHFWLYH

7KLV VHFWLRQ JLYHV D FRQVWUXFWLYH QHFHVVDU\ DQG VXpFLHQW
FRQGLWLRQ IRU WKH H[LVWHQFH RI D VWDWH FRRUGLQDWH WUDQVIRU�
PDWLRQ ZKLFK WDNHV V\VWHP ���� LQWR WKH VWDWH�DpQH IRUP
����� 7KH SURFHGXUH LV nUVW VXPPDUL]HG DV D VHTXHQFH RI
VWHSV� DQG WKHQ IRUPDOL]HG DV D WKHRUHP�

$/*25,7+0� 6XSSRVH WKDW ���� VDWLVnHV WKH REVHUY�
DELOLW\ UDQN FRQGLWLRQ ���� LQ D QHLJKERUKRRG RI D SRLQW [�
VR WKDW LW KDV D ORFDO LQSXW�RXWSXW UHSUHVHQWDWLRQ
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