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3URYLQJ $V\PSWRWLF 6WDELOLW\ RI D :DONLQJ &\FOH IRU D )LYH '2) %LSHG

5RERW 0RGHO

-� :� *UL]]OH� *DEULHO $EED DQG )UDQFN 3OHVWDQ

$EVWUDFW

7R GDWH� IRU WKH FDVH RI D ELSHG URERW ZLWK D WRUVR� QRQH RI WKH YDULRXV FRQWURO DSSURDFKHV KDYH SURGXFHG D FORVHG�ORRS V\VWHP ZLWK
SURYDEOH VWDELOLW\ SURSHUWLHV� 6LQFH UHJXODU ZDONLQJ FDQ EH YLHZHG DV D SHULRGLF VROXWLRQ RI WKH URERW PRGHO� WKH PHWKRG RI 3RLQFDUuH VHFWLRQV
LV WKH QDWXUDO DQDO\VLV WRRO� +RZHYHU� GXH WR WKH FRPSOH[LW\ RI WKH DVVRFLDWHG G\QDPLF PRGHOV� WKLV DSSURDFK KDV RQO\ EHHQ VXFFHVVIXOO\
FDUULHG RXW IRU 5DLEHUW
V RQH�OHJJHG�KRSSHU >��@� >�@� >�@� DQG D ELSHG URERW ZLWKRXW D WRUVR >��@� >��@� >��@� ,Q D UHFHQW SDSHU >��@� WKH DXWKRUV
KDYH GHYHORSSHG D FRQWURO VWUDWHJ\ WKDW OHDGV WR D VWUDLJKWIRUZDUG VWDELOLW\ DQDO\VLV IRU D FODVV RI XQGHU DFWXDWHG ELSHG PRGHOV� 7KH SULPDU\
JRDO RI WKLV SDSHU LV WR LOOXVWUDWH WKLV QHZ FRQWURO DQG DQDO\VLV DSSURDFK RQ D nYH GHJUHH RI IUHHGRP ELSHG PRGHO�

,� ,QWURGXFWLRQ

7KH ELSHG URERW XVHG LQ WKLV VWXG\ LV GHSLFWHG LQ )LJXUH �� LW FRQVLVWV RI D WRUVR� KLSV� DQG WZR OHJV RI HTXDO OHQJWK�
ZLWK QR DQNOHV DQG QR NQHHV� ,W WKXV KDV nYH GHJUHHV RI IUHHGRP� 7ZR WRUTXHV� X� DQG X�� DUH DSSOLHG EHWZHHQ WKH WRUVR
DQG WKH VWDQFH OHJ� DQG WKH WRUVR DQG WKH VZLQJ OHJ� UHVSHFWLYHO\� VR WKH V\VWHP LV XQGHU DFWXDWHG IRU DQ\ JDLW� 7KH
DQJXODU FRRUGLQDWHV DQG WKH GLVSRVLWLRQ RI WKH PDVVHV RI WKH OHJV� KLSV DQG WRUVR DUH DOO VKRZQ LQ )LJXUH �� ,Q SDUWLFXODU�
QRWH WKDW t� SDUDPHWHUL]HV WKH VWDQFH OHJ� t� WKH VZLQJ OHJ� t� WKH WRUVR� SRVLWLYH DQJOHV DUH FRPSXWHG FORFNZLVH ZLWK
UHVSHFW WR WKH LQGLFDWHG YHUWLFDO OLQHV� DQG DOO PDVVHV DUH OXPSHG�
$W LWV PRVW EDVLF OHYHO� ZDONLQJ FRQVLVWV RI WZR WKLQJV >��@� SRVWXUH FRQWURO� WKDW LV� PDLQWDLQLQJ WKH WRUVR LQ D VHPL�

HUHFW SRVLWLRQ� DQG VZLQJ OHJ DGYDQFHPHQW� WKDW LV� FDXVLQJ WKH VZLQJ OHJ WR FRPH IURP EHKLQG WKH VWDQFH OHJ� SDVV
LW E\ D FHUWDLQ DPRXQW� DQG SUHSDUH IRU FRQWDFW ZLWK WKH JURXQG� 7KLV PRWLYDWHV WKH GLUHFW FRQWURO RI WKH DQJOHV t�
�GHVFULELQJ WKH WRUVR� DQG t� �GHVFULELQJ WKH VZLQJ OHJ�� %\ IDU� WKH PRVW FRPPRQ DSSURDFK WR FRQWURO LQ WKH PXOWL�SHG
OLWHUDWXUH LV WKURXJK WKH WUDFNLQJ RI SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV >��@� >��@� >�@� >�@� 7KDW LV� LQ WKH FRQWH[W RI
WKH URERW PRGHO LQYHVWLJDWHG KHUH� WKH nUVW VWHS RI WKH FRQWURO GHVLJQ ZRXOG EH WR GHWHUPLQH IXQFWLRQV RI WLPH t��W�
DQG t��W� WKDW H[SUHVV D GHVLUHG EHKDYLRU RI WKH URERW� 7KHQ� VWDQGDUG FRQWURO WHFKQLTXHV ZRXOG EH HPSOR\HG WR LQGXFH
?DV\PSWRWLF� WUDFNLQJ RI WKHVH WUDMHFWRULHV >��@� 7KH UHVXOWLQJ FORVHG�ORRS V\VWHP LV QRQOLQHDU� WLPH�YDU\LQJ �GXH WR WKH
WLPH�GHSHQGHQW UHIHUHQFH WUDMHFWRULHV� DQG YHU\ GLpFXOW WR DQDO\]H�
2Q D SHULRGLF RUELW FRUUHVSRQGLQJ WR D QRUPDO ZDONLQJ PRWLRQ� LW LV FOHDU WKDW WKH KRUL]RQWDO PRWLRQ RI WKH KLSV LV

PRQRWRQLFDOO\ VWULFWO\ LQFUHDVLQJ� )RU WKH ELSHG RI )LJXUH �� WKLV LV HTXLYDOHQW WR t��W� VWULFWO\ LQFUHDVLQJ RYHU HDFK VWHS
RI WKH ZDONLQJ F\FOH� 7KXV� IRU DQ\ GHVLUHG WUDMHFWRULHV t��W� DQG t��W� WKDW H[SUHVV �HQFRGH� D GHVLUHG ZDONLQJ SDWWHUQ
IRU WKH ELSHG� LW LV WKHUHIRUH UHDVRQDEOH WR DVVXPH WKDW WKH FRUUHVSRQGLQJ WUDMHFWRU\ IRU t� KDV WKH SURSHUW\ WKDW t��W�
LV VWULFWO\ PRQRWRQLF� ,W IROORZV WKDW t��W� DQG t��W� FDQ HDFK EH UH�SDUDPHWHUL]HG LQ WHUPV RI t�� 7KDW LV� ZLWKRXW ORVV
RI JHQHUDOLW\� LW FDQ EH VXSSRVHG WKDW t��W�  s��t��W�� DQG t��W�  s��t��W��� IRU VRPH IXQFWLRQV sL� 7KH ?EHKDYLRU� RI
ZDONLQJ FDQ WKXV EH ?HQFRGHG� LQWR WKH G\QDPLFV RI WKH URERW E\ GHnQLQJ RXWSXWV
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ZLWK WKH FRQWURO REMHFWLYH EHLQJ WR GULYH WKH RXWSXWV WR ]HUR�
2I FRXUVH� WKH LGHD RI EXLOGLQJ LQ D G\QDPLF EHKDYLRU RI D V\VWHP WKURXJK WKH MXGLFLRXV GHnQLWLRQ RI D VHW RI RXWSXWV�

ZKLFK ZKHQ QXOOHG \LHOGV D GHVLUDEOH LQWHUQDO EHKDYLRU� LV QRW QRYHO LQ FRQWURO >��@ QRU ZDONLQJ URERWV >��@� >��@� >�@� >��@�
>��@� >��@� >�@� +RZHYHU� LW LV LQWHUHVWLQJ WR QRWH WKDW WKLV LGHD� ZKLFK VHHPV WR EH DQ HVVHQWLDO VWHS IRU SURYLQJ DQ\WKLQJ
DERXW WKH WUDMHFWRULHV RI WKH FORVHG�ORRS V\VWHP� KDV RQO\ EHHQ XVHG WR DQDO\WLFDO DGYDQWDJH LQ WKH PRQRSHG �RQH�OHJJHG
KRSSHU� OLWHUDWXUH� 7KLV VHHPV WR EH GXH WR WKH IDFW WKDW UHDOLVWLF� DQDO\WLFDOO\ WUDFWDEOH PRGHOV RI WKH KRSSHU H[LVW� DQG
WKH DVVRFLDWHG 3RLQFDUuH UHWXUQ PDS FDQ EH DQDO\]HG LQ FRQVLGHUDEOH GHWDLO >�@� >��@� >�@� 7KLV KDV OHG WR WKH GHWHUPLQDWLRQ
RI VDPSOHG�GDWD FRQWURO ODZV �VDPSOLQJ LV GRQH V\QFKURQRXVO\ ZLWK LPSDFW HYHQWV� WKDW OHDG WR H[SOLFLW� ORZ�GLPHQVLRQDO

WHVWV IRU DV\PSWRWLF VWDELOLW\ RI D SHULRGLF RUELW�
(YHQ IRU WKH VLPSOH ELSHG PRGHO FRQVLGHUHG LQ WKLV ZRUN� DQDO\]LQJ WKH UHWXUQ PDS ZRXOG EH D IRUPLGDEOH WDVN�

DQG GRLQJ WKLV IRU D PRUH FRPSOHWH PRGHO RI D URERW ZLWK NQHHV LV VLPSO\ XQWKLQNDEOH DW WKH SUHVHQW WLPH� +HUH� D
FRPSOHWHO\ GLmHUHQW DSSURDFK WR REWDLQLQJ DQ H[SOLFLW� ORZ�GLPHQVLRQDO WHVW IRU DV\PSWRWLF VWDELOLW\ RI D SHULRGLF RUELW
ZLOO EH LOOXVWUDWHG >��@� 7KH FRQWURO GHVLJQ ZLOO EH GRQH LQ FRQWLQXRXV�WLPH� DQG FRPSXWHG GLUHFWO\ IURP WKH URERW PRGHO

-�:� *UL]]OH LV ZLWK WKH &RQWURO 6\VWHPV /DERUDWRU\� (OHFWULFDO (QJLQHHULQJ DQG &RPSXWHU 6FLHQFH 'HSDUWPHQW� 8QLYHUVLW\ RI 0LFKLJDQ�
$QQ $UERU� 0, ����������� 7HO� ��������������� )$;� ��������������� (PDLO� JUL]]OH#XPLFK�HGX�
*� $EED DQG )� 3OHVWDQ DUH ZLWK *5$9,5�/6,,7� (1636�8QLYHUVLWuH /RXLV 3DVWHXU�&156� %OYG� 6uHEDVWLHQ %UDQW� ����� ,OONLUFK�
*UDmHQVWDGHQ� )UDQFH� 7HO� ����������������� )D[� ����������������� (PDLO� I*DEULHO�$EED�)UDQFN�3OHVWDQJ#HQVSV�X�VWUDVEJ�IU
&RUUHVSRQGLQJ DXWKRU� )UDQFN 3OHVWDQ
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DQG WKH FKRLFH RI RXWSXWV WR EH FRQWUROOHG� ,Q WKH VSLULW RI >�@� >��@� LW ZLOO DOVR KDYH D GHDG�EHDW FKDUDFWHU� DQG ZLOO OHDG
WR D VWDELOLW\ WHVW EDVHG RQ WKH FRPSXWDWLRQ RI D PDS IURP D VXEVHW RI ,5 WR LWVHOI� WKLV ZLOO EH DFKLHYHG ZLWK FRQWLQXRXV�
nQLWH�WLPH IHHGEDFN FRQWUROOHUV >��@� >�@� >�@�

)RU WKH VDNH RI FRPSOHWHQHVV� LW LV QRWHG WKDW RWKHU FRQWURO PHWKRGV KDYH EHHQ LQYHVWLJDWHG WKDW GR QRW UHO\ RQ
SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV IRU WKH DQJXODU SRVLWLRQV� WKHVH LQFOXGH FRQWUROOLQJ HQHUJ\� DQJXODU PRPHQWXP� DQG
RWKHUV >��@� >��@� >��@� >��@� 1RQH RI WKHVH KDYH OHG WR VWDELOLW\ SURRIV IRU D ELSHG ZLWK D WRUVR�

,,� %LSHG PRGHO

,W LV DVVXPHG WKDW WKH ZDONLQJ F\FOH WDNHV SODFH LQ WKH �VDJLWWDO� SODQH� ,W LV IXUWKHU DVVXPHG WKDW WKH ZDONLQJ F\FOH
FRQVLVWV RI VXFFHVVLYH SKDVHV RI VLQJOH VXSSRUW� ZLWK WKH WUDQVLWLRQ IURP RQH OHJ WR DQRWKHU WDNLQJ SODFH LQ DQ LQnQLWHVLPDO
OHQJWK RI WLPH >��@� >�@� 7KLV DVVXPSWLRQ HQWDLOV WKH XVH RI D ULJLG PRGHO WR GHVFULEH WKH LPSDFW RI WKH VZLQJ OHJ ZLWK
WKH JURXQG� 7KH PRGHO RI WKH ELSHG URERW WKXV FRQVLVWV RI WZR SDUWV� WKH GLmHUHQWLDO HTXDWLRQV GHVFULELQJ WKH G\QDPLFV
RI WKH URERW GXULQJ WKH VZLQJ SKDVH� DQG DQ LPSXOVH PRGHO RI WKH FRQWDFW HYHQW�

'XULQJ WKH VZLQJ SKDVH RI WKH PRWLRQ� WKH VWDQFH OHJ LV PRGHOHG DV D SLYRW� DQG WKXV WKHUH DUH RQO\ WKUHH GHJUHHV
RI IUHHGRP� ,Q RUGHU IRU WKH VZLQJ OHJ WR PRYH ZLWKRXW WRXFKLQJ WKH JURXQG XQWLO WKH GHVLUHG PRPHQW RI FRQWDFW� WKH
LGHD RI >��@ LV DGRSWHG KHUH� WKH VZLQJ OHJ LV DVVXPHG WR PRYH RXW RI WKH SODQH RI IRUZDUG PRWLRQ� DQG LQWR WKH IURQWDO
�FRURQDO� SODQH� 7KLV DOORZV WKH VZLQJ OHJ WR FOHDU WKH JURXQG DQG EH SRVHG LQ IURQW RI WKH VWDQFH OHJ �WKLQN RI D SHUVRQ
ZLWK D FDVW RYHU WKHLU NQHH�� ,W ZLOO EH IXUWKHU DVVXPHG WKDW WKH VZLQJ OHJ LV GHVLJQHG WR UHQWHU WKH SODQH RI PRWLRQ
ZKHQ WKH DQJOH RI WKH VWDQFH OHJ DWWDLQV D JLYHQ YDOXH� tG� � $OWHUQDWH PHDQV RI DFKLHYLQJ OHJ FOHDUDQFH LQ ULJLG OHJJHG
URERWV DUH GLVFXVVHG LQ >��@� >�@�
7KH G\QDPLF PRGHO RI WKH URERW EHWZHHQ VXFFHVVLYH LPSDFWV LV HDVLO\ GHULYHG XVLQJ WKH PHWKRG RI /DJUDQJH >��@� DQG

UHVXOWV LQ D VWDQGDUG VHFRQG RUGHU V\VWHP

'�t��t �&�t� Bt� Bt �*�t�  %X� ���

ZKHUH X  �X�� X��
�� DQG t  �t�� t�� t��

�� 7KH PDWULFHV '� &� * DQG % DUH GHGXFHG IURP WKH /DJUDQJLDQ IRUPXODWLRQ RI
WKH G\QDPLFV �JLYHQ LQ WKH $SSHQGL[�� 7KH VHFRQG RUGHU V\VWHP ��� LV ZULWWHQ LQ VWDWH VSDFH IRUP E\ GHnQLQJ
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7KH VWDWH VSDFH IRU WKH V\VWHP LV WDNHQ DV ; � I[ � �t�� ���� M t �0� � � ,5�J� ZKHUH 0  �b{� {���

7KH VHFRQG SDUW RI WKH PRGHO LQYROYHV WKH LPSDFW EHWZHHQ WKH VZLQJ OHJ DQG WKH JURXQG� 7KLV LV PRGHOHG DV D FRQWDFW
EHWZHHQ WZR ULJLG ERGLHV� DQG WKH VWDQGDUG PRGHO IURP >��@ LV XVHG� 7KH SUHPLVHV XQGHUO\LQJ WKLV PRGHO DUH WKDW� �D�
WKH LPSDFW WDNHV SODFH RYHU DQ LQnQLWHVLPDOO\ VPDOO SHULRG RI WLPH� �E� WKH H[WHUQDO IRUFHV GXULQJ WKH LPSDFW FDQ EH
UHSUHVHQWHG E\ LPSXOVHV� �F� LPSXOVLYH IRUFHV PD\ UHVXOW LQ DQ LQVWDQWDQHRXV FKDQJH �L�H�� D GLVFRQWLQXLW\� LQ WKH YHORFLWLHV
RI WKH JHQHUDOL]HG FRRUGLQDWHV� EXW WKH SRVLWLRQV UHPDLQ FRQWLQXRXV� DQG �G� WKH WRUTXHV VXSSOLHG E\ WKH DFWXDWRUV DUH
QRW LPSXOVLRQDO� ,I LW LV IXUWKHU DVVXPHG WKDW WKH FRQWDFW RI WKH VZLQJ OHJ ZLWK WKH JURXQG UHVXOWV LQ QR UHERXQG DQG
QR VOLSSLQJ RI WKH VZLQJ OHJ� DQG WKH VWDQFH OHJ QDWXUDOO\ OLIWLQJ IURP WKH JURXQG ZLWKRXW LQWHUDFWLRQ� DQ H[SUHVVLRQ IRU
[�� WKH SRVLWLRQ DQG YHORFLW\ MXVW DIWHU WKH LPSDFW� FDQ EH FRPSXWHG IURP [b� WKH SRVLWLRQ DQG YHORFLW\ MXVW EHIRUH
WKH LPSDFW >��@� )LQDOO\� VLQFH WKH FRRUGLQDWH GHnQLWLRQ RI WKH VZLQJ SKDVH PRGHO DVVXPHV WKDW t� FRUUHVSRQGV WR WKH
VWDQFH OHJ DQG t� WR WKH VZLQJ OHJ� LW LV QHFHVVDU\ WR GR D FRRUGLQDWH WUDQVIRUPDWLRQ DIWHU WKH LPSDFW� ZKLFK DPRXQWV
WR VZDSSLQJ WKH nUVW WZR SRVLWLRQ FRRUGLQDWHV� DQG WKH nUVW WZR YHORFLW\ FRRUGLQDWHV� UHVSHFWLYHO\� 7KH nQDO UHVXOW LV
H[SUHVVHG DV c � 6 � ; � ZKHUH
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� DQG ��� DUH VSHFLnHG LQ WKH $SSHQGL[� ,W LV QRWHG LQ SDVVLQJ WKDW 6 FDQ EH H[SUHVVHG DV WKH OHYHO VHW RI D IXQFWLRQ

+ � ; � ,5� 'HnQH +�[�  tG� b t�� VR WKDW 6 � I�t��� � ; M +�[�  �J� 0RUHRYHU� LW FDQ EH HDVLO\ FKHFNHG WKDW IRU
HDFK SRLQW V � 6� #+

#[
�V�� �� 7KLV LPSOLHV WKDW 6 LV D VPRRWK HPEHGGHG VXEPDQLIROG RI ; >��@� ,Q WKH $SSHQGL[� LW LV

VHHQ WKDW c LV D VPRRWK IXQFWLRQ RI LWV DUJXPHQWV�
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,,,� &RQWUROOHU 'HVLJQ

7KH VLPSOHVW YHUVLRQ RI SRVWXUH FRQWURO LV WR PDLQWDLQ WKH DQJOH RI WKH WRUVR DW VRPH FRQVWDQW YDOXH� VD\ tG� � ZKLOH WKH
VLPSOHVW YHUVLRQ RI VZLQJ OHJ DGYDQFHPHQW LV WR FRPPDQG WKH VZLQJ OHJ WR EHKDYH DV WKH PLUURU LPDJH >�@ RI WKH VWDQFH
OHJ� WKDW LV� t�  bt�� 7KHVH FRUUHVSRQG WR s��t��  tG� �D FRQVWDQW� DQG s��t��  bt��
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RWKHU FKRLFHV ZLOO EH LQYHVWLJDWHG LQ D ODWHU VHFWLRQ�
6LQFH WKH V\VWHP ��� FRPHV IURP WKH VHFRQG RUGHU PRGHO ���� DQG WKH RXWSXWV ��� RQO\ GHSHQG XSRQ t� LW IROORZV WKDW

WKH UHODWLYH GHJUHH RI HDFK RXWSXW FRPSRQHQW LV HLWKHU WZR RU LQnQLWH� 'LUHFW FRPSXWDWLRQ JLYHV WKDW >��@� >��@� >��@

�\  /�IK�[� �/J/IK�[�X ���

DQG WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[� /J/IK� LV IXUWKHU FRPSXWHG WR EH

bU �U0+ � UP� U07 � O07 FRV�t� b t��� �

7KXV� WKH GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH IRU DOO [ � ; DV ORQJ DV � � O07 � U�P�07 �0+ �� ZKLFK LPSRVHV D YHU\
PLOG FRQVWUDLQW RQ WKH SRVLWLRQ RI WKH FHQWHU RI JUDYLW\ RI WKH XSSHU ERG\ RI WKH URERW LQ UHODWLRQ WR WKH OHQJWK RI LWV
OHJV� 7KLV OHDGV WR WKH IROORZLQJ K\SRWKHVLV�
+\SRWKHVLV &+��� 7KH GHFRXSOLQJ PDWUL[ LV JOREDOO\ LQYHUWLEOH�
)URP QRZ RQ� LW LV VXSSRVHG WKDW &+� LV PHW� 7KHUHIRUH� VWDELOL]LQJ G\QDPLFV IRU WKH RXWSXW RI V\VWHP ��� FDQ EH

DVVLJQHG� 7KH HDVLHVW ZD\ WR GR WKLV LV WKURXJK WKH PHWKRG RI FRPSXWHG WRUTXH� nUVW GHFRXSOH WKH V\VWHP >��@� >��@� >��@
DQG WKHQ LPSRVH D GHVLUHG G\QDPLF UHVSRQVH� ,Q SUHSDUDWLRQ IRU GRLQJ WKLV� QRWH WKDW j �0 � ,5� E\

j�t� � 

�
� \�

\�
t�

�
�  

�
� t� b tG�

t� � t�
t�

�
� ���

LV D JOREDO FKDQJH RI FRRUGLQDWHV� :LWK WKLV FRRUGLQDWH WUDQVIRUPDWLRQ� DQG XSRQ GHnQLQJ

Y � /�IK� /J/IKX� ���

WKH V\VWHP FDQ EH ZULWWHQ LQ WKH GHFRXSOHG�IRUP
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7KH QH[W VWHS LV WR LPSRVH D FRQWLQXRXV IHHGEDFN Y  Y�\� B\� RQ ����� DQG WKXV RQ ���� VR WKDW WKH SDLU RI GRXEOH
LQWHJUDWRUV �\  Y LV JOREDOO\ nQLWH�WLPH VWDELOL]HG >�@� >�@� 7KH SXUSRVH RI XVLQJ D nQLWH�WLPH FRQWUROOHU LV WKDW LW ZLOO
FROODSVH WKH LPDJH RI WKH 3RLQFDUuH UHWXUQ PDS WR D RQH�GLPHQVLRQDO VHW� DQG OHDG WR D WUDFWDEOH DQDO\VLV FRQGLWLRQ�
+\SRWKHVHV� 7KH FORVHG�ORRS SDLU RI GRXEOH LQWHJUDWRUV� �\  Y�\� B\�� VDWLVnHV WKH IROORZLQJ FRQGLWLRQV�
&+�� VROXWLRQV JOREDOO\ H[LVW RQ ,5�� DQG DUH XQLTXH�
&+�� VROXWLRQV GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQV�
&+�� WKH RULJLQ LV JOREDOO\ DV\PSWRWLFDOO\ VWDEOH� DQG FRQYHUJHQFH LV DFKLHYHG LQ nQLWH WLPH�
&+�� WKH VHWWOLQJ WLPH IXQFWLRQ�� 7VHW � ,5� � ,5 E\

7VHW�\�� B\�� � LQIIW ! � M �\�W�� B\�W��  ������ �\���� B\����  �\�� B\��J

GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ� �\�� B\���
+\SRWKHVHV &+��&+� FRUUHVSRQG WR WKH GHnQLWLRQ RI nQLWH�WLPH VWDELOLW\ >��@� >�@� &+� LV DOVR EH QHHGHG LQ WKH

WHFKQLFDO DQDO\VLV RI >��@� EXW LV QRW LPSOLHG E\ &+��&+� >�@� 7KHVH UHTXLUHPHQWV UXOH RXW WUDGLWLRQDO VOLGLQJ PRGH
FRQWURO� ZLWK LWV ZHOO�NQRZQ GLVFRQWLQXRXV DFWLRQ� $ PHDQV RI PHHWLQJ WKHVH IRXU REMHFWLYHV LV SURYLGHG LQ >�@� >�@� VHH
6HFWLRQ 9� /HW �L�[�� [��� L  ���� EH DQ\ IHHGEDFNV IRU WKH SDLU RI GRXEOH LQWHJUDWRUV LQ ���� VR WKDW� ZLWK
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�7KDW LV� WKH WLPH LW WDNHV IRU D VROXWLRQ LQLWLDOL]HG DW �\�� B\�� WR FRQYHUJH WR WKH RULJLQ� 7KH WHUPLQRORJ\ LV WDNHQ IURP >�@�
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&+��&+� DUH VDWLVnHG IRU �\  Y� 'HnQH D IHHGEDFN RQ ��� E\
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DQG GHQRWH WKH ULJKW�KDQG VLGH RI WKH FORVHG�ORRS E\

IFO�[� � I�[� � J�[�X�[�� ����

)LQDOO\� GHnQH

7 FO
VHW�[� � 7VHW�K�/IK�� ����

,W IROORZV WKDW 7 FO
VHW�[� LV D FRQWLQXRXV IXQFWLRQ RI [�

,9� 0HWKRG RI 3RLQFDUuH IRU )LQLWH�7LPH &RQWURO

7KLV VHFWLRQ SURYLGHV D VXPPDU\ RI WKH PHWKRG RI 3RLQFDUuH� VSHFLDOL]HG IRU WKH FDVH RI nQLWH�WLPH FRQWURO RI WKH ELSHG
PRGHO ZLWK ULJLG LPSDFWV� DVVXPLQJ WKDW &+��&+� KROG� 7KH PDWKHPDWLFDO MXVWLnFDWLRQ RI WKH UHVXOWV LV JLYHQ LQ >��@�
7KH UHDGHU ZLVKLQJ RQO\ WR VHH WKH DSSOLFDWLRQ PD\ VNLS WR WKH QH[W VHFWLRQ�

/HW 
IFO�W� [�� GHQRWH WKH VROXWLRQ RI ���� DW WLPH W IRU WKH LQLWLDO FRQGLWLRQ [� DW WLPH W�  �� 'HnQH WKH WLPH WR

LPSDFW IXQFWLRQ� 7, � ; � ,5 > I�J� E\

7,�[�� � 

|
LQIWw�I
IFO �W� [�� � 6J LI � W VXFK WKDW 
IFO�W� [�� � 6
� RWKHUZLVH

����

,W FDQ EH VKRZQ WKDW 7, LV FRQWLQXRXV DW SRLQWV [� ZKHUH � � 7,�[�� � � DQG /I+�
IFO �7,�[��� [��� � � �SRLQWV
ZKHUH DQ LPSDFW WDNHV SODFH LQ nQLWH WLPH� DQG WKH LPSDFW LV WUDQVYHUVDO WR 6�� )URP WKLV� LW FDQ EH VKRZQ WKDW
a6 � I[ � 6 M � � 7,�c�[�� � � DQG /I+�
IFO�7,�c�[���c�[���� �J LV DQ RSHQ VXEVHW RI 6� LQ ZRUGV� a6 LV WKH VHW
RI SRLQWV LQ 6 ZKLFK� DIWHU WKH DSSOLFDWLRQ RI WKH LPSDFW PRGHO� JLYH ULVH WR D WUDMHFWRU\ RI WKH VZLQJ SKDVH PRGHO WKDW
ZLOO KDYH DQRWKHU �WUDQVYHUVDO� LPSDFW ZLWK 6� 7KH 3RLQFDUuH UHWXUQ PDS LV WKHQ GHnQHG E\ 3 � a6 � 6 E\

3 �[� � 
IFO�7,�c�[���c�[��� ����

DQG FDQ EH VKRZQ WR EH ZHOO�GHnQHG DQG FRQWLQXRXV�

7KH QH[W VWHS LV WR H[SORLW WKH nQLWH�WLPH FRQYHUJHQFH SURSHUW\ RI WKH FRQWUROOHU� 7KH LQWHUQDO G\QDPLFV RI WKH V\VWHP
��� FRPSDWLEOH ZLWK WKH RXWSXW ��� EHLQJ LGHQWLFDOO\ ]HUR LV FDOOHG WKH ]HUR G\QDPLFV >��@� DQG WKH VWDWH VSDFH RQ ZKLFK
WKH ]HUR G\QDPLFV HYROYHV LV FDOOHG WKH ]HUR G\QDPLFV PDQLIROG� )RU WKH ELSHG PRGHO XQGHU VWXG\� WKH ]HUR G\QDPLFV
PDQLIROG LV FRPSXWHG IURP ���� WR EH

=  
j
�t� �� � ; M t�  tG�� t� � t�  �� ��  �� �� � ��  �� b { � t� � {� �� � ,5

k
� ����

1H[W� WKH VHW A6 � I[� � a6 M 7 FO
VHW�[�� � 7,�[�� � �J �SRLQWV ZHUH WKH FRQYHUJHQFH WLPH RI WKH FRQWUROOHU LV OHVV WKDQ

WKH WLPH RI D ZDONLQJ F\FOH� LV DQ RSHQ VXEVHW RI a6� ,W IROORZV WKDW 3 � A6 � 6 ? =� ,Q WHUPV RI WKH RULJLQDO FRRUGLQDWHV
�t��� RI WKH URERW�

6 ? =  
j
�t� �� � ; M t�  tG�� t� � t�  �� ��  �� �� � ��  �� t�  tG�� �� � ,5

k
�

D RQH�GLPHQVLRQDO �HPEHGGHG� VXEPDQLIROG RI ; � 'HnQH

| � A6 ? = � 6 ? = E\ |�[� � 3 �[�� ����

7+(25(0 � �0HWKRG RI 3RLQFDUuH IRU )LQLWH�7LPH &RQWURO >��@� &RQVLGHU WKH ELSHG URERW PRGHO RI 6HFWLRQ ,,� 'H�
nQH RXWSXWV VXFK WKDW +\SRWKHVLV &+� LV PHW� 6XSSRVH WKDW D FRQWLQXRXV� nQLWH�WLPH VWDELOL]LQJ IHHGEDFN LV DSSOLHG�
DQG WKDW +\SRWKHVHV &+��&+� DUH PHW� 'HnQH =� A6 DQG | DV DERYH� 7KHQ�

�� [e � A6 ? = JLYHV ULVH WR D SHULRGLF RUELW RI WKH FORVHG�ORRS ELSHG PRGHO LI� DQG RQO\ LI� |�[e�  [e�

�� [e � A6 ? = JLYHV ULVH WR D VWDEOH �UHVS�� DV\PSWRWLFDOO\ VWDEOH� SHULRGLF RUELW RI WKH FORVHG�ORRS ELSHG PRGHO LI� DQG
RQO\ LI� [e LV D VWDEOH �UHVS�� DV\PSWRWLFDOO\ VWDEOH� HTXLOLEULXP SRLQW RI |�
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9� 1XPHULFDO LOOXVWUDWLRQ

&RQVLGHU WKH ELSHG PRGHO ZLWK WKH IROORZLQJ YDOXHV RI WKH SDUDPHWHUV�

P  � 0+  �� 07  �� U  � O  ���

FRUUHVSRQGLQJ WR WKH PDVV RI WKH OHJV� WKH PDVV RI WKH KLSV� WKH PDVV RI WKH WRUVR� WKH OHQJWK RI WKH OHJV DQG WKH GLVWDQFH
EHWZHHQ WKH FHQWHU RI PDVV RI WKH KLSV DQG WKH FHQWHU RI PDVV RI WKH WRUVR� 7KH XQLWV DUH NLORJUDPV DQG PHWHUV� :LWK
WKH RXWSXWV GHnQHG DV LQ ���� +\SRWKHVLV &+� LV PHW� 6XSSRVH WKDW WKH GHVLUHG LQFOLQDWLRQ DQJOH RI WKH WRUVR LV tG�  { �
DQG WKDW LPSDFW RFFXUV ZLWK WKH ZDONLQJ VXUIDFH ZKHQ tG�  { �� ,Q WKH IHHGEDFN ����� VXSSRVH WKDW

k�[� � 

�
�
q�
�m�\�� q B\��

�
q�
�m�\�� q B\��

w
����

LV XVHG� ZLWK q  ��� DQG m  ���� ZKHUH �m�[�� [�� LV JLYHQ E\ >�@

�m�[�� [�� � bVLJQ�[��M[�M
m b VLJQ��m�[�� [���M�m�[�� [��M

m

�bm � ����

ZKHUH �m�[�� [�� � [� �
�

�bm
VLJQ�[��M[�M�bm� 7KH SDUDPHWHU q ! � DOORZV WKH VHWWOLQJ WLPH RI WKH FRQWUROOHU WR EH

DGMXVWHG� :LWK WKLV IHHGEDFN� &+��&+� KROG >�@� >�@�
7R GHWHUPLQH LI WKLV FKRLFH RI SDUDPHWHUV UHVXOWV LQ DQ DV\PSWRWLFDOO\ VWDEOH RUELW WKDW LV WUDQVYHUVDO WR A6� WKDW LV�

WKH RUELW LV WUDQVYHUVDO WR 6 DQG WKH nQLWH�WLPH VWDELOL]LQJ IHHGEDFN KDV KDG HQRXJK WLPH WR FRQYHUJH RYHU WKH ZDONLQJ
F\FOH� WKH IXQFWLRQ | RI 7KHRUHP � PXVW HYDOXDWHG� 7KLV LV FRQYHQLHQWO\ GRQH DV IROORZV� 'HnQH } � ,5 � A6 ? = E\
}��b� � � �t

G
� �bt

G
�� t

G
� � �

b
� �b�

b
� ���� ZKHUH �

b
� GHQRWHV WKH DQJXODU YHORFLW\ RI WKH VWDQFH OHJ MXVW EHIRUH LPSDFW� 'HnQH

w � }b� p | p }� $ VWUDLJKWIRUZDUG SURFHGXUH IRU HYDOXDWLQJ w RQ WKH EDVLV RI D VLPXODWLRQ PRGHO RI WKH FORVHG�ORRS
V\VWHP LV QRZ JLYHQ�
1XPHULFDO 3URFHGXUH WR 7HVW IRU :DONLQJ &\FOHV YLD WKH 0HWKRG RI 3RLQFDUuH�
�� )RU D SRLQW �b� ! �� FRPSXWH [b � }��b� �� WKH SRVLWLRQ RI WKH URERW MXVW EHIRUH LPSDFW �WKH UHVWULFWLRQ WR SRVLWLYH
YHORFLWLHV FRUUHVSRQGV WR WKH URERW ZDONLQJ IURP OHIW WR ULJKW��
�� $SSO\ WKH LPSDFW PRGHO WR [b� WKDW LV� FRPSXWH [� � c�[b�� YLD ����
�� 8VH [� DV WKH LQLWLDO FRQGLWLRQ LQ ����� WKH URERW LQ FORVHG ORRS ZLWK WKH FRQWUROOHU� DQG VLPXODWH XQWLO RQH RI WKH
IROORZLQJ KDSSHQV�
D� WKHUH H[LVWV D WLPH 7 ! � ZKHUH t��7 �  tG�� WKHQ� LI 7 LV JUHDWHU WKDQ WKH VHWWOLQJ WLPH RI WKH FRQWUROOHU �LQ RWKHU
ZRUGV� WKH RXWSXW \ LV LGHQWLFDOO\ ]HUR�� WKHQ [� � A6 ?=� DQG w��b� �  ���7 �� HOVH� [

� �� A6 ?=� DQG w��b� � LV XQGHnQHG
DW WKLV SRLQW�
E� WKHUH GRHV QRW H[LVW D 7 ! � VXFK WKDW t��7 �  tG� �ZKLFK LV QRUPDOO\ GHWHFWHG E\ RQH RI WKH DQJOHV H[FHHGLQJ h{
GXULQJ WKH VLPXODWLRQ�� LQ WKLV FDVH� LW LV DOVR WUXH WKDW [� �� A6 ? =� DQG w��b� � LV XQGHnQHG DW WKLV SRLQW�
)LJXUH � GLVSOD\V WKH IXQFWLRQ w� LW DOVR GLVSOD\V WKH UHODWHG IXQFWLRQ pw��b� � � w��b� � b �b� � ZKLFK UHSUHVHQWV WKH

FKDQJH LQ YHORFLW\ RYHU VXFFHVVLYH F\FOHV� IURP MXVW EHIRUH DQ LPSDFW WR MXVW EHIRUH WKH QH[W RQH� ,W LV VHHQ WKDW w
LV XQGHnQHG IRU �b� OHVV WKDQ DSSUR[LPDWHO\ ���� UDGLDQV�VHFRQG �IRU LQLWLDO �b� OHVV WKDQ WKLV YDOXH� WKH URERW IHOO
EDFNZDUGV�� 7KH SORW ZDV WUXQFDWHG DW � UDGLDQV�VHFRQG EHFDXVH QRWKLQJ LQWHUHVWLQJ RFFXUV EH\RQG WKLV SRLQW �H[FHSW
DQ XSSHU ERXQG RQ LWV GRPDLQ RI H[LVWHQFH ZLOO HYHQWXDOO\ RFFXU GXH WR WKH FRQWUROOHU QRW KDYLQJ HQRXJK WLPH WR VHWWOH
RYHU RQH ZDONLQJ F\FOH�� $ n[HG SRLQW RFFXUV DW DSSUR[LPDWHO\ ��� UDGLDQV�VHFRQG� DQG� IURP WKH JUDSK RI w� LW FOHDUO\
FRUUHVSRQGV WR DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH� 7KLV LV VXSSRUWHG E\ )LJXUH �� ZKLFK GHSLFWV WKH OLPLW F\FOH
SURMHFWHG RQWR �t�� ��� ����
7R LOOXVWUDWH WKH UROH SOD\HG E\ WKH LQFOLQDWLRQ RI WKH WRUVR� VXSSRVH WKDW tG� LV UHGXFHG E\ KDOI WR { ��� )LJXUH �

GLVSOD\V w DQG pw IRU WKLV FDVH� ,W LV VHHQ WKDW WKHUH LV QR n[HG SRLQW� DQG KHQFH QR SHULRGLF RUELW WKDW LV WUDQVYHUVDO WR
A6� 6LPXODWLRQV DOVR VXSSRUW WKLV FRQFOXVLRQ� EXW DUH QRW UHSRUWHG KHUH IRU UHDVRQV RI VSDFH� )RU D URERW ZLWKRXW NQHHV
RU DQNOHV� WKH GULYLQJ IRUFH IRU ZDONLQJ FRPHV IURP WKH LQFOLQDWLRQ RI WKH WRUVR� ZKLFK FRXSOHV LQ WKH IRUFH RI JUDYLW\�

9,� $SSUR[LPDWH PLQLPL]DWLRQ RI HQHUJ\ FRQVXPSWLRQ RYHU DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH

7KH JRDO RI WKLV VHFWLRQ LV WR LOOXVWUDWH KRZ 7KHRUHP � FDQ EH XVHG WR LPSURYH WKH FKRLFH RI WKH RXWSXW IXQFWLRQV PDGH
LQ ���� LQ RUGHU WR XVH OHVV HQHUJ\ RYHU D ZDONLQJ F\FOH� DQG�RU WR UHGXFH WKH PDJQLWXGH RI WKH UHTXLUHG WRUTXHV� 7KH
IHHGEDFN VROXWLRQ FRPSXWHG LQ WKH SUHYLRXV VHFWLRQ XVHV ODUJH WRUTXHV �RQ WKH RUGHU RI ��� 1P� EHFDXVH WKH IHHGEDFN
GHVLJQ GLG QRW WU\ WR H[SORLW WKH QDWXUDO HYROXWLRQ RI WKH URERW� &RQVLGHU WKH URERW PRGHO ZLWK SDUDPHWHUV DQG FRQWUROOHU
DV VHOHFWHG LQ 6HFWLRQ 9� /HW KD��[�  t� b sD��t�� DQG KD��[�  t� b sD� �t��� ZKHUH HDFK sDL LV D SRO\QRPLDO LQ t�� DQG
D  �D�� � � � � D1 � LV D YHFWRU RI SDUDPHWHUV� 7KH REMHFWLYH LV WR FKRRVH WKH SDUDPHWHU YHFWRU D LQ VXFK D PDQQHU WKDW WKH
IHHGEDFN

X�W� � �/J/IK
D�[�W���b�

b
k�[�W�� b/�

IK
D�[�W��

c
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ZLWK k DV LQ ����� ZLOO LQGXFH DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH� DQG UHVXOW LQ ORZHU HQHUJ\ FRQVXPSWLRQ �DQG
KRSHIXOO\� ORZHU WRUTXHV� RYHU WKH ZDONLQJ F\FOH WKDQ WKH IHHGEDFN EDVHG RQ ����
)URP 7KHRUHP �� D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH LV WKH H[LVWHQFH RI

D SUH�LPSDFW YHORFLW\ �b� VXFK WKDW w��
b
� � ! �b� � )RU WKH ELSHG PRGHO DV XVHG LQ 6HFWLRQ 9� w������  ����� ! ����� /HW

A�b� � ����� 'HnQH D FRVW IXQFWLRQ E\

A-�D� � 

= A7

�

X���W� � X���W�GW� ����

ZKHUH� A7 � PLQI7,�cp}�A�
b
� ��� �J DQG X�W� LV WKH UHVXOW RI DSSO\LQJ ���� WR ����� ZLWK LQLWLDO FRQGLWLRQ [� � cp}�A�

b
� �

�WKH XSSHU�ERXQG RQ A7 LV WR NHHS WKH FRVW nQLWH IRU LQLWLDO FRQGLWLRQV QRW LQ A6�� 7KH FRVW LV DQ DSSUR[LPDWLRQ RI WKH
DYHUDJH HQHUJ\ FRQVXPHG RYHU D ZDONLQJ F\FOH� 7KH JRDO ZLOO EH WR PLQLPL]H A-�D�� VXEMHFW WR VHDUFKLQJ RYHU YDOXHV RI D
WKDW ZLOO �WHQG WR� JLYH DQ DV\PSWRWLFDOO\ VWDEOH FORVHG ORRS� 7R GR WKLV� WKH RSWLPL]DWLRQ LV GRQH VXEMHFW WR FRQVWUDLQWV
F � �� ZKHUH

F� � A�b� b ����w�A�
b
� �

F� � MM\�xW�MM

F� � M)7 )1 M b x

F� � b B]�� �

DQG xW LV VXFK WKDW t��xW�  
�
�t

G
� � 7KH nUVW FRQVWUDLQW LPSRVHV WKDW WKHUH H[LVWV D SRLQW ZKHUH w��b� � ! �b� � KHOSLQJ WR

DVVXUH WKH H[LVWHQFH RI D n[HG SRLQW� 7KH VHFRQG FRQVWUDLQW DVVXUHV WKDW WKH nQLWH WLPH FRQWUROOHU KDV FRQYHUJHG EHIRUH
LPSDFW �VR WKDW 7KHRUHP � LV DSSOLFDEOH�� DQG WKH ODVW WZR FRQVWUDLQWV DVVXUH WKDW WKH LPSDFW PRGHO LV YDOLG�
7KLV SUREOHP ZDV VHW XS DQG VROYHG LQ 0$7/$% XVLQJ WKH FRQVWUDLQHG RSWLPL]DWLRQ IXQFWLRQ FRQVWU� IURP WKH

2SWLPL]DWLRQ 7RRO%R[� 7KH IXQFWLRQV sDL ZHUH WDNHQ DV

sD� �t�� � D�� � c c c� D���t��
� ����

sD� �t�� � bt� � �D
�
� � c c c� D���t��

�� d �t� � tG�� d �t� b tG��� ����

7KH UDWKHU SDUWLFXODU IRUP RI sD� ZDV DUULYHG DW E\ LPSRVLQJ WKDW K
D
��t

G
��  KD��bt

G
��  �� ZKLFK LV WKH FRQGLWLRQ QHHGHG

IRU WKH URERW
V OHJV WR KDYH HTXDO OHQJWK DW LPSDFW� 7KH LQLWLDO DQG nQDO YDOXHV RI WKH SDUDPHWHUV DUH VKRZQ LQ 7DEOH ,�
DORQJ ZLWK WKH FRVW� )LJXUH � SUHVHQWV WKH FRUUHVSRQGLQJ JUDSK RI w IRU WKH RSWLPL]HG YDOXH RI WKH RXWSXW IXQFWLRQV� ,W LV
VHHQ WKDW WKHUH LV DQ DV\PSWRWLFDOO\ VWDEOH RUELW DW �b� { ����� 6LPXODWLRQ UHVXOWV VXSSRUW WKLV� )LJXUHV � DQG � SUHVHQW
WKH FRUUHVSRQGLQJ SORWV RI t DQG X� UHVSHFWLYHO\� RYHU D IHZ F\FOHV QHDU WKH VWDEOH RUELW� )RUWXLWRXVO\� WKH SHDN WRUTXH
PDJQLWXGH KDV EHHQ UHGXFHG WR �� 1P� ZLWKRXW H[SOLFLWO\ WDNLQJ WKLV DV DQ REMHFWLYH LQ WKH RSWLPL]DWLRQ� )LQLWH�WLPH
IHHGEDFNV ZLWK H[SOLFLW PDJQLWXGH FRQVWUDLQWV FDQ DOVR EH GHVLJQHG� VHH >�@�

$FNQRZOHGJPHQWV

7KLV ZRUN ZDV XQGHUWDNHQ ZKLOH -�:� *UL]]OH ZDV RQ VDEEDWLFDO OHDYH DW *5$9,5�/6,,7� KH WKDQNV 3URIHVVRU (�
2VWHUWDJ IRU KLV NLQG KRVSLWDOLW\� 7KH ZRUN RI -�:� *UL]]OH ZDV VXSSRUWHG LQ SDUW E\ DQ 16) *2$/, JUDQW� (&6�
�������� DQG LQ SDUW E\ PDWFKLQJ IXQGV IURP )RUG 0RWRU &RPSDQ\�

5HIHUHQFHV

>�@ 6�3� %KDW DQG '�6� %HUQVWHLQ� &RQWLQXRXV nQLWH�WLPH VWDELOL]DWLRQ RI WKH WUDQVODWLRQDO DQG URWDWLRQDO GRXEOH LQWHJUDWRUV� ,((( 7UDQV�
DFWLRQV RQ $XWRPDWLF &RQWURO� ���������^���� �����

>�@ 6�3� %KDW DQG '�6� %HUQVWHLQ� )LQLWH�WLPH VWDELOLW\ RI FRQWLQXRXV DXWRQRPRXV V\VWHPV� 3UHSULQW� �����
>�@ 0� %�XKOHU� '� (� .RGLWVFKHN� DQG 3� -� .LQGOPDQQ� 3ODQQLQJ DQG FRQWURO RI D MXJJOLQJ URERW� ,QWHUQDWLRQDO -RXUQDO RI 5RERWLFV 5HVHDUFK�

���������^���� �����
>�@ 0� %�XKOHU� '� (� .RGLWVFKHN� DQG 3�-� .LQGOPDQQ� $ IDPLO\ RI URERW FRQWURO VWUDWHJLHV IRU LQWHUPLWWHQW G\QDPLFDO HQYLURQPHQWV� ,(((

&RQWURO 6\VWHPV 0DJD]LQH� ��������^��� �����
>�@ &� &DQXGDV� /� 5RXVVHO� DQG $� *RVZDQL� 3HULRGLF VWDELOL]DWLRQ RI D ��GRI KRSSLQJ URERW RQ QRQOLQHDU FRPSOLDQW VXUIDFH� ,Q 3URF� RI

,)$& 6\PSRVLXP RQ 5RERW &RQWURO� SDJHV ���^���� 1DQWHV� )UDQFH� 6HSWHPEHU �����
>�@ &� &KHYDOOHUHDX� $� )RUPDO
VN\� DQG %� 3HUULQ� &RQWURO RI D ZDONLQJ URERW ZLWK IHHW IROORZLQJ D UHIHUHQFH WUDMHFWRU\ GHULYHG IURP EDOOLVWLF

PRWLRQ� ,Q 3URF� RI WKH ,((( ,QWHUQDWLRQDO &RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� SDJHV ����^����� $OEXTXHUTXH� 1�0�� $SULO �����
>�@ %� (VSLDX DQG $� *RVZDQL� &RPSDVV JDLW UHYLVLWHG� ,Q 3URF� RI WKH ,)$& 6\PSRVLXP RQ 5RERW &RQWURO� SDJHV ���^���� &DSUL� ,WDO\�

6HSWHPEHU �����
>�@ &� )UDQFRLV DQG &� 6DPVRQ� $ QHZ DSSURDFK WR WKH FRQWURO RI WKH SODQDU RQH�OHJJHG KRSSHU� 7KH ,QWHUQDWLRQDO -RXUQDO RI 5RERWLFV

5HVHDUFK� �����������^����� �����
>�@ -� )XUXVKR DQG 0� 0DVXEXFKL� &RQWURO RI D G\QDPLFDO ELSHG ORFRPRWLRQ V\VWHP IRU VWHDG\ ZDONLQJ� -RXUQDO RI '\QDPLF 6\VWHPV�

0HDVXUHPHQW DQG &RQWURO� �������^���� �����
>��@ $� *RVZDQL� %� (VSLDX� DQG $� .HUDPDQH� /LPLW F\FOHV DQG WKHLU VWDELOLW\ LQ D SDVVLYH ELSHGDO JDLW� ,Q 3URF� RI WKH ,((( ,QWHUQDWLRQDO

&RQIHUHQFH RQ 5RERWLFV DQG $XWRPDWLRQ� SDJHV ���^���� 0LQQHDSROLV� 01�� $SULO �����
>��@ -�:� *UL]]OH� *� $EED� DQG )� 3OHVWDQ� $V\PSWRWLFDOO\ VWDEOH ZDONLQJ IRU ELSHG URERWV� $QDO\VLV YLD V\VWHPV ZLWK LPSXOVH HmHFWV�

6XEPLWWHG WR ,((( 7UDQVDFWLRQV RQ $XWRPDWLF &RQWURO� 3UH�SULQW �����
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>��@ 9�7� +DLPR� )LQLWH WLPH FRQWUROOHUV� 6,$0 -� &RQWURO DQG 2SWLPL]DWLRQ� ���������^���� �����
>��@ <� +XUPX]OX� '\QDPLFV RI ELSHGDO JDLW � SDUW �� REMHFWLYH IXQFWLRQV DQG WKH FRQWDFW HYHQW RI D SODQDU nYH�OLQN ELSHG� -RXUQDO RI $SSOLHG

0HFKDQLFV� ������^���� -XQH �����
>��@ <� +XUPX]OX DQG '�%� 0DUJKLWX� 5LJLG ERG\ FROOLVLRQV RI SODQDU NLQHPDWLF FKDLQV ZLWK PXOWLSOH FRQWDFW SRLQWV� 7KH ,QWHUQDWLRQDO

-RXUQDO RI 5RERWLFV 5HVHDUFK� ��������^��� �����
>��@ $� ,VLGRUL� 1RQOLQHDU &RQWURO 6\VWHPV� $Q ,QWURGXFWLRQ� 6SULQJHU�9HUODJ� %HUOLQ� �QG HGLWLRQ� �����
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5HVXOW RI RSWLPL]LQJ WKH FKRLFH RI RXWSXWV IRU PLQLPDO HQHUJ\ FRQVXPSWLRQ�
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)LJ� �� 6FKHPDWLF LQGLFDWLQJ WKH GHnQLWLRQ RI WKH JHQHUDOL]HG FRRUGLQDWHV DQG WKH PHFKDQLFDO GDWD RI WKH ELSHG URERW� $OO PDVVHV DUH OXPSHG�
7KH OHJV DUH V\PPHWULF� ZLWK OHQJWK U HTXDO WR WKH OHQJWK RI WKH OLQH VHJPHQW $b 2+ �DOVR� % b2+�� 7KH PDVV RI HDFK OHJ LV OXPSHG
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27 �



*5,==/(� $%%$ $1' 3/(67$1� $6<03727,&$//< 67$%/( :$/.,1* )25 $ %,3(' 52%27 �

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
1.2

1.4

1.6

1.8

2

ω
1
−

λ(
ω

1−
)

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
−0.2

−0.1

0

0.1

0.2

ω
1
−

δ 
λ(

ω
1−
)

)LJ� �� 7KH WRS JUDSK SUHVHQWV WKH IXQFWLRQ w �EROG OLQH� DQG� IRU YLVXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ �WKLQ OLQH�� WKH ERWWRP JUDSK
SUHVHQWV WKH IXQFWLRQ pw �EROG OLQH� DQG WKH ]HUR OLQH �WKLQ OLQH�� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH H[LVWV D SHULRGLF RUELW DQG WKDW
LW LV DV\PSWRWLFDOO\ VWDEOH�

-0.4

0

0.4

0

1

2

0

1

2

θ1
ω 1

ω
3

Impulse Effect

)LJ� �� $Q DV\PSWRWLFDOO\ VWDEOH RUELW SURMHFWHG RQWR �t� � �� � ����

1.4 1.5 1.6 1.7 1.8 1.9 2
1.2

1.4

1.6

1.8

2

ω
1
−

λ(
ω

1−
)

1.4 1.5 1.6 1.7 1.8 1.9 2
−0.4

−0.3

−0.2

−0.1

0

ω
1
−

δ 
λ(

ω
1−
)

)LJ� �� 7KH WRS JUDSK SUHVHQWV WKH IXQFWLRQ w �EROG OLQH� DQG� IRU YLVXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ �WKLQ OLQH�� WKH ERWWRP JUDSK
SUHVHQWV WKH IXQFWLRQ pw �EROG OLQH� DQG WKH ]HUR OLQH �WKLQ OLQH�� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH GRHV QRW H[LVW D SHULRGLF RUELW

WUDQVYHUVDO WR A6 �



�� 68%0,77(' 72 &/$:$5 ����

1.4 1.5 1.6 1.7 1.8 1.9 2
1.4

1.6

1.8

2

ω
1
−

λ(
ω

1−
)

1.4 1.5 1.6 1.7 1.8 1.9 2
−0.2

−0.1

0

0.1

0.2

ω
1
−

δ 
λ(

ω
1−
)

)LJ� �� 7KH WRS JUDSK SUHVHQWV WKH IXQFWLRQ w �EROG OLQH� DQG� IRU YLVXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ �WKLQ OLQH�� WKH ERWWRP JUDSK
SUHVHQWV WKH IXQFWLRQ pw �EROG OLQH� DQG WKH ]HUR OLQH �WKLQ OLQH�� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH H[LVWV D SHULRGLF RUELW DQG WKDW
LW LV DV\PSWRWLFDOO\ VWDEOH�

0 0.5 1 1.5 2 2.5 3
−0.5

0

0.5

θ 1

0 0.5 1 1.5 2 2.5 3
−0.5

0

0.5

1

θ 2

0 0.5 1 1.5 2 2.5 3
0.45

0.5

0.55

Time

θ 3

)LJ� �� 3ORW RI MRLQW DQJOHV YHUVXV WLPH IRU D nQLWH�WLPH IHHGEDFN FRPSXWHG RQ WKH EDVLV RI ���������� XQLWV RI UDGLDQV�

0 0.5 1 1.5 2 2.5 3
−100

−50

0

u 1

0 0.5 1 1.5 2 2.5 3
−60

−40

−20

0

20

u 2

Time

)LJ� �� 3ORW RI DSSOLHG WRUTXHV YHUVXV WLPH IRU D nQLWH�WLPH IHHGEDFN FRPSXWHG RQ WKH EDVLV RI ���������� XQLWV RI QHZWRQ�PHWHUV�


