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$V\PSWRWLFDOO\ 6WDEOH :DONLQJ IRU %LSHG 5RERWV� $QDO\VLV YLD 6\VWHPV

ZLWK ,PSXOVH (mHFWV

-� :� *UL]]OH� *DEULHO $EED DQG )UDQFN 3OHVWDQ

$EVWUDFW_%LSHG URERWV IRUP D VXEFODVV RI OHJJHG RU ZDON�

LQJ URERWV� 7KH VWXG\ RI PHFKDQLFDO OHJJHG PRWLRQ KDV

EHHQ PRWLYDWHG E\ LWV SRWHQWLDO XVH DV D PHDQV RI ORFR�

PRWLRQ LQ URXJK WHUUDLQ� DV ZHOO DV LWV SRWHQWLDO EHQHnWV

WR SURWKHVLV GHYHORSPHQW DQG WHVWLQJ� 7KLV SDSHU FRQFHQ�

WUDWHV RQ LVVXHV UHODWHG WR WKH DXWRPDWLF FRQWURO RI ELSHG

URERWV� DQG PRUH SUHFLVHO\� LWV SULPDU\ JRDO LV WR FRQWULEXWH

D PHDQV WR SURYH DV\PSWRWLFDOO\ VWDEOH ZDONLQJ LQ SODQDU�

XQGHU DFWXDWHG ELSHG URERW PRGHOV� 6LQFH QRUPDO ZDONLQJ

FDQ EH YLHZHG DV D SHULRGLF VROXWLRQ RI WKH URERW PRGHO� WKH

PHWKRG RI 3RLQFDUuH VHFWLRQV LV WKH QDWXUDO PHDQV WR VWXG\

DV\PSWRWLF VWDELOLW\ RI D ZDONLQJ F\FOH� +RZHYHU� GXH WR

WKH FRPSOH[LW\ RI WKH DVVRFLDWHG G\QDPLF PRGHOV� WKLV DS�

SURDFK KDV KDG OLPLWHG VXFFHVV� 7KH SULQFLSDO FRQWULEXWLRQ

RI WKH SUHVHQW ZRUN LV WR VKRZ WKDW WKH FRQWURO VWUDWHJ\ FDQ

EH GHVLJQHG LQ D ZD\ WKDW JUHDWO\ VLPSOLnHV WKH DSSOLFDWLRQ

RI WKH PHWKRG RI 3RLQFDUuH WR D FODVV RI ELSHG PRGHOV� DQG

LQ IDFW� WR UHGXFH WKH VWDELOLW\ DVVHVVPHQW SUREOHP WR WKH

FDOFXODWLRQ RI D FRQWLQXRXV PDS IURP D VXE�LQWHUYDO RI ,5
WR LWVHOI� 7KH PDSSLQJ LQ TXHVWLRQ LV GLUHFWO\ FRPSXWDEOH

IURP D VLPXODWLRQ PRGHO� 7KH VWDELOLW\ DQDO\VLV LV EDVHG RQ

D FDUHIXO IRUPXODWLRQ RI WKH URERW PRGHO DV D V\VWHP ZLWK

LPSXOVH HmHFWV DQG WKH H[WHQVLRQ RI WKH PHWKRG RI 3RLQFDUuH

VHFWLRQV WR WKLV FODVV RI PRGHOV�

,� ,QWURGXFWLRQ

0HFKDQLFDO ELSHG ORFRPRWLRQ KDV EHHQ VWXGLHG IRU ZHOO
RYHU �� \HDUV� $ EURDG RYHUYLHZ RI WKH VWDWH RI WKH DUW XQWLO
���� FDQ EH IRXQG LQ >��@� >��@� >��@� DORQJ ZLWK PRWLYDWLRQ
IRU VWXG\LQJ WKLV FODVV RI HOHFWUR�PHFKDQLFDO V\VWHPV� 7KH
DYDLODEOH OLWHUDWXUH DGGUHVVHV D ZLGH UDQJH RI WRSLFV� IURP
PRGHO IRUPXODWLRQ� HpFLHQW PHDQV RI FRPSXWLQJ WKH G\�
QDPLFDO HTXDWLRQV� UHODWLRQV EHWZHHQ PHFKDQLFDO OHJJHG OR�
FRPRWLRQ DQG ELRORJLFDO OHJJHG ORFRPRWLRQ� PHWKRGV RI V\Q�
WKHVL]LQJ JDLWV� WKH PHFKDQLFDO UHDOL]DWLRQ RI ELSHG URERWV�
DQG FRQWURO�

2QH FDQ GLVWLQJXLVK VHYHUDO FRQWURO GHVLJQ DSSURDFKHV
IURP WKH OLWHUDWXUH� %\ IDU� WKH PRVW FRPPRQ DSSURDFK
WR FRQWURO LV WKURXJK WKH WUDFNLQJ RI SUH�FRPSXWHG UHIHU�
HQFH WUDMHFWRULHV� 7KH WUDMHFWRULHV PD\ EH GHWHUPLQHG YLD
DQDORJ\� HLWKHU ZLWK ELRORJLFDO V\VWHPV >��@� >�@� RU ZLWK
VLPSOHU� SDVVLYH�� PHFKDQLFDO ELSHG V\VWHPV >��@� >��@� >��@�
WKH\ FDQ EH JHQHUDWHG E\ DQ RVFLOODWRU� VXFK DV YDQ GHU 3RO
V
RVFLOODWRU >��@� RU FRPSXWHG WKURXJK RSWLPL]DWLRQ RI YDUL�
RXV FRVW FULWHULD� VXFK DV PLQLPXP H[SHQGHG FRQWURO HQHUJ\
RYHU D ZDONLQJ F\FOH >��@� >��@� >��@� >��@� >��@� :LWKLQ WKH
FRQWH[W RI WUDFNLQJ� PDQ\ GLmHUHQW FRQWURO PHWKRGV KDYH

-�:� *UL]]OH LV ZLWK WKH &RQWURO 6\VWHPV /DERUDWRU\� (OHFWULFDO
(QJLQHHULQJ DQG &RPSXWHU 6FLHQFH 'HSDUWPHQW� 8QLYHUVLW\ RI 0LFKL�
JDQ� $QQ $UERU� 0, ����������� 7HO� ��������������� )$;� ������
��������� (PDLO� JUL]]OH#XPLFK�HGX�
*� $EED DQG )� 3OHVWDQ DUH ZLWK *5$9,5�/6,,7� (1636�8QLYHUVLWuH
/RXLV 3DVWHXU�&156� %OYG� 6uHEDVWLHQ %UDQW� ����� ,OONLUFK�
*UDmHQVWDGHQ� )UDQFH� 7HO� ����������������� )D[� �����������������
(PDLO� I*DEULHO�$EED�)UDQFN�3OHVWDQJ#HQVSV�X�VWUDVEJ�IU
�+HUH� SDVVLYH LV XVHG LQ WKH VHQVH WKDW WKH V\VWHP LV QRW DFWXDWHG�

EXW FDQ ZDON GRZQ DQ LQFOLQHG SODQH�

EHHQ H[SORUHG� LQFOXGLQJ FRQWLQXRXV�WLPH PHWKRGV EDVHG
RQ 3,' FRQWUROOHUV >��@� >��@� >��@� FRPSXWHG WRUTXH DQG
VOLGLQJ PRGH FRQWURO >��@� >��@� >��@� >��@� >��@� RU HVVHQ�
WLDOO\ GLVFUHWH�WLPH PHWKRGV� EDVHG RQ LPSXOVH FRQWURO >��@�
2WKHU FRQWURO PHWKRGV KDYH EHHQ LQYHVWLJDWHG WKDW GR QRW
UHO\ RQ SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV IRU WKH DQJX�
ODU SRVLWLRQV� WKHVH LQFOXGH FRQWUROOLQJ HQHUJ\� DQJXODU PR�
PHQWXP� DQG RWKHUV >��@� >��@� >��@� >��@� >��@� >��@� >��@�
>��@� >��@� 7KH FRQWURO GHVLJQ SURSRVHG KHUH ZLOO QRW UHO\
RQ SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV�

7R GDWH� IRU WKH FDVH RI DQ XQGHU DFWXDWHG ELSHG URERW
ZLWK D WRUVR� QRQH RI WKH YDULRXV FRQWURO DSSURDFKHV KDYH
SURGXFHG D FORVHG�ORRS V\VWHP ZLWK SURYDEOH VWDELOLW\ SURS�
HUWLHV� 3URYLQJ VWDELOLW\ LV WKH SULPDU\ JRDO RI WKLV SDSHU�
6LQFH UHJXODU ZDONLQJ FDQ EH YLHZHG DV D SHULRGLF VROXWLRQ
RI WKH URERW PRGHO� WKH PHWKRG RI 3RLQFDUuH VHFWLRQV LV WKH
QDWXUDO PHDQV WR VWXG\ DV\PSWRWLF VWDELOLW\ RI D ZDONLQJ
F\FOH� +RZHYHU� GXH WR WKH FRPSOH[LW\ RI WKH DVVRFLDWHG
G\QDPLF PRGHOV� WKLV DSSURDFK KDV RQO\ EHHQ DSSOLHG VXF�
FHVVIXOO\ WR 5DLEHUW
V RQH�OHJJHG�KRSSHU >��@� >��@� >��@� D
ELSHG URERW ZLWKRXW D WRUVR >��@� >��@� >��@� DQG WR D IXOO\
DFWXDWHG ELSHG �ZDONLQJ� PRGHO LQ >��@� >��@� 2QH RI WKH
SULQFLSDO FRQWULEXWLRQV RI WKH SUHVHQW ZRUN LV WR VKRZ WKDW
WKH FRQWURO VWUDWHJ\ FDQ EH GHVLJQHG LQ D ZD\ WKDW JUHDWO\
VLPSOLnHV WKH DSSOLFDWLRQ RI WKH PHWKRG RI 3RLQFDUuH WR D
FODVV RI XQGHU DFWXDWHG ELSHG PRGHOV�

7KH VWDELOLW\ DQDO\VLV LV EXLOW XS LQ VHYHUDO VWHSV� 6HFWLRQ
,, SUHVHQWV WKH G\QDPLF PRGHO RI DQ XQGHU DFWXDWHG ELSHG
URERW ZLWK D WRUVR� ZDONLQJ RQ D OHYHO VXUIDFH� 7KH PRGHO
LQFOXGHV WZR LPSRUWDQW SDUWV� D PHFKDQLFDO PRGHO WKDW LV
YDOLG ZKHQ RQH OHJ LV WRXFKLQJ WKH JURXQG �VXSSRUWLQJ WKH
URERW� DQG WKH RWKHU LV IUHH �L�H�� QRW WRXFKLQJ WKH ZDONLQJ
VXUIDFH�� DQG DQ LPSXOVH PRGHO RI WKH FRQWDFW HYHQW �WKH
VZLQJ OHJ WRXFKLQJ WKH JURXQG�� 7KH PRGHO XVHG KHUH LV
UHSUHVHQWDWLYH RI PDQ\ ELSHG PRGHOV IRXQG LQ WKH OLWHUDWXUH
>��@� >��@� >��@� >��@� >��@� >��@� 7KH PDLQ FRQWULEXWLRQ RI WKLV
VHFWLRQ LV WKH IRUPXODWLRQ RI WKH ELSHG PRGHO DV D QRQOLQHDU
V\VWHP ZLWK LPSXOVH HmHFWV >�@� >��@� ZKLFK ZLOO EH WKH EDVLV
IRU DOO RI WKH DQDO\VLV WKDW IROORZV�

7KH PDLQ FRQWULEXWLRQ RI 6HFWLRQ ,,, LV WKH H[WHQVLRQ RI
WKH PHWKRG RI 3RLQFDUuH VHFWLRQV WR V\VWHPV ZLWK LPSXOVH
HmHFWV� 7KH H[WHQVLRQ ZLOO EH GRQH LQ VXpFLHQW JHQHUDO�
LW\ WKDW LW LV DSSOLFDEOH WR PRUH FRPSOH[ URERWV WKDQ WKH
RQH WUHDWHG LQ 6HFWLRQ ,,� 5RXJKO\ VSHDNLQJ� WKH PHWKRG
RI 3RLQFDUuH VHFWLRQV HQWDLOV nQGLQJ D �ORFDO� K\SHU�SODQH
WKDW LV WUDQVYHUVDO WR D FDQGLGDWH SHULRGLF PRWLRQ RI D
FRQWLQXRXV�WLPH V\VWHP� DQG WKHQ LQGXFLQJ D GLVFUHWH�WLPH
PDSSLQJ IRUP WKH SODQH WR LWVHOI >��@� >��@� 7KH PDSSLQJ�
FDOOHG WKH 3RLQFDUuH UHWXUQ PDS� LV GHnQHG E\ IROORZLQJ
WKH HYROXWLRQ RI D WUDMHFWRU\ RI WKH FRQWLQXRXV�WLPH V\VWHP
IURP D SRLQW RQ WKH SODQH WR LWV QH[W LQWHUVHFWLRQ ZLWK WKH
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SODQH� 3HULRGLF PRWLRQV RI WKH FRQWLQXRXV�WLPH V\VWHP FRU�
UHVSRQG WR n[HG SRLQWV RI WKH LQGXFHG PDS� ,Q WKH FDVH RI
D ELSHG URERW� WKHUH LV D QDWXUDO SODQH WR XVH LQ WKH DQDO�
\VLV� QDPHO\� WKH FRQVWUDLQWV FRUUHVSRQGLQJ WR DQ LPSDFW
ZLWK WKH ZDONLQJ VXUIDFH� 7KH SULQFLSDO UHVXOW RI 6HFWLRQ
,9 LV WR VKRZ WKDW WKH IUHHGRP LQ WKH FRQWURO GHVLJQ FDQ
EH XVHG WR UHGXFH WKH VWDELOLW\ DVVHVVPHQW SUREOHP YLD WKH
PHWKRG RI 3RLQFDUuH WR WKH �QXPHULFDO� FDOFXODWLRQ RI D FRQ�
WLQXRXV PDS IURP D VXE�LQWHUYDO RI ,5 WR LWVHOI� 7KLV ZLOO
EH DFKLHYHG ZLWK WKH XVH RI nQLWH�WLPH VWDELOL]LQJ IHHGEDFN
FRQWUROOHUV >��@� >�@� >�@� >�@� 7KHPDSSLQJ LQ TXHVWLRQ� ZKLFK
LV D UHVWULFWLRQ RI WKH 3RLQFDUuH UHWXUQ PDS� LV GLUHFWO\ FRP�
SXWDEOH IURP D VLPXODWLRQ PRGHO RI WKH FORVHG�ORRS V\VWHP�
7KLV UHVXOWV LQ D VXpFLHQWO\ WUDFWDEOH FKDUDFWHUL]DWLRQ RI
DV\PSWRWLF VWDELOLW\ WKDW LW FDQ EH HpFLHQWO\ LQFRUSRUDWHG
LQWR D �QXPHULFDO� IHHGEDFN GHVLJQ VFKHPH IRU FRPSXWLQJ
DQ DV\PSWRWLFDOO\ VWDELOL]LQJ IHHGEDFN FRQWUROOHU ZLWK ORZ
SHDN WRUTXH GHPDQGV DQG JRRG HpFLHQF\ ZLWK UHVSHFW WR
DYHUDJH HQHUJ\ FRQVXPSWLRQ RYHU D F\FOH >��@� RU WR RSWL�
PL]H WKH PHFKDQLFDO SDUDPHWHUV RI WKH URERW LWVHOI�
6HFWLRQ 9 DQDO\]HV WKH LQWHUQDO EHKDYLRU RI WKH URERW

PRGHO LQ FORVHG ORRS ZLWK D nQLWH�WLPH VWDELOL]LQJ FRQ�
WUROOHU� DV WKH JDLQ RI WKH FRQWUROOHU WHQGV WR LQnQLW\� 8QGHU
ERXQGHG FRQWURO JDLQV� WKH FODVVLFDO ]HUR G\QDPLFV RI WKH
PHFKDQLFDO SDUW RI WKH URERW PRGHO DUH QRW LQYDULDQW XQ�
GHU WKH LPSDFW PRGHO� DQG KHQFH FDQQRW EH XVHG WR DQDO\]H
DQ\ RI WKH DV\PSWRWLF SURSHUWLHV RI WKH FORVHG�ORRS V\VWHP�
+RZHYHU� LQ WKH KLJK JDLQ OLPLW� WKH LQYDULDQFH RI WKH ]HUR
G\QDPLFV LV UHFRYHUHG� 7KLV FDQ EH XVHG WR H[SODLQ FHUWDLQ
SURSHUWLHV RI WKH 3RLQFDUuH PDS�
,W LV HPSKDVL]HG WKDW DOO RI WKH DERYH ZLOO EH LOOXVWUDWHG

RQ RQH RI WKH VLPSOHVW SRVVLEOH ELSHG URERW PRGHOV� 7KH
URERW FRQVLVWV RI D WRUVR� KLSV� DQG WZR OHJV RI HTXDO OHQJWK�
ZLWK QR DQNOHV DQG QR NQHHV� 7KH WZR OHJV DUH DFWXDWHG�
7KH UHDVRQ IRU WKLV FKRLFH RI PRGHO LV WZR IROG� nUVWO\�
DV\PSWRWLFDOO\ VWDEOH ZDONLQJ KDV QHYHU EHHQ SURYHG IRU
VXFK D PRGHO� DQG WKXV WKLV VLPSOHVW SUREOHP LV VWLOO RSHQ
>��@� VHFRQGO\� IURP D SUDJPDWLF VWDQGSRLQW� LW GLG QRW
VHHP DGYDQWDJHRXV WR REVFXUH WKH PDLQ HOHPHQWV RI WKH
FRQWURO DSSURDFK ZLWK WKH FRPSXWDWLRQDO FRPSOH[LW\ RI D
PRUH FRPSOHWH ELSHG PRGHO�

,,� $ 6LPSOH %LSHG 0RGHO

7KLV VHFWLRQ LQWURGXFHV WKH G\QDPLF PRGHO RI D VLPSOH�
SODQDU ELSHG URERW� 7KH URERW FRQVLVWV RI D WRUVR� KLSV� DQG
WZR OHJV RI HTXDO OHQJWK� ZLWK QR DQNOHV DQG QR NQHHV� ,W
WKXV KDV nYH GHJUHHV RI IUHHGRP� 7ZR WRUTXHV DUH DSSOLHG
EHWZHHQ WKH OHJV DQG WKH WRUVR� VR WKH V\VWHP LV XQGHU DFWX�
DWHG� ,W LV DVVXPHG WKDW WKH ZDONLQJ F\FOH WDNHV SODFH LQ WKH
VDJLWWDO SODQH DQG RQ D OHYHO VXUIDFH� ,W LV IXUWKHU DVVXPHG
WKDW WKH ZDONLQJ F\FOH FRQVLVWV RI VXFFHVVLYH SKDVHV RI VLQ�
JOH VXSSRUW �PHDQLQJ RQO\ RQH OHJ LV WRXFKLQJ WKH JURXQG��
ZLWK WKH WUDQVLWLRQ IURP RQH OHJ WR DQRWKHU WDNLQJ SODFH
LQ DQ LQnQLWHVLPDO OHQJWK RI WLPH >��@� >��@� >��@� 7KLV DV�
VXPSWLRQ HQWDLOV WKH XVH RI D ULJLG PRGHO WR GHVFULEH WKH
LPSDFW RI WKH VZLQJ OHJ ZLWK WKH JURXQG� 7KH PRGHO RI
WKH ELSHG URERW WKXV FRQVLVWV RI WZR SDUWV� WKH GLmHUHQWLDO
HTXDWLRQV GHVFULELQJ WKH G\QDPLFV RI WKH URERW GXULQJ WKH

VZLQJ SKDVH� DQG DQ LPSXOVH PRGHO RI WKH FRQWDFW HYHQW�
6XFK PRGHOV DUH YHU\ FRPPRQ LQ WKH nHOG RI ELSHG ORFR�
PRWLRQ� 7KH RQO\ FRQWULEXWLRQ PDGH KHUH ZLOO EH WKH IRU�
PXODWLRQ RI WKH PRGHO DV D QRQOLQHDU V\VWHP ZLWK LPSXOVH
HmHFWV >�@� >��@� ZKLFK ZLOO VHW XS WKH PRGHO IRU WKH DQDO\VLV
WR IROORZ�
'XULQJ WKH VZLQJ SKDVH� WKH VWDQFH OHJ LV PRGHOHG DV D

SLYRW�� ,Q RUGHU WR DYRLG WKH VZLQJ OHJ VFXpQJ WKH JURXQG
XQWLO WKH GHVLUHG PRPHQW RI FRQWDFW� WKH LGHD RI >��@ LV
DGRSWHG KHUH� WKH VZLQJ OHJ LV DVVXPHG WR PRYH RXW RI
WKH SODQH RI IRUZDUG PRWLRQ� DQG LQWR WKH IURQWDO �FRURQDO�
SODQH� 7KLV DOORZV WKH VZLQJ OHJ WR FOHDU WKH JURXQG DQG
EH SRVHG LQ IURQW RI WKH VWDQFH OHJ �WKLQN RI D SHUVRQ ZLWK
D FDVW RYHU WKHLU NQHH�� ,W ZLOO EH IXUWKHU DVVXPHG WKDW WKH
VZLQJ OHJ LV GHVLJQHG WR UHQWHU WKH SODQH RI PRWLRQ ZKHQ WKH
DQJOH RI WKH VWDQFH OHJ DWWDLQV D JLYHQ YDOXH� tG� � $OWHUQDWH
PHDQV RI DFKLHYLQJ OHJ FOHDUDQFH LQ VWLm OHJJHG URERWV DUH
GLVFXVVHG LQ >��@� >��@�

$� 0HFKDQLFDO �VZLQJ SKDVH� PRGHO

'XULQJ WKH VZLQJ SKDVH RI WKH PRWLRQ� WKH VWDQFH OHJ LV
DFWLQJ DV D SLYRW� DQG WKXV WKHUH DUH RQO\ WKUHH GHJUHHV
RI IUHHGRP� 7KH GHnQLWLRQ RI WKH DQJXODU FRRUGLQDWHV DQG
WKH GLVSRVLWLRQ RI WKH PDVVHV RI WKH OHJV� KLSV DQG WRUVR DUH
LQGLFDWHG LQ )LJXUH �� ,Q SDUWLFXODU� QRWH WKDW DOO PDVVHV
DUH OXPSHG� DQG SRVLWLYH DQJOHV DUH FRPSXWHG FORFNZLVH
ZLWK UHVSHFW WR WKH LQGLFDWHG YHUWLFDO OLQHV� 7ZR WRUTXHV�
X� DQG X�� DUH DSSOLHG EHWZHHQ WKH WRUVR DQG WKH VWDQFH
OHJ� DQG WKH WRUVR DQG WKH VZLQJ OHJ� UHVSHFWLYHO\� 7KH
G\QDPLF PRGHO RI WKH URERW EHWZHHQ VXFFHVVLYH LPSDFWV
LV HDVLO\ GHULYHG XVLQJ WKH PHWKRG RI /DJUDQJH >��@� 7KLV
UHVXOWV LQ D VWDQGDUG VHFRQG RUGHU V\VWHP
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7KH VWDWH VSDFH IRU WKH V\VWHP LV WDNHQ DV ; � I[ � 
�t�� ���� M t � 0� � � ,5�J� ZKHUH 0  �b{� {��� 2I
FRXUVH� QRW DOO SRLQWV LQ0 FRUUHVSRQG WR SK\VLFDOO\ UHDVRQ�
DEOH FRQnJXUDWLRQV RI WKH URERW �L�H�� WKH URERW EHLQJ DERYH
WKH ZDONLQJ VXUIDFH� IRU H[DPSOH�� 2QH SRVVLELOLW\� WKHUH�
IRUH� LV WR IXUWKHU UHVWULFW WKH DGPLVVLEOH VROXWLRQV WKURXJK
YLDELOLW\ FRQVWUDLQWV >�@� >�@� 7KLV ZRXOG EH DQ LPSRUWDQW
DGGLWLRQDO FRQVLGHUDWLRQ IRU NQHHG�ELSHGV� EXW IRU WKH VLP�
SOH VWLm�OHJJHG PRGHO DQDO\]HG KHUH� LW LV HQRXJK WR LQL�
WLDOL]H WKH PRGHO LQ D SK\VLFDOO\ UHDVRQDEOH FRQnJXUDWLRQ
DQG DOORZ WKH LPSDFW PRGHO �VHH EHORZ� WR PDLQWDLQ WKH
WUDMHFWRU\ RI WKH URERW RQ WKH XSSHU VLGH RI WKH ZDONLQJ
VXUIDFH�

�5HIHUHQFH >��@ VKRZV KRZ WR FRPSXWH WKH IRUFHV DFWLQJ RQ WKH
VWDQFH OHJ� DQG KRZ WR YHULI\ WKDW WKH OHJ GRHV QRW VOLS�
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%� ,PSDFW PRGHO

,Q WKH FDVH RI D VWLm�OHJJHG URERW RQ D oDW VXUIDFH� WKH
QRWLRQ RI WKH FRQWDFW SRLQW RI WKH VZLQJ OHJ ZLWK WKH ZDON�
LQJ VXUIDFH ZRXOG DSSHDU WR EH SK\VLFDOO\ DPELJXRXV� VLQFH�
ZLWKRXW D NQHH� DQG ZLWK HTXDO OHQJWK OHJV� WKH VZLQJ OHJ
PXVW VFXm DORQJ WKH JURXQG LI LW UHPDLQV LQ WKH VDJJLWDO
SODQH� 0F*HHU >��@ KDV VKRZQ ZLWK KLV EDOOLVWLF ZDONHUV�
ERWK WKHRUHWLFDOO\ DQG H[SHULPHQWDOO\� WKDW RQH FDQ EDVL�
FDOO\ LJQRUH WKH OHJ FOHDUDQFH LVVXH IRU VWLm�OHJJHG PRGHOV�
+H KDV GRQH WKLV LQ WZR ZD\V� LQ RQH UHDOL]DWLRQ� KH SXWV
DGGLWLRQDO VPDOO PRWRUV RQ WKH OHJV WKDW DOORZ KLP WR SXVK
WKH VZLQJ OHJ MXVW VOLJKWO\ RXW RI WKH VDJJLWDO SODQH GXULQJ
WKH VZLQJ SKDVH DQG WR SXOO WKH OHJ EDFN LQWR WKH VDJJLWDO
SODQH ZKHQHYHU KH ZLVKHV WR LQLWLDWH FRQWDFW� 7KH VHFRQG
ZD\ KH KDV GRQH WKLV LV WR SXW VPDOO �HVVHQWLDOO\ PDVVOHVV�
oDSV RQ WKH HQGV RI WKH OHJV� DQG WR IROG XS WKH oDS RI WKH
VZLQJ OHJ GXULQJ WKH VZLQJ SKDVH� DQG WR XQIROG LW ZKHQHYHU
KH ZDQWV WR LQLWLDWH FRQWDFW� :LWK 0F*HHU
V nUVW PHWKRG
LQ PLQG� LW LV KHUHDIWHU DVVXPHG WKDW FRQWDFW LV LQLWLDWHG
ZKHQ WKH DQJOH RI WKH VWDQFH OHJ DWWDLQV D GHVLUHG YDOXH�
tG�� ,Q RUGHU IRU WKH OHQJWKV RI WKH OHJV WR EH HTXDO DW FRQ�
WDFW� LW PXVW EH WKH FDVH WKDW t�  bt� DW FRQWDFW� 7KLV
ZLOO EH WDNHQ FDUH RI LQ WKH FRQWURO GHVLJQ RI 6HFWLRQ ,9�

7KH LPSDFW EHWZHHQ WKH VZLQJ OHJ DQG WKH JURXQG LV
PRGHOHG DV D FRQWDFW EHWZHHQ WZR ULJLG ERGLHV� 7KHUH DUH
PDQ\ ULJLG LPSDFW PRGHOV LQ WKH OLWHUDWXUH >�@� >�@� >�@� >��@�
>��@� DQG XQGHU UHDVRQDEOH K\SRWKHVHV DOO RI WKHP FDQ EH
XVHG WR REWDLQ DQ H[SUHVVLRQ IRU WKH YHORFLW\ RI WKH JHQHU�
DOL]HG FRRUGLQDWHV DIWHU WKH LPSDFW RI WKH VZLQJ OHJ ZLWK
WKH ZDONLQJ VXUIDFH LQ WHUPV RI WKH YHORFLW\ DQG SRVLWLRQ
EHIRUH WKH LPSDFW� 7KH PRGHO IURP >��@ LV XVHG KHUH� 7KH
PRWLRQ RI WKH URERW LV RQO\ DQDO\]HG IRU WKH FDVH WKDW WKH
FRQWDFW RI WKH VZLQJ OHJ ZLWK WKH JURXQG UHVXOWV LQ QR UH�
ERXQG DQG QR VOLSSLQJ RI WKH VZLQJ OHJ� DQG WKH VWDQFH OHJ
QDWXUDOO\ OLIWLQJ IURP WKH JURXQG ZLWKRXW LQWHUDFWLRQ >��@�
7KH FRQGLWLRQV IRU WKHVH DVVXPSWLRQV WR EH YDOLG ZLOO EH
LQGLFDWHG�

7KH FRQWDFW PRGHO UHTXLUHV WKH IXOO nYH GHJUHHV RI IUHH�
GRP RI WKH URERW� $GG &DUWHVLDQ FRRUGLQDWHV �]�� ]��

� WR
WKH HQG RI WKH VWDQFH OHJ� DV LQGLFDWHG LQ )LJXUH �� 7KLV
JLYHV RQFH DJDLQ D PRGHO RI WKH IRUP

'H�TH��TH �&H�TH� BTH� BTH �*H�T�  %H�TH�X� p)H[W ���

ZKHUH TH  �t�� t�� t�� ]�� ]��
�
LV WKH VHW RI JHQHUDOL]HG FR�

RUGLQDWHV DQG p) H[W UHSUHVHQWV WKH H[WHUQDO IRUFHV DFWLQJ
RQ WKH URERW DW WKH FRQWDFW SRLQW�V�� 7KH EDVLF SUHPLVHV
LQ >��@ DUH WKDW� �D� WKH LPSDFW WDNHV SODFH RYHU DQ LQ�
nQLWHVLPDOO\ VPDOO SHULRG RI WLPH� �E� WKH H[WHUQDO IRUFHV
GXULQJ WKH LPSDFW FDQ EH UHSUHVHQWHG E\ LPSXOVHV� �F� LP�
SXOVLYH IRUFHV PD\ UHVXOW LQ DQ LQVWDQWDQHRXV FKDQJH LQ WKH
YHORFLWLHV RI WKH JHQHUDOL]HG FRRUGLQDWHV� EXW WKH SRVLWLRQV
UHPDLQ FRQWLQXRXV� DQG �G� WKH WRUTXHV VXSSOLHG E\ WKH DF�
WXDWRUV DUH QRW LPSXOVLRQDO� :LWK WKHVH DVVXPSWLRQV� ���
LV ?LQWHJUDWHG� RYHU WKH ?GXUDWLRQ� RI WKH LPSDFW WR REWDLQ
>��@

'H�TH�� BT
�
H b BTbH �  ) H[W� ���

ZKHUH ) H[W � 
W�5
Wb

p) H[W�~ �G~ LV WKH UHVXOW RI LQWHJUDWLQJ WKH

FRQWDFW LPSXOVH RYHU WKH LPSDFW GXUDWLRQ� BT�H LV WKH YHORFLW\
MXVW DIWHU WKH LPSDFW DQG BTbH LV WKH YHORFLW\ MXVW EHIRUH WKH
LPSDFW �D PRUH ULJRURXV WUHDWPHQW RI WKLV FDQ EH IRXQG LQ
>�@�� 6LQFH WKH SRVLWLRQV GR QRW FKDQJH GXULQJ WKH LPSDFW�
T�H  TbH �

,Q RUGHU WR EH DEOH WR VROYH IRU DOO RI WKH XQNQRZQV�
WKH DERYH HTXDWLRQV PXVW EH DXJPHQWHG ZLWK DGGLWLRQDO
HTXDWLRQV WKDW SURVFULEH ZKDW KDSSHQV DW WKH WZR FRQWDFW
HQGV� $FFRUGLQJ WR >��@� VLQFH WKH VWDQFH OHJ LV DVVXPHG WR
GHWDFK IURP WKH JURXQG ZLWKRXW LQWHUDFWLRQ� WKH H[WHUQDO
IRUFHV DFWLQJ DW WKH SLYRW SRLQW DUH ]HUR� 7KXV ) H[W QHHG
RQO\ FRQVLGHU WKH H[WHUQDO IRUFHV DW WKH HQG RI WKH VZLQJ
OHJ� 7R FRPSXWH LW� OHW i GHQRWH WKH &DUWHVLDQ�FRRUGLQDWHV
RI WKH HQG RI WKH VZLQJ OHJ�

i�TH� � 

�
]� � U VLQ�t��b U VLQ�t��

]� � U FRV�t��b U FRV�t��

�
� ���

7KHQ

) H[W  (�
�

)7
)1

w
� ���

ZKHUH�

( � 
#i

#TH
 

�
U FRV�t�� bU FRV�t�� � � �

bU VLQ�t�� U VLQ�t�� � � �

�
� ���

DQG )7 �)1 DUH WKH WDQJHQW DQG QRUPDO IRUFHV� UHVSHFWLYHO\�
DSSOLHG DW WKH HQG RI WKH VZLQJ OHJ�

(TXDWLRQ ��� WKXV UHSUHVHQWV nYH HTXDWLRQV DQG VHYHQ
XQNQRZQV� WKH XQNQRZQV DUH BT�H DQG ) H[W� BTbH LV NQRZQ

VLQFH LW HTXDOV
b
�b� � �

b
� � �

b
� � B]

b
� � B]

b
�

c�
� ZKHUH B[b  � DQG

B]b  � VLQFH WKH VWDQFH OHJ DFWV DV D SLYRW EHIRUH LPSDFW�
$Q DGGLWLRQDO VHW RI WZR HTXDWLRQV LV REWDLQHG IURP WKH
FRQGLWLRQ WKDW WKH VZLQJ OHJ GRHV QRW UHERXQG QRU VOLS DW
LPSDFW� QDPHO\� G

GW
i�TH�  

#i
#TH
BT�H  �� WKDW LV�

( BT�H  �� ���

7KH VHW RI HTXDWLRQV ��� DQG ��� LV OLQHDU LQ WKH XQNQRZQV
DQG FDQ EH VROYHG IRU BT�H � )7 DQG )1 � ,Q $SSHQGL[ $�
LW LV YHULnHG WKDW D XQLTXH VROXWLRQ DOZD\V H[LVWV� 7KH
UHVXOW RI VROYLQJ ��� DQG ��� \LHOGV DQ H[SUHVVLRQ IRU BTH

� LQ
WHUP RI BTH

b� ZKLFK VKRXOG WKHQ EH XVHG WR UH�LQLWLDOL]H WKH
PRGHO ���� ,Q RUGHU WR GR WKLV� D FKDQJH RI FRRUGLQDWHV LV
QHFHVVDU\ VLQFH WKH IRUPHU VZLQJ OHJ LV QRZ LQ FRQWDFW ZLWK
WKH JURXQG� ZKLOH ��� DQG ��� DVVXPH WKDW t� SDUDPHWHUL]HV
WKH VWDQFH OHJ� 7KH nQDO UHVXOW LV DQ H[SUHVVLRQ IRU [� � 
�t�� ��� LQ WHUPV RI [b � �tb� �b�� ZKLFK LV ZULWWHQ DV

[�  c�[b�� ���

7KH IXQFWLRQ c LV JLYHQ LQ $SSHQGL[ $� ,W LV DOVR SURYHQ
LQ $SSHQGL[ $ WKDW c LV FRQWLQXRXV�



� 68%0,77(' 72 ,((( 7$& ,1 )(%58$5< ����� 5(9,6(' ,1 2&72%(5 ����

&� 2YHUDOO PRGHO� V\VWHP ZLWK LPSXOVH HmHFWV

7KH RYHUDOO ELSHG PRGHO FDQ QRZ EH H[SUHVVHG DV D V\V�
WHP ZLWK LPSXOVH HmHFWV� $VVXPH WKDW WKH V\VWHP WUDMHF�
WRULHV SRVVHVV nQLWH OHIW DQG ULJKW OLPLWV� DQG GHQRWH WKHP
E\ [b�W� � OLP~�W [�~ � DQG [��W� � OLP~	W [�~ �� UHVSHF�
WLYHO\� 7KH PRGHO LV WKHQ�

h �

|
B[�W�  I�[�W�� � J�[�W��X�W� [b�W��� 6
[��W�  c�[b�W�� [b�W� � 6�

����
ZKHUH 6 � I�t��� � ; M t�  tG�J� 7KH PDWKHPDWLFDO
PHDQLQJ RI D VROXWLRQ RI WKH PRGHO ZLOO EH PDGH SUHFLVH
LQ 6HFWLRQ ,,,� ,Q VLPSOH ZRUGV� D WUDMHFWRU\ RI WKH URERW
LV VSHFLnHG E\ WKH PHFKDQLFDO PRGHO XQWLO DQ LPSDFW RF�
FXUV� ,PSDFW RFFXUV ZKHQ WKH VWDWH ?DWWDLQV� WKH VHW 6�
ZKLFK UHSUHVHQWV WKH ZDONLQJ VXUIDFH� $W WKLV SRLQW� WKH
LPSDFW ZLWK WKH VXUIDFH UHVXOWV LQ D YHU\ UDSLG FKDQJH LQ
WKH YHORFLW\ FRPSRQHQWV RI WKH VWDWH YHFWRU� 7KH LPSXOVH
PRGHO RI WKH LPSDFW FRPSUHVVHV WKH LPSDFW HYHQW LQWR DQ
LQVWDQWDQHRXV PRPHQW LQ WLPH� UHVXOWLQJ LQ D GLVFRQWLQXLW\
LQ WKH YHORFLWLHV� 7KH XOWLPDWH UHVXOW RI WKH LPSDFW PRGHO
LV D QHZ LQLWLDO FRQGLWLRQ IURP ZKLFK WKH PHFKDQLFDO PRGHO
HYROYHV XQWLO WKH QH[W LPSDFW� ,Q RUGHU IRU WKH VWDWH QRW
WR EH REOLJHG WR WDNH RQ WZR YDOXHV DW WKH ?LPSDFW WLPH��
WKH LPSDFW HYHQW LV� URXJKO\ VSHDNLQJ� GHVFULEHG LQ WHUPV
RI WKH YDOXHV RI WKH VWDWH ?MXVW SULRU WR LPSDFW� DW WLPH
?Wb�� DQG ?MXVW DIWHU LPSDFW� DW WLPH ?W��� 7KHVH YDOXHV
DUH UHSUHVHQWHG E\ WKH OHIW DQG ULJKW OLPLWV� [b DQG [��
UHVSHFWLYHO\�
)RU ODWHU XVH� QRWH WKDW 6 FDQ EH H[SUHVVHG DV WKH OHYHO

VHW RI D IXQFWLRQ + � ; � ,5� 'HnQH +�[�  tG� b t��
VR WKDW 6 � I�t� �� � ; M +�[�  �J� 0RUHRYHU� LW FDQ
EH HDVLO\ FKHFNHG WKDW IRU HDFK SRLQW V � 6� #+

#[
�V� � �

7KLV LPSOLHV WKDW 6 LV D VPRRWK HPEHGGHG VXEPDQLIROG RI
; >��@�

,,,� 0HWKRG RI 3RLQFDUuH 6HFWLRQV IRU 6\VWHPV

ZLWK ,PSXOVH (IIHFWV

1RQOLQHDU V\VWHPV ZLWK LPSXOVH HmHFWV KDYH QRW EHHQ
H[WHQVLYHO\ VWXGLHG� $ VWDELOLW\ DQDO\VLV IRU HTXLOLEULXP
SRLQWV FDQ EH IRXQG LQ >�@� >��@� XVLQJ /\DSXQRY PHWK�
RGV� +RZHYHU� D ZDONLQJ F\FOH FOHDUO\ FRUUHVSRQGV WR D
QRQ�WULYLDO SHULRGLF RUELW� DQG QRW WR DQ HTXLOLEULXP VROX�
WLRQ RI WKH PRGHO� DQG WKXV WKH DQDO\VLV RI >�@� >��@ LV QRW
DSSOLFDEOH� 7KLV VHFWLRQ FRQWDLQV WKH GHnQLWLRQ RI D VROX�
WLRQ RI D V\VWHP ZLWK LPSXOVH HmHFWV� WKH GHnQLWLRQ RI D
SHULRGLF RUELW� DQG /\DSXQRY VWDELOLW\ QRWLRQV IRU SHULRGLF
RUELWV� :LWK WKHVH QRWLRQV LQ SODFH� WKH PHWKRG RI 3RLQFDUuH
VHFWLRQV� DQ LPSRUWDQW WRRO IRU DQDO\]LQJ WKH VWDELOLW\ SURS�
HUWLHV RI SHULRGLF RUELWV LQ RUGLQDU\ GLmHUHQWLDO HTXDWLRQV�
LV H[WHQGHG WR V\VWHPV ZLWK LPSXOVH HmHFWV� :KLOH WKH ED�
VLF PHWKRG FDUULHV RYHU QLFHO\ WR WKLV QHZ VHWWLQJ� WKH SURRI
GLmHUV FRQVLGHUDEO\ IURP WKH VWDQGDUG RQH LQ >��@� >��@� IRU
H[DPSOH� ,Q SDUWLFXODU� 6HFWLRQ ,9 ZLOO QHHG D YHUVLRQ� RI
WKH 3RLQFDUuH PHWKRG WKDW LV DSSOLFDEOH WR FRQWLQXRXV� EXW
QRW /LSVFKLW] FRQWLQXRXV� V\VWHPV� 7KH GHYHORSPHQW ZLOO

�7KH VWDQGDUG GHYHORSPHQW DVVXPHV WKDW WKH oRZ LV D ORFDO GLmHR�
PRUSKLVP� ZKLOH� KHUH� LW ZLOO QRW HYHQ EH D KRPHRPRUSKLVP�

EH NHSW DV FRPSDFW DV SRVVLEOH� ZLWK DOO SURRIV DQG VHYHUDO
OHPPDV UHOHJDWHG WR $SSHQGL[ %�

$� %DVLF GHnQLWLRQV

$ IXQFWLRQ 
 � >W�� WI � � ; � WI � ,5 > I�J� WI ! W�� LV D
VROXWLRQ� RI ���� LI �� 
�W� LV ULJKW FRQWLQXRXV RQ >W�� WI �� ��
OHIW OLPLWV H[LVW DW HDFK SRLQW RI �W�� WI �� DQG �� WKHUH H[LVWV D
FORVHG GLVFUHWH VXEVHW 7 | >W�� WI � VXFK WKDW� D� IRU HYHU\ W��

7 � 
�W� LV GLmHUHQWLDEOH DQG G
�W�
GW

 I�
�W�� � J�
�W��X�W��
DQG E� IRU W � 7 � 
b�W� � 6 DQG 
��W�  c�
b�W��� 7KH
FRQGLWLRQ WKDW WKH VHW RI LPSDFW WLPHV LV FORVHG DQG GLVFUHWH
VLPSO\ PHDQV WKDW WKHUH LV QR ?FKDWWHULQJ� DERXW DQ LPSDFW
SRLQW� $ VROXWLRQ 
�W� RI ���� LV SHULRGLF LI WKHUH H[LVWV D
nQLWH 7 ! � VXFK WKDW 
�W�7 �  
�W� IRU DOO W � >W����� $
VHW 2 | ; LV D SHULRGLF RUELW RI ���� LI 2  I
�W� M W w W�J
IRU VRPH SHULRGLF VROXWLRQ 
�W�� $Q RUELW LV QRQ�WULYLDO LI LW
FRQWDLQV PRUH WKDQ RQH SRLQW�
,Q WKH IROORZLQJ� LW LV DVVXPHG WKDW X�W� LQ ���� LV LGHQ�

WLFDOO\ ]HUR� VR WKDW RQH PD\ UHIHU WR ���� DV EHLQJ WLPH�
LQYDULDQW� ,W LV IXUWKHU DVVXPHG WKDW VROXWLRQV WR ����� ZKHQ
WKH\ H[LVW� DUH XQLTXH�
$ SHULRGLF RUELW 2 LV VWDEOH LQ WKH VHQVH RI /\DSXQRY LI

IRU HYHU\ q ! �� WKHUH H[LVWV DQ RSHQ QHLJKERUKRRG 9 RI
2 VXFK WKDW IRU HYHU\ S � 9� WKHUH H[LVWV D VROXWLRQ 
 �
>����� ; RI ���� VDWLVI\LQJ 
���  S DQG GLVW�
�W��2� �
q IRU DOO W w �� 2 LV DWWUDFWLYH LI WKHUH H[LVWV DQ RSHQ
QHLJKERUKRRG 9 RI 2 VXFK WKDW IRU HYHU\ S � 9� WKHUH
H[LVWV D VROXWLRQ 
 � >����� ; RI ���� VDWLVI\LQJ 
���  S
DQG OLPW�� GLVW�
�W��2�  �� 2 LV DV\PSWRWLFDOO\ VWDEOH
LQ WKH VHQVH RI /\DSXQRY LI LW LV ERWK VWDEOH DQG DWWUDFWLYH�
)URP KHUH RQ� WKH TXDOLnHU� ?LQ WKH VHQVH RI /\DSXQRY��
ZLOO EH V\VWHPDWLFDOO\ DVVXPHG LI LW LV QRW PDGH H[SOLFLW�
)LQDOO\� DVVXPH WKDW LQ ����� 6  I[ � ; M +�[�  

�J� ZKHUH + � ; � ,5 LV FRQWLQXRXVO\ GLmHUHQWLDEOH� $
SHULRGLF RUELW 2 LV WUDQVYHUVDO WR 6 LI LWV FORVXUH LQWHUVHFWV
6 LQ H[DFWO\ RQH SRLQW� DQG IRU x[ � x2 ? 6� /I+�x[� � 
#+
#[
�x[�I�x[� � � �LQ ZRUGV� DW WKH LQWHUVHFWLRQ� x2 LV QRW

WDQJHQW WR 6� ZKHUH x2 LV WKH VHW FORVXUH RI 2�� ,Q WKH FDVH
RI WKH ELSHG URERW� D QRQWULYLDO SHULRGLF RUELW WUDQVYHUVDO
WR 6 ZLOO DOVR EH UHIHUUHG WR DV D SHULRGLF ZDONLQJ F\FOH�
5HPDUN� 1RWH WKDW D SHULRGLF RUELW RI D V\VWHP ZLWK LP�
SXOVH HmHFWV PD\ QRW EH D FORVHG VHW� VLQFH� IRU W � 7 �

b�W� �� 2 �LI VROXWLRQV ZHUH DVVXPHG WR EH OHIW FRQWLQX�
RXV� LQVWHDG RI ULJKW FRQWLQXRXV� WKHQ 
��W��� 2 �� ,QGHHG�
D SHULRGLF RUELW LV FORVHG LI� DQG RQO\ LI� 7  �� )RU D
ELSHG URERW� D FORVHG SHULRGLF RUELW ZRXOG QRW FRUUHVSRQG
WR ZDONLQJ EHFDXVH WKHUH ZRXOG EH QR LPSDFW ZLWK WKH ZDON�
LQJ VXUIDFH�

%� 3RLQFDUuH
V PHWKRG

7KH PHWKRG RI 3RLQFDUuH VHFWLRQV LV H[WHQGHG WR V\VWHPV
ZLWK LPSXOVH HmHFWV ����� IRU WKH FDVH RI QRQWULYLDO SHUL�
RGLF RUELWV WKDW DUH WUDQVYHUVDO WR 6� 7KLV ZLOO EH GRQH LQ
D FHUWDLQ DPRXQW RI JHQHUDOLW\ VR WKDW D ZLGH FODVV RI ELSHG

�7KH GHnQLWLRQ LV EDVHG RQ >��@� H[FHSW WKDW VROXWLRQV DUH WDNHQ WR
EH ULJKW FRQWLQXRXV LQVWHDG RI OHIW FRQWLQXRXV� )RU D FDUHIXO VWXG\ RI
WKH H[LVWHQFH RI VROXWLRQV RI PHFKDQLFDO V\VWHPV ZLWK VKRFNV� VHH >�@�
>��@�
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URERW PRGHOV DQG FRQWUROOHUV FDQ EH WUHDWHG� ,Q SDUWLFX�
ODU� WKH nQLWH�WLPH VWDELOL]LQJ FRQWUROOHUV RI 6HFWLRQ ,9 ZLOO
UHTXLUH WKH XVH RI IHHGEDFNV WKDW DUH FRQWLQXRXV� EXW QRW
/LSVFKLW] FRQWLQXRXV�
&RQVLGHU D WLPH�LQYDULDQW V\VWHP ZLWK LPSXOVH HmHFWV

h �

|
B[�W�  I�[�W�� [b�W��� 6
[��W�  c�[b�W�� [b�W� � 6�

����

ZKHUH WKH VWDWH VSDFH ; LV DQ RSHQ VXEVHW RI ,5Q� 7KH
K\SRWKHVHV WKDW ZLOO EH XVHG LQ LWV DQDO\VLV DUH OLVWHG EHORZ�
$V D SRLQW RI QRWDWLRQ� 
 ZLOO EH XVHG WR GHQRWH D VROXWLRQ
RI WKH V\VWHP ����� DV GHnQHG LQ 6HFWLRQ ,,,�$� DQG 
I

ZLOO GHQRWH D VROXWLRQ RI WKH DVVRFLDWHG RUGLQDU\ GLmHUHQWLDO
HTXDWLRQ�

B[  I�[�� ����

7KH SRLQW RI LQWURGXFLQJ 
I LV WKDW� nUVWO\� D ORW LV NQRZQ
DERXW VROXWLRQV RI RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK FRQ�
WLQXRXV ULJKW KDQG VLGHV >��@� VHFRQGO\� LQ YLHZ RI WKH nUVW
SRLQW� LW LV FRQYHQLHQW WR SURYH SURSHUWLHV RI ���� LQ WHUP RI
SURSHUWLHV RI ����� WKLUGO\� DW WLPHV LQ WKH SURRIV� LW LV QHF�
HVVDU\ WR H[WHQG D VROXWLRQ RI ���� ?WKURXJK� 6� ZKLOH WKLV
GRHV QRW PDNH VHQVH IRU ���� �WKDW LV� IRU WKH URERW� LW GRHV
QRW PDNH VHQVH IRU LWV ?IRRW WR EH VWXFN LQ WKH JURXQG���
+\SRWKHVHV�
+�� I�[� LV FRQWLQXRXV RQ ; �
+�� D VROXWLRQ RI ���� IURP D JLYHQ LQLWLDO FRQGLWLRQ LV
XQLTXH DQG GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ�
+�� WKHUH H[LVWV D GLmHUHQWLDEOH IXQFWLRQ + � ; � ,5 VXFK
WKDW 6  I[ � ; M +�[�  �J� PRUHRYHU� IRU HYHU\ V � 6�
#+
#[
�V�� ��

+�� c � 6 � ; LV FRQWLQXRXV� ZKHUH 6 LV JLYHQ WKH VXEVHW
WRSRORJ\ IURP ; �
+\SRWKHVLV +� LPSOLHV WKDW DW DQ\ SRLQW [� � ; � D VR�

OXWLRQ WR ���� ZLOO H[LVW RYHU D VXpFLHQWO\ VPDOO LQWHUYDO
RI WLPH >��@� 7KLV VROXWLRQ PD\ QRW EH XQLTXH� DQG PD\
QRW GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ� ZKHQFH
+\SRWKHVLV +�� +\SRWKHVLV +� LPSOLHV WKDW 6 LV DQ HP�
EHGGHG VXEPDQLIROG >��@� ZKHQ JLYHQ WKH VXEVHW WRSRORJ\�
+\SRWKHVLV +� DVVXUHV WKDW WKH UHVXOW RI DQ LPSDFW YDULHV
FRQWLQXRXVO\ ZLWK UHVSHFW WR ZKHUH LW RFFXUV RQ 6�
7KH nUVW JRDO LV WR GHnQH WKH 3RLQFDUuH UHWXUQ PDS� 'H�

nQH WKH WLPH WR LPSDFW IXQFWLRQ� 7, � ; � ,5 > I�J� E\

7,�[�� � 

��
�
LQIIW w �M
I �W� [�� � 6J LI � W VXFK WKDW


I �W� [�� � 6
� RWKHUZLVH

����
)URP /HPPD � LQ $SSHQGL[ %� +\SRWKHVHV +��+� LPSO\
WKDW 7, LV FRQWLQXRXV DW SRLQWV [� ZKHUH � � 7,�[�� � �
DQG /I+�


I �7,�[��� [���� �� +HQFH� XQGHU +��+�� a; � 
I[ � ; M � � 7,�[� � � DQG /I+�
I �7,�[�� [�� � �J

LV RSHQ� ,I +� DOVR KROGV� WKHQ a6 � cb�� a; � LV DQ RSHQ
VXEVHW RI 6� ,W LPPHGLDWHO\ IROORZV WKDW XQGHU +��+�� WKH
3RLQFDUuH UHWXUQ PDS� 3 � a6 � 6 E\

3 �[� � 
I �7,�c�[���c�[��� ����

LV ZHOO�GHnQHG DQG FRQWLQXRXV� ,Q WKH FDVH RI WKH URERW�
WKH UHWXUQ PDS UHSUHVHQWV WKH HYROXWLRQ RI WKH URERW MXVW

EHIRUH DQ LPSDFW ZLWK WKH ZDONLQJ VXUIDFH� WR MXVW EHIRUH
WKH QH[W LPSDFW� DVVXPLQJ WKDW QH[W LPSDFW GRHV RFFXU� ,I
LW GRHV QRW� WKDW LV� WKH URERW IDOOV GXH WR WKH SUHFHHGLQJ
LPSDFW� WKH SRLQW EHLQJ DQDO\]HG LV QRW LQ WKH GRPDLQ RI
GHnQLWLRQ RI WKH UHWXUQ PDS�
1H[W� QRWH WKDW XQGHU +��+�� LI 2 LV DQ\ SHULRGLF RUELW RI

���� WKDW LV WUDQVYHUVDO WR 6� WKHQ 2 | a; �7KLV LV HVVHQWLDOO\
E\ GHnQLWLRQ� 7KXV� WKHUH H[LVWV [� � a6 WKDW JHQHUDWHV 2
LQ WKH VHQVH WKDW c�[�� � 2� LQGHHG� [�  x2 ? a6� ,W WKXV
PDNHV VHQVH WR GHQRWH WKH RUELW E\ 2�c�[����
7+(25(0 �� �0HWKRG RI 3RLQFDUuH 6HFWLRQV IRU

6\VWHPV ZLWK ,PSXOVH (mHFWV� 8QGHU +��+�� WKH IRO�
ORZLQJ VWDWHPHQWV KROG�
D� ,I 2 LV D SHULRGLF RUELW RI ���� WKDW LV WUDQVYHUVDO WR 6�
WKHQ WKHUH H[LVWV D SRLQW [� � a6 WKDW JHQHUDWHV 2�
E� [� � a6 LV D n[HG SRLQW RI 3 LI� DQG RQO\ LI� c�[�� JHQ�
HUDWHV D SHULRGLF RUELW WKDW LV WUDQVYHUVDO WR 6�
F� [� � a6 LV D VWDEOH HTXLOLEULXP SRLQW RI [N��  3 �[N�
LI� DQG RQO\ LI� WKH RUELW 2�c�[��� LV VWDEOH LQ WKH VHQVH RI
/\DSXQRY�
G� [� � a6 LV DQ DV\PSWRWLFDOO\ VWDEOH HTXLOLEULXP SRLQW
RI [N��  3 �[N� LI� DQG RQO\ LI� WKH RUELW 2�c�[��� LV
DV\PSWRWLFDOO\ VWDEOH LQ WKH VHQVH RI /\DSXQRY�
7KH SURRI RI WKH WKHRUHP LV JLYHQ LQ $SSHQGL[ %�

,9� $V\PSWRWLFDOO\ 6WDEOH :DONLQJ

7KLV VHFWLRQ GHYHORSV D IHHGEDFN FRQWUROOHU IRU WKH V\V�
WHP ZLWK LPSXOVH HmHFWV� ����� LQ WKH SDUWLFXODU FDVH RI
WKH ELSHG URERW JLYHQ E\ WKH GLmHUHQWLDO HTXDWLRQ ��� DQG
WKH LPSDFW PRGHO ���� 7KH JRDO RI WKH FRQWURO GHVLJQ LV WR
LQGXFH DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH� DQG WR IDFLOL�
WDWH WKH YHULnFDWLRQ RI LWV H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV�
7KH YHULnFDWLRQ ZLOO EH GRQH XVLQJ WKH PHWKRG RI 3RLQFDUuH�

$� (QFRGLQJ D ZDONLQJ SDWWHUQ

$W LWV PRVW EDVLF OHYHO� ZDONLQJ FRQVLVWV RI WZR WKLQJV
>��@� SRVWXUH FRQWURO� WKDW LV� PDLQWDLQLQJ WKH WRUVR LQ D
VHPL�HUHFW SRVLWLRQ� DQG VZLQJ OHJ DGYDQFHPHQW� WKDW LV�
FDXVLQJ WKH VZLQJ OHJ WR FRPH IURP EHKLQG WKH VWDQFH OHJ�
SDVV LW E\ D FHUWDLQ DPRXQW� DQG SUHSDUH IRU FRQWDFW ZLWK
WKH JURXQG� 7KLV PRWLYDWHV WKH GLUHFW FRQWURO RI WKH DQ�
JOHV t� �GHVFULELQJ WKH WRUVR� DQG t� �GHVFULELQJ WKH VZLQJ
OHJ�� $V GLVFXVVHG LQ WKH ,QWURGXFWLRQ� WKH PRVW FRPPRQ
DSSURDFK WR FRQWURO LQ WKH PXOWL�SHG OLWHUDWXUH LV WKURXJK
WKH WUDFNLQJ RI SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV� 7KDW
LV� LQ WKH FRQWH[W RI WKH URERW PRGHO LQYHVWLJDWHG KHUH� WKH
nUVW VWHS RI WKH FRQWURO GHVLJQ ZRXOG EH WR GHWHUPLQH IXQF�
WLRQV RI WLPH t��W� DQG t��W� WKDW H[SUHVV D GHVLUHG EHKDYLRU
RI WKH URERW� 7KHQ� VWDQGDUG FRQWURO WHFKQLTXHV ZRXOG EH
HPSOR\HG WR LQGXFH ?DV\PSWRWLF� WUDFNLQJ RI WKHVH WUDMHF�
WRULHV� 7KH UHVXOWLQJ FORVHG�ORRS V\VWHP LV QRQOLQHDU� K\�
EULG �GXH WR WKH LPSDFW PDS�� WLPH�YDU\LQJ �GXH WR WKH
WLPH�GHSHQGHQW UHIHUHQFH WUDMHFWRULHV� DQG YHU\ GLpFXOW WR
DQDO\]H�
2Q D SHULRGLF RUELW FRUUHVSRQGLQJ WR D QRUPDO ZDONLQJ

PRWLRQ� LW LV FOHDU WKDW WKH KRUL]RQWDO PRWLRQ RI WKH KLSV
LV PRQRWRQLFDOO\ VWULFWO\ LQFUHDVLQJ� )RU WKH ELSHG RI )LJ�
XUH �� WKLV LV HTXLYDOHQW WR t��W� VWULFWO\ LQFUHDVLQJ RYHU
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HDFK VWHS RI WKH ZDONLQJ F\FOH� 7KXV� IRU DQ\ GHVLUHG WUD�
MHFWRULHV t��W� DQG t��W� WKDW H[SUHVV �HQFRGH� D GHVLUHG
ZDONLQJ SDWWHUQ IRU WKH ELSHG� LW LV WKHUHIRUH UHDVRQDEOH WR
DVVXPH WKDW WKH FRUUHVSRQGLQJ WUDMHFWRU\ IRU t� KDV WKH
SURSHUW\ WKDW t��W� LV VWULFWO\ PRQRWRQLF� ,W IROORZV WKDW
t��W� DQG t��W� FDQ HDFK EH UH�SDUDPHWHUL]HG LQ WHUPV RI
t�� 7KDW LV� ZLWKRXW ORVV RI JHQHUDOLW\� LW FDQ EH VXSSRVHG
WKDW t��W�  s��t��W�� DQG t��W�  s��t��W��� IRU VRPH IXQF�
WLRQV sL�
7KH VLPSOHVW YHUVLRQ RI SRVWXUH FRQWURO LV WR PDLQWDLQ WKH

DQJOH RI WKH WRUVR DW VRPH FRQVWDQW YDOXH� VD\ tG�� ZKLOH WKH
VLPSOHVW YHUVLRQ RI VZLQJ OHJ DGYDQFHPHQW LV WR FRPPDQG
WKH VZLQJ OHJ WR EHKDYH DV WKH PLUURU LPDJH RI WKH VWDQFH
OHJ� WKDW LV� t�  bt�� 7KXV WKH ?EHKDYLRU� RI ZDONLQJ ZLOO
EH ?HQFRGHG� LQWR WKH G\QDPLFV RI WKH URERW E\ GHnQLQJ
RXWSXWV

\� 

�
\�
\�

w
� 

�
K��t�
K��t�

w
� 

�
t� b s��t��
t� b s��t��

w
� 

�
t� b tG�
t� � t�

w
�

����
ZLWK WKH FRQWURO REMHFWLYH EHLQJ WR GULYH WKH RXWSXWV WR
]HUR� 'ULYLQJ \ WR ]HUR ZLOO IRUFH t� DQG t� WR FRQYHUJH WR
NQRZQ IXQFWLRQV RI t� �KHUH� tG�� EHLQJ D FRQVWDQW� VKRXOG
EH YLHZHG DV D WULYLDO IXQFWLRQ RI t��� 7KLV ZLOO EH RQH RI
WKH NH\ VWHSV LQ UHGXFLQJ WKH VWDELOLW\ DQDO\VLV SUREOHP WR
WKDW RI D PDS IURP ,5 WR ,5�
2I FRXUVH� WKH LGHD RI EXLOGLQJ LQ D G\QDPLF EHKDYLRU RI

D V\VWHP WKURXJK WKH MXGLFLRXV GHnQLWLRQ RI D VHW RI RXW�
SXWV� ZKLFK ZKHQ QXOOHG \LHOGV D GHVLUDEOH LQWHUQDO EHKDY�
LRU� LV QRW QRYHO LQ FRQWURO >��@ QRU ZDONLQJ URERWV >��@�
>��@� >�@� >��@� >��@� >��@� >��@� +RZHYHU� LW LV LQWHUHVWLQJ WR
QRWH WKDW WKLV LGHD� ZKLFK VHHPV WR EH DQ HVVHQWLDO VWHS IRU
SURYLQJ DQ\WKLQJ DERXW WKH WUDMHFWRULHV RI WKH FORVHG�ORRS
V\VWHP� KDV EHHQ EHVW XVHG WR DQDO\WLFDO DGYDQWDJH LQ WKH
PRQRSHG �RQH�OHJJHG KRSSHU� OLWHUDWXUH� 7KLV VHHPV WR EH
GXH WR WKH IDFW WKDW DFFXUDWH� DSSUR[LPDWH� DQDO\WLFDOO\
WUDFWDEOH PRGHOV RI WKH KRSSHU H[LVW� DQG WKH DVVRFLDWHG
3RLQFDUuH UHWXUQ PDS FDQ EH DQDO\]HG LQ FRQVLGHUDEOH GH�
WDLO >�@� >��@� >��@� 7KLV KDV OHG WR WKH GHWHUPLQDWLRQ RI
VDPSOHG�GDWD FRQWURO ODZV �VDPSOLQJ LV GRQH V\QFKURQRXVO\
ZLWK LPSDFW HYHQWV� WKDW OHDG WR H[SOLFLW� ORZ�GLPHQVLRQDO
WHVWV IRU DV\PSWRWLF VWDELOLW\ RI D SHULRGLF RUELW�

%� &RQWUROOHU GHVLJQ

6LQFH WKH V\VWHP ��� FRPHV IURP WKH VHFRQG RUGHU PRGHO
���� DQG WKH RXWSXWV ���� RQO\ GHSHQG XSRQ t� LW IROORZV
WKDW WKH UHODWLYH GHJUHH RI HDFK RXWSXW FRPSRQHQW LV HLWKHU
WZR RU LQnQLWH� 'LUHFW FRPSXWDWLRQ JLYHV WKDW >��@� >��@�
>��@

�\  /�
IK�[� � /J/IK�[�X ����

DQG WKDW WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[� /J/IK�
LV �VHH $SSHQGL[ $� HTXDWLRQ ����� LV ]HUR LI� DQG RQO\ LI�

bU �U0+ � UP� U07 � O07 FRV�t� b t���  ��

7KXV� WKH GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH IRU DOO [ � ; DV
ORQJ DV � � O07 � U�P�07 �0+�� ZKLFK LPSRVHV D YHU\
PLOG FRQVWUDLQW RQ WKH SRVLWLRQ RI WKH FHQWHU RI JUDYLW\ RI

WKH XSSHU ERG\ RI WKH URERW LQ UHODWLRQ WR WKH OHQJWK RI LWV
OHJV� 7KLV OHDGV WR WKH IROORZLQJ K\SRWKHVLV�
+\SRWKHVLV &+��� 7KH GHFRXSOLQJ PDWUL[ LV JOREDOO\ LQ�
YHUWLEOH�
)URP QRZ RQ� LW LV VXSSRVHG WKDW &+� LV PHW� 7KHUHIRUH�

GXH WR WKH JOREDO LQYHUWLELOLW\ RI WKH GHFRXSOLQJ PDWUL[�
VWDELOL]LQJ G\QDPLFV IRU WKH RXWSXW RI V\VWHP ��� FDQ EH
DVVLJQHG� 7KH HDVLHVW ZD\ WR GR WKLV LV WR nUVW GHFRXSOH WKH
V\VWHP >��@� >��@� >��@ DQG WKHQ LPSRVH D GHVLUHG G\QDPLF
UHVSRQVH� ,Q SUHSDUDWLRQ IRU GRLQJ WKLV� QRWH WKDW j �0 �
,5� E\

j�t� � 

�
� \�

\�
t�

�
�  

�
� t� b tG�

t� � t�
t�

�
� ����

LV D GLmHRPRUSKLVP RQWR LWV UDQJH� :LWK WKLV FRRUGLQDWH
WUDQVIRUPDWLRQ� DQG XSRQ GHnQLQJ

Y � /�
IK�/J/IKX� ����

WKH V\VWHP FDQ EH ZULWWHQ LQ WKH GHFRXSOHG�IRUP�
�\
�t�

w
 

�
Y

r��\� B\� t�� Bt�� � r��\� B\� t�� Bt��Y�

w
����

7KH QH[W VWHS LV WR LPSRVH D FRQWLQXRXV IHHGEDFN Y  
Y�\� B\� RQ ����� DQG WKXV RQ ����� VR WKDW WKH SDLU RI GRXEOH
LQWHJUDWRUV �\  Y LV JOREDOO\ nQLWH�WLPH VWDELOL]HG >��@� >�@�
>�@� >�@� 7KLV ZLOO FROODSVH WKH LPDJH RI WKH 3RLQFDUuH UHWXUQ
PDS WR D RQH�GLPHQVLRQDO VHW�
+\SRWKHVHV� 7KH FORVHG�ORRS SDLU RI GRXEOH LQWHJUDWRUV�
�\  Y�\� B\�� VDWLVnHV WKH IROORZLQJ FRQGLWLRQV�
&+�� VROXWLRQV JOREDOO\ H[LVW RQ ,5�� DQG DUH XQLTXH�
&+�� VROXWLRQV GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGL�
WLRQV�
&+�� WKH RULJLQ LV JOREDOO\ DV\PSWRWLFDOO\ VWDEOH� DQG FRQ�
YHUJHQFH LV DFKLHYHG LQ nQLWH WLPH�
&+�� WKH VHWWOLQJ WLPH IXQFWLRQ�� 7VHW � ,5� � ,5 E\

7VHW�\�� B\�� � LQIIW ! � M �\�W�� B\�W��  ������

�\���� B\����  �\�� B\��J

GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ� �\�� B\���
+\SRWKHVHV &+��&+� FRUUHVSRQG WR WKH GHnQLWLRQ RI

nQLWH�WLPH VWDELOLW\ >��@� >�@� &+� ZLOO DOVR EH QHHGHG� EXW
LV QRW LPSOLHG E\ &+��&+� >�@� 7KHVH UHTXLUHPHQWV UXOH
RXW WUDGLWLRQDO VOLGLQJ PRGH FRQWURO� ZLWK LWV ZHOO�NQRZQ
GLVFRQWLQXRXV DFWLRQ� $ PHDQV RI PHHWLQJ WKHVH IRXU RE�
MHFWLYHV FDQ EH IRXQG LQ >�@� >�@� 7KH nUVW WZR SDUWV RI WKH
IROORZLQJ OHPPD DUH SURYHQ LQ >�@� 7KH FRQWLQXLW\ RI WKH
VHWWOLQJ WLPH IXQFWLRQ LV SURYHQ LQ >�@ �D FRQWLQXRXV XSSHU
ERXQG RQ WKH VHWWOLQJ WLPH IXQFWLRQ LV JLYHQ LQ >�@� DORQJ
ZLWK D /\DSXQRY IXQFWLRQ��
/HPPD � �%KDW DQG %HUQVWHLQ� &RQVLGHU WKH GRXEOH LQ�

WHJUDWRU RQ ,5��

B[�  [�

B[�  y� ����

�7KDW LV� WKH WLPH LW WDNHV IRU D VROXWLRQ LQLWLDOL]HG DW �\� � B\�� WR
FRQYHUJH WR WKH RULJLQ� 7KH WHUPLQRORJ\ LV WDNHQ IURP >�@�
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ZLWK VFDODU LQSXW y� 7KHQ� IRU DOO � � m � �� WKH IHHGEDFN

y  �m�[�� [�� ����

� bVLJQ�[��M[�M
m b VLJQ��m�[�� [���M�m�[�� [��M

m

�bm �

ZKHUH �m�[�� [�� � [� �
�

�bmVLJQ�[��M[�M
�bm� VDWLVnHV WKH

IROORZLQJ�
3�� y LV FRQWLQXRXV�
3�� WKH RULJLQ RI ���� LQ FORVHG�ORRS ZLWK ���� LV JOREDOO\
nQLWH�WLPH VWDEOH�
3�� WKH VHWWOLQJ WLPH IXQFWLRQ� 7VHW� GHSHQGV FRQWLQXRXVO\
RQ WKH LQLWLDO FRQGLWLRQ�
/HW �L�[�� [��� L  ���� EH DQ\ IHHGEDFNV IRU ���� PHHWLQJ

3��3� RI /HPPD �� 7R HDFK GRXEOH LQWHJUDWRU RI �����
DSSO\ WKH IHHGEDFN YL  �L�\L� B\L�� VR WKDW� ZLWK

Y � k�\� B\� � 

�
���\�� B\��
���\�� B\��

w
� ����

&+��&+� DUH VDWLVnHG IRU �\  Y� 'HnQH D IHHGEDFN RQ ����
DQG KHQFH RQ ���� DV ZHOO� E\

X�[� � �/J/IK�[��
b�
b
k�K�[��/IK�[��b /�

IK�[�
c
� ����

DQG GHQRWH WKH ULJKW�KDQG VLGH RI WKH FORVHG�ORRS E\

IFO�[� � I�[� � J�[�X�[�� ����

)LQDOO\� GHnQH

7 FO
VHW�[� � PD[I7VHW�K��/IK��� 7VHW�K��/IK��J ����

LQ WKH REYLRXV ZD\� ,W IROORZV WKDW 7 FO
VHW�[� LV D FRQWLQXRXV

IXQFWLRQ RI [�
7KH PRGHO RI WKH ELSHG URERW LQ FORVHG ORRS ZLWK WKH

FRQWUROOHU LV WKXV�

hFO �

|
B[�W�  IFO�[�W�� [b�W��� 6
[��W�  c�[b�W�� [b�W� � 6�

����

,Q WKH QH[W VXEVHFWLRQ� WKH PHWKRG RI 3RLQFDUuH VHFWLRQV
ZLOO EH DSSOLHG WR DQDO\]H WKH H[LVWHQFH DQG VWDELOLW\ RI
SHULRGLF RUELWV� 7KH nQLWH�WLPH FRQYHUJHQFH SURSHUW\ RI
WKH FRQWUROOHU ZLOO EH H[SORLWHG WR GHGXFH SURSHUWLHV RI WKH
VROXWLRQV RI ���� E\ VWXG\LQJ WKH VROXWLRQV RI

B[�W�  IFO�[�W�� ����

FRUUHVSRQGLQJ WR D RQH�GLPHQVLRQDO VXEVHW RI LQLWLDO FRQGL�
WLRQV�

&� $QDO\VLV tD OD 3RLQFDUuH

7KH nUVW VWHS LQ WKH DQDO\VLV LV WR YHULI\ WKDW +\SRWKH�
VHV +��+� KROG IRU WKH FORVHG�ORRS V\VWHP ����� /HPPD �
RI $SSHQGL[ % VKRZV WKDW FRQWLQXLW\ RI WKH IHHGEDFN ����
SOXV +\SRWKHVHV &+��&+� LPSO\ +� DQG +�� +\SRWKH�
VHV +� DQG +� ZHUH YHULnHG LQ 6HFWLRQ ,,�& DQG 6HFWLRQ
,,�%� UHVSHFWLYHO\� 7KXV 7KHRUHP � LV DSSOLFDEOH� 7KH VHF�
RQG VWHS LQ WKH DQDO\VLV LV WR VLPSOLI\ WKH DSSOLFDWLRQ RI
WKH WKHRUHP� 7KLV LV DFKLHYHG E\ VWXG\LQJ WKH LPDJH RI WKH
3RLQFDUuH UHWXUQ PDS LQ WKH FDVH WKDW WKH FRQWUROOHU KDV KDG

VXpFLHQW WLPH WR FRQYHUJH� &RQYHUJHQFH RI WKH FRQWUROOHU LV
HTXLYDOHQW WR WKH RXWSXWV� ����� EHLQJ LGHQWLFDOO\ ]HUR RYHU
DQ LQWHUYDO RI WLPH�
7KH LQWHUQDO G\QDPLFV RI WKH V\VWHP ��� FRPSDWLEOH ZLWK

WKH RXWSXW ���� EHLQJ LGHQWLFDOO\ ]HUR LV FDOOHG WKH ]HUR G\�
QDPLFV >��@� DQG WKH VWDWH VSDFH RQ ZKLFK WKH ]HUR G\QDP�
LFV HYROYHV LV FDOOHG WKH ]HUR G\QDPLFV PDQLIROG� )RU WKH
ELSHG PRGHO XQGHU VWXG\� WKH ]HUR G\QDPLFV PDQLIROG LV
FRPSXWHG IURP ���� WR EH

=  
j
�t� �� � ; M t�  tG�� t� � t�  �� ��  ��

�� � ��  �� b { � t� � {� �� � ,5J � ����

1RWH WKDW WKH IHHGEDFN ���� PDNHV = DQ LQYDULDQW PDQLIROG
RI ���� ZKLOH WKH VDPH IHHGEDFN GRHV QRW UHQGHU = LQYDULDQW
IRU ���� VLQFH c GRHV QRW PDS = ? 6 LQWR =� 7KH ]HUR
G\QDPLFV LWVHOI ZLOO QRW EH FRPSXWHG KHUH VLQFH LW LV QRW
QHHGHG GLUHFWO\ LQ WKH VWDELOLW\ DQDO\VLV� WKH ]HUR�G\QDPLFV
ZLOO EH VWXGLHG LQ 6HFWLRQ 9 �VHH DOVR $SSHQGL[ $��
/HPPD �� 8QGHU +\SRWKHVHV &+��&+�� DQG +��+�

�� 7KH VHW

A6 � I[� � 6 M 7VHW�[�� � 7,�[�� ���

/I+��
I �7,�[��� [���� �J ����

LV DQ RSHQ VXEVHW RI a6�
�� /HW 3 � a6 � 6 EH WKH 3RLQFDUuH UHWXUQ PDS� 7KHQ
3 � A6 � 6 ? =�
7KH VWUDLJKWIRUZDUG SURRI LV VNLSSHG� 1RWH WKDW LQ WHUPV

RI WKH RULJLQDO FRRUGLQDWHV �t� �� RI WKH URERW�

6 ? =  
j
�t� �� � ; M t�  tG�� t� � t�  �� ��  ��

�� � ��  �� t�  tG� � �� � ,5
k
�

D RQH�GLPHQVLRQDO �HPEHGGHG� VXEPDQLIROG RI ; � 'HnQH

| � A6 ? = � 6 ? = E\ |�[� � 3 �[�� ����

)RU [e � A6� 3 �[e� � 6 ? =� 7KXV� E\ WKH GHnQLWLRQ RI

|� 3 �[e�  [e LI� DQG RQO\ LI� [e � A6 ? = DQG |�[e�  

[e� 6XSSRVH WKDW IRU VRPH [� � A6� WKH VHTXHQFH [N�� � 
3 �[N� LV ZHOO�GHnQHG IRU N w �� DQG UHPDLQV LQ VRPH RSHQ
QHLJKERUKRRG RI [�� 7KHQ IRU DOO N w �� [N��  |�[N��

,W IROORZV WKDW [e � A6 LV D VWDEOH �UHVS�� DV\PSWRWLFDOO\
VWDEOH� HTXLOLEULXP SRLQW RI 3 LI� DQG RQO\ LI� LW LV D VWDEOH
�UHVS�� DV\PSWRWLFDOO\ VWDEOH� HTXLOLEULXP SRLQW RI |� 7KXV�
WKH GHWHUPLQDWLRQ RI WKH H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV
RI SHULRGLF RUELWV WKDW DUH WUDQVYHUVDO WR A6 FDQ EH UHGXFHG
WR WKH DQDO\VLV RI D RQH�GLPHQVLRQDO PDS� 7KHVH UHVXOWV
DUH VXPPDUL]HG LQ WKH IROORZLQJ WKHRUHP� $ QXPHULFDO
H[DPSOH WR WKH ELSHG URERW LV JLYHQ LPPHGLDWHO\ LQ WKH
QH[W VXEVHFWLRQ�
7+(25(0 �� �0HWKRG RI 3RLQFDUuH IRU )LQLWH�

7LPH &RQWURO� &RQVLGHU WKH ELSHG URERW PRGHO RI 6HF�
WLRQ ,,� ZULWWHQ LQ WKH IRUP RI D V\VWHP ZLWK LPSXOVH HmHFWV�
����� 'HnQH RXWSXWV VXFK WKDW +\SRWKHVLV &+� LV PHW�
6XSSRVH WKDW D FRQWLQXRXV� nQLWH�WLPH VWDELOL]LQJ IHHGEDFN
LV DSSOLHG� DQG WKDW +\SRWKHVHV &+��&+� DUH PHW� 'HnQH
=� A6 DQG | DV LQ ����� ���� DQG ����� UHVSHFWLYHO\� 7KHQ�
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�� $ SHULRGLF RUELW LV WUDQVYHUVDO WR A6 LI� DQG RQO\ LI� LW LV
WUDQVYHUVDO WR A6 ? =�
�� [e � A6 ? = JLYHV ULVH WR D SHULRGLF RUELW RI ���� LI� DQG
RQO\ LI� |�[e�  [e�

�� [e � A6 ? = JLYHV ULVH WR D VWDEOH �UHVS�� DV\PSWRWLFDOO\
VWDEOH� SHULRGLF RUELW RI ���� LI� DQG RQO\ LI� [e LV D VWDEOH
�UHVS�� DV\PSWRWLFDOO\ VWDEOH� HTXLOLEULXP SRLQW RI |�

'� 1XPHULFDO H[DPSOH

&RQVLGHU WKH PRGHO ����� ZLWK WKH IROORZLQJ YDOXHV RI WKH
SDUDPHWHUV�

P  � 0+  �� 07  �� U  � O  ���

FRUUHVSRQGLQJ WR WKH PDVV RI WKH OHJV� WKH PDVV RI WKH KLSV�
WKH PDVV RI WKH WRUVR� WKH OHQJWK RI WKH OHJV DQG WKH GLVWDQFH
EHWZHHQ WKH FHQWHU RI PDVV RI WKH KLSV DQG WKH FHQWHU RI
PDVV RI WKH WRUVR� 7KH XQLWV DUH NLORJUDPV DQG PHWHUV�
:LWK WKH RXWSXWV GHnQHG DV LQ ����� +\SRWKHVLV &+� LV
PHW� 6XSSRVH WKDW WKH GHVLUHG LQFOLQDWLRQ DQJOH RI WKH WRUVR
LV tG�  { � DQG WKDW WKH VZLQJ OHJ KDV EHHQ GHVLJQHG WR
UH�HQWHU WKH VDJJLWDO SODQH ZKHQ tG�  { �� ,Q WKH IHHGEDFN
����� VXSSRVH WKDW
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LV XVHG� ZLWK q  ��� DQG m  ���� ZKHUH �m�[�� [�� LV
JLYHQ E\ ����� 7KH SDUDPHWHU q ! � DOORZV WKH VHWWOLQJ
WLPH RI WKH FRQWUROOHU WR EH DGMXVWHG� :LWK WKLV IHHGEDFN�
&+��&+� KROG� ,Q WKH LPSDFW PRGHO ���� LW LV VXSSRVHG
WKDW WKH IULFWLRQ FRHpFLHQW x w � � �VHH $SSHQGL[ $�� ,Q
WKH FRXUVH RI WKH VLPXODWLRQV� LW KDV EHHQ YHULnHG WKDW WKH
LPSDFW PRGHO LV YDOLG� VR WKLV SRLQW ZLOO QRW EH GLVFXVVHG
IXUWKHU�
7R GHWHUPLQH LI WKLV FKRLFH RI SDUDPHWHUV UHVXOWV LQ DQ

DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH WKDW LV WUDQVYHUVDO WR A6�
WKDW LV� WKH RUELW LV WUDQVYHUVDO WR 6 DQG WKH nQLWH�WLPH VWD�
ELOL]LQJ IHHGEDFN KDV KDG HQRXJK WLPH WR FRQYHUJH RYHU WKH
ZDONLQJ F\FOH� WKH IXQFWLRQ | RI 7KHRUHP � PXVW HYDOXDWHG�
7KLV LV FRQYHQLHQWO\ GRQH DV IROORZV� 'HnQH } � ,5� A6?=
E\ }��b� � � �tG��bt

G
�� t

G
� � �

b
� �b�

b
� � ��� ZKHUH �b� GHQRWHV

WKH DQJXODU YHORFLW\ RI WKH VWDQFH OHJ MXVW EHIRUH LPSDFW�
'HnQH w � }b� p | p }� $ VWUDLJKWIRUZDUG SURFHGXUH IRU
HYDOXDWLQJ w RQ WKH EDVLV RI D VLPXODWLRQ PRGHO� RI WKH
FORVHG�ORRS V\VWHP LV QRZ JLYHQ�
1XPHULFDO 3URFHGXUH WR 7HVW IRU :DONLQJ &\FOHV
YLD WKH 0HWKRG RI 3RLQFDUuH�
�� )RU D SRLQW �b� ! �� FRPSXWH [b � }��b� �� WKH SR�
VLWLRQ RI WKH URERW MXVW EHIRUH LPSDFW �WKH UHVWULFWLRQ WR
SRVLWLYH YHORFLWLHV FRUUHVSRQGV WR WKH URERW ZDONLQJ IURP
OHIW WR ULJKW��
�� $SSO\ WKH LPSDFW PRGHO WR [b� WKDW LV� FRPSXWH [� � 
c�[b��

�7KH H[LVWHQFH DQG FRQWLQXLW\ RI w KDV EHHQ DVVXUHG E\ WKH WKHRUHW�
LFDO GHYHORSPHQWV RI WKH SDSHU� $ QXPHULFDO VLPXODWRU LV EHLQJ XVHG
WR FRPSXWH DQ DSSUR[LPDWLRQ RI WKLV IXQFWLRQ� 6LQFH WKH IHHGEDFN LQ
���� FDQ EH XQLIRUPO\ DSSUR[LPDWHG E\ D /LSVFKLW] FRQWLQXRXV IXQF�
WLRQ� D VWDQGDUG QXPHULFDO LQWHJUDWRU FDQ EH XVHG WR DSSUR[LPDWHO\
FRPSXWH w WR DQ\ GHVLUHG GHJUHH RI DFFXUDF\�

�� 8VH [� DV WKH LQLWLDO FRQGLWLRQ LQ ����� WKH URERW LQ
FORVHG ORRS ZLWK WKH FRQWUROOHU� DQG VLPXODWH XQWLO RQH RI
WKH IROORZLQJ KDSSHQV�
D� WKHUH H[LVWV D WLPH 7 ! � ZKHUH t��7 �  tG�� WKHQ�
LI 7 LV JUHDWHU WKDQ WKH VHWWOLQJ WLPH RI WKH FRQWUROOHU �LQ
RWKHU ZRUGV� WKH RXWSXW \ LV LGHQWLFDOO\ ]HUR�� WKHQ [� �
A6 ?=� DQG w��b� �  ���7 �� HOVH� [� �� A6 ?=� DQG w��b� � LV
XQGHnQHG DW WKLV SRLQW�
E� WKHUH GRHV QRW H[LVW D 7 ! � VXFK WKDW t��7 �  tG�
�ZKLFK LV QRUPDOO\ GHWHFWHG E\ RQH RI WKH DQJOHV H[FHHGLQJ
h{ � GXULQJ WKH VLPXODWLRQ�� LQ WKLV FDVH� LW LV DOVR WUXH

WKDW [� �� A6 ? =� DQG w��b� � LV XQGHnQHG DW WKLV SRLQW�
)LJXUH � GLVSOD\V WKH IXQFWLRQ w� LW DOVR GLVSOD\V WKH UH�

ODWHG IXQFWLRQ pw��b� � � w��b� � b �b� � ZKLFK UHSUHVHQWV
WKH FKDQJH LQ YHORFLW\ RYHU VXFFHVVLYH F\FOHV� IURP MXVW EH�
IRUH DQ LPSDFW WR MXVW EHIRUH WKH QH[W RQH� ,W LV VHHQ WKDW
w LV XQGHnQHG IRU �b� OHVV WKDQ DSSUR[LPDWHO\ ���� UDGL�
DQV�VHFRQG �IRU LQLWLDO �b� OHVV WKDQ WKLV YDOXH� WKH URERW IHOO
EDFNZDUGV�� 7KH SORW ZDV WUXQFDWHG DW � UDGLDQV�VHFRQG
EHFDXVH QRWKLQJ LQWHUHVWLQJ RFFXUV EH\RQG WKLV SRLQW �H[�
FHSW DQ XSSHU ERXQG RQ LWV GRPDLQ RI H[LVWHQFH ZLOO HYHQWX�
DOO\ RFFXU GXH WR WKH FRQWUROOHU QRW KDYLQJ HQRXJK WLPH WR
VHWWOH RYHU RQH ZDONLQJ F\FOH�� $ n[HG SRLQW RFFXUV DW DS�
SUR[LPDWHO\ ��� UDGLDQV�VHFRQG� DQG� IURP WKH JUDSK RI w�
LW FOHDUO\ FRUUHVSRQGV WR DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ
F\FOH� ZKRVH SURMHFWLRQ LV VKRZQ LQ )LJXUH ��
7R LOOXVWUDWH WKH UROH SOD\HG E\ WKH LQFOLQDWLRQ RI WKH

WRUVR� VXSSRVH WKDW tG� LV UHGXFHG E\ KDOI WR { ��� )LJXUH �
GLVSOD\V w DQG pw IRU WKLV FDVH� ,W LV VHHQ WKDW WKHUH LV QR
n[HG SRLQW� DQG KHQFH QR SHULRGLF RUELW WKDW LV WUDQVYHUVDO
WR A6� 6LPXODWLRQV DOVR VXSSRUW WKLV FRQFOXVLRQ� EXW DUH QRW
UHSRUWHG KHUH IRU UHDVRQV RI VSDFH� )RU D URERW ZLWKRXW
NQHHV RU DQNOHV� WKH GULYLQJ IRUFH IRU ZDONLQJ FRPHV IURP
WKH LQFOLQDWLRQ RI WKH WRUVR� ZKLFK FRXSOHV LQ WKH IRUFH RI
JUDYLW\�
,Q >��@� LW LV VKRZQ WKDW WKH VWDELOLW\ FKDUDFWHUL]DWLRQ GH�

YHORSHG LQ WKLV SDSHU LV VXpFLHQWO\ WUDFWDEOH WKDW LW FDQ EH
HpFLHQWO\ LQFRUSRUDWHG LQWR D �QXPHULFDO� IHHGEDFN GHVLJQ
VFKHPH IRU FRPSXWLQJ DQ DV\PSWRWLFDOO\ VWDELOL]LQJ IHHG�
EDFN FRQWUROOHU ZLWK ORZ SHDN WRUTXH GHPDQGV DQG JRRG
HpFLHQF\ ZLWK UHVSHFW WR DYHUDJH HQHUJ\ FRQVXPSWLRQ RYHU
D F\FOH� RU WR RSWLPL]H WKH PHFKDQLFDO SDUDPHWHUV RI WKH
URERW LWVHOI�

9� $QDO\VLV RI WKH =HUR '\QDPLFV LQ 5HODWLRQ WR

+LJK *DLQ &RQWURO

7KH SUHYLRXV VHFWLRQV KDYH SURYLGHG DQ HmHFWLYH PHWKRG
IRU GHWHUPLQLQJ WKH H[LVWHQFH RI D SHULRGLF RUELW� DQG IRU
DQDO\]LQJ LWV VWDELOLW\ SURSHUWLHV� 7KH JRDO RI WKLV VHF�
WLRQ LV WR DQDO\]H PRUH GHHSO\ WKH LQWHUQDO EHKDYLRU RI WKH
URERW PRGHO LQ FORVHG ORRS ZLWK D nQLWH�WLPH VWDELOL]LQJ
FRQWUROOHU� $V SRLQWHG RXW LQ 6HFWLRQ ,9�&� WKH FODVVLFDO
]HUR G\QDPLFV RI WKH PHFKDQLFDO SDUW RI WKH URERW PRGHO
DUH QRW LQYDULDQW XQGHU WKH LPSDFW PRGHO� ZKHQ ERXQGHG
FRQWURO JDLQV DUH XVHG� ,W LV VKRZQ KHUH WKDW LQ WKH OLPLW DV
WKH JDLQ WHQGV WR LQnQLW\� WKH LQYDULDQFH RI WKH ]HUR G\QDP�
LFV LV UHFRYHUHG� LQGHSHQGHQW RI WKH LPSDFW PRGHO� 7KLV FDQ
EH XVHG WR H[SODLQ FHUWDLQ SURSHUWLHV RI WKH 3RLQFDUuH PDS�



*5,==/(� $%%$ $1' 3/(67$1� $6<03727,&$//< 67$%/( :$/.,1* )25 %,3(' 52%276 �

w� VXFK DV LWV REVHUYHG VWULFW PRQRWRQLFLW\� )RU UHDVRQV RI
VSDFH� WKH H[SRVLWLRQ ZLOO EH PRUH WHUVH WKDQ WKDW RI WKH
SUHYLRXV VHFWLRQV�

$� =HUR G\QDPLFV

,W LV HDV\ WR YHULI\ WKDW WKH LQSXW YHFWRU nHOGV RI ��� FRP�
PXWH� WKDW LV� WKHLU /LH EUDFNHW LV ]HUR� 7KLV� LQ FRPELQD�
WLRQ ZLWK WKH GHFRXSOLQJ PDWUL[ EHLQJ JOREDOO\ LQYHUWLEOH�
LPSOLHV WKDW WKH G\QDPLF ���� ZLWK RXWSXWV ����� FDQ EH
WUDQVIRUPHG LQWR D SDUWLFXODUO\ VLPSOH QRUPDO IRUP >��@�
$Q DSSURSULDWH FRRUGLQDWH WUDQVIRUPDWLRQ FDQ EH IRXQG E\
DSSO\LQJ 3URSRVLWLRQ ���� SDJH ���� SOXV WKH FRQVWUXFWLYH
SURRI RI WKH )UREHQLXV 7KHRUHP� SDJH ��� LQ WKLV VDPH UHI�
HUHQFH� 7KH UHVXOW LV WKH IROORZLQJ FKDQJH RI FRRUGLQDWHV�
ZKLFK LV D JOREDO GLmHRPRUSKLVP XQGHU +\SRWKHVLV &+��
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1RWH WKDW �x[�� x[�� x[�� x[��  �K��[�� K��[��/IK��[��/IK��[���
,Q WKH x[�FRRUGLQDWHV� WKH VWDWH VSDFH PRGHO RI WKH URERW�

���� ZLWK WKH GHFRXSOLQJ IHHGEDFN� ����� EHFRPHV
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7KH ]HUR G\QDPLFV LV REWDLQHG E\ LPSRVLQJ \�W� s �� 6HW�
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,Q RUGHU WR HVWDEOLVK WKH UHODWLRQ EHWZHHQ ���� DQG �����
VRPH SURSHUWLHV RI D GRXEOH LQWHJUDWRU LQ IHHGEDFN ZLWK D
nQLWH�WLPH FRQYHUJLQJ FRQWUROOHU DUH QHHGHG�

%� $VLGH RQ WKH GRXEOH LQWHJUDWRU

&RQVLGHU D VFDODU GRXEOH LQWHJUDWRU� �s�W�  y� DQG OHW
y � ��s� Bs� EH DQ\ IHHGEDFN VR WKDW 3URSHUWLHV 3��3� RI

/HPPD � KROG� /HW 7VHW EH WKH VHWWOLQJ WLPH IXQFWLRQ DQG
OHW 
�W� Bs�� GHQRWH WKH VROXWLRQ RI WKH FORVHG�ORRS V\VWHP
FRUUHVSRQGLQJ WR WKH LQLWLDO FRQGLWLRQ ��� Bs��� %\ FRQWLQXLW\
RI WKH GHSHQGHQFH RI WKH VROXWLRQ RQ WKH LQLWLDO FRQGLWLRQV�
DQG WKH IDFW WKDW 
 KDV ERXQGHG VXSSRUW��
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q�W� Bs�� GHQRWH WKH VROXWLRQ IRU WKH LQLWLDO FRQGLWLRQ
��� Bs��� 7KHQ LW LV VWUDLJKWIRUZDUG WR YHULI\ WKDW 
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&� +LJK JDLQ FRQWURO DQG WKH ]HUR G\QDPLFV

2QFH DJDLQ� OHW YL  �L�\L� B\L�� L  �� �� EH DQ\ IHHG�
EDFNV IRU WKH GRXEOH LQWHJUDWRU VR WKDW 3URSHUWLHV 3��3�
KROG� )RU DQ\ q ! �� D VLPSOH WLPH VFDOH DUJXPHQW VKRZV
WKDW WKH KLJK JDLQ IHHGEDFN YL  
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�L�\L� q B\L� VWLOO UHVXOWV

LQ 3URSHUWLHV 3��3� EHLQJ PHW� DQG� IXUWKHUPRUH� UHVXOWV
LQ WKH FORVHG�ORRS VHWWOLQJ WLPH IXQFWLRQ� ����� EHFRPLQJ
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VHW�\� B\� q�  q7 FO

VHW�\� q B\�� :LWK WKLV LQ PLQG� DSSO\ WKH
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7KH UHODWLRQVKLS EHWZHHQ WKH VROXWLRQV RI WKH FORVHG�

ORRS URERW PRGHO� ����� DQG WKH ]HUR G\QDPLFV� ����� LV

HVWDEOLVKHG DV IROORZV� 7DNH D SRLQW x[b � A6 ? =� /HW
x[� � xc�x[b�� ZKHUH xc LV WKH UHSUHVHQWDWLRQ RI c LQ WKH
FRRUGLQDWHV ����� ,W IROORZV WKDW x[��  � DQG x[

�
�  �� EH�

FDXVH ���� LV LGHQWLFDOO\ ]HUR RQ 6� +HQFH WKH DQDO\VLV RI
6HFWLRQ 9�% LV DSSOLFDEOH� /HWWLQJ x[�W� x[�� GHQRWH WKH VR�
OXWLRQ RI ���� IRU WKH LQLWLDO FRQGLWLRQ x[�� ���� DQG ����
LPSO\� UHVSHFWLYHO\�
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]HUR G\QDPLFV� ����� IRU WKH LQLWLDO FRQGLWLRQ �x[�� � x[
�
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'� w XQGHU KLJK JDLQ FRQWURO

,W IROORZV WKDW LQ WKH KLJK JDLQ OLPLW� WKDW LV� DV q WHQGV WR
]HUR LQ ����� WKH IXQFWLRQ w IURP WKH 3RLQFDUuH PHWKRG FDQ
EH HYDOXDWHG RQ WKH EDVLV RI D WZR GLPHQVLRQDO VXEV\VWHP�
QDPHO\� WKH ]HUR G\QDPLFV� 'HQRWH WKH UHVXOW E\ w+*�
7KLV UHGXFWLRQ LV LQWHUHVWLQJ IRU VHYHUDO UHDVRQV�
��� LW EULQJV RXW WKH VWUXFWXUH RI WKH FORVHG�ORRS V\VWHP�
DQG VKRZV WKDW WKH ]HUR G\QDPLFV PXVW HQFRGH WKH QRWLRQ
RI D ZDONLQJ F\FOH�
��� WKH XQLTXHQHVV RI WKH VROXWLRQV RI WKH ]HUR G\QDPLFV
LPSOLHV WKDW w+* LV VWULFWO\ PRQRWRQLF� ZKLFK SDUWO\ H[�
SODLQV WKH REVHUYHG PRQRWRQLFLW\ LQ w�
�� w+* LV DV VPRRWK DV WKH GDWD LQ WKH SUREOHP �IRU WKH
ELSHG� LW LV DQDO\WLF�� ZKHUHDV w LV RQO\ FRQWLQXRXV�
��� WKH HYDOXDWLRQ RI w+* LV LQGHSHQGHQW RI WKH SDUWLFX�
ODU nQLWH�WLPH VWDELOL]LQJ IHHGEDFN XVHG� 0RUHRYHU� LW FDQ
DOVR EH FRPSXWHG E\ UHSODFLQJ �L LQ ���� ZLWK D JOREDOO\
H[SRQHQWLDOO\ VWDELOL]LQJ IHHGEDFN� DQG WDNLQJ WKH OLPLW DV
q WHQGV WR ]HUR� LQ WKH OLPLW� WKH 3RLQFDUuH UHWXUQ PDS� 3 �
ZKHQ UHVWULFWHG WR A6?=� WDNHV DJDLQ LWV YDOXHV LQ 6?=� 7KH
FRQVHTXHQFHV RI WKLV REVHUYDWLRQ IRU WKH VWXG\ RI SHULRGLF
RUELWV XQGHU QRQ�nQLWH�WLPH VWDELOL]LQJ IHHGEDFN FRQWURO UH�
PDLQ WR EH FODULnHG�

9,� &RQFOXVLRQV

7KLV SDSHU KDV DGGUHVVHG WKH SUREOHP RI HVWDEOLVKLQJ
WKH H[LVWHQFH RI D SHULRGLF RUELW LQ D VLPSOH ELSHG PRGHO�
DQG DQDO\]LQJ LWV VWDELOLW\ SURSHUWLHV� 7KH ELSHG PRGHO
ZDV nUVW IRUPXODWHG DV D QRQOLQHDU V\VWHP ZLWK LPSXOVH HI�
IHFWV� HYROYLQJ LQ D VXEVHW RI ,5�� 3RLQFDUuH
V PHWKRG ZDV
WKHQ H[WHQGHG WR WKLV FODVV RI V\VWHPV� )RU WKH ELSHG PRGHO
FRQVLGHUHG KHUH� D VWUDLJKWIRUZDUG DSSOLFDWLRQ RI 3RLQFDUuH
V
PHWKRG ZRXOG UHTXLUH WKH FRPSXWDWLRQ RI D GLVFUHWH�WLPH
PDS IURP ,5� WR ,5�� ZKLFK ZRXOG EH GLpFXOW WR DQDO\]H� ,W
ZDV WKHQ VKRZQ WKDW nQLWH�WLPH FRQYHUJLQJ IHHGEDFNV FRXOG
EH XVHG WR GULYH WKH WRUVR DQG WKH VZLQJ OHJ WR NQRZQ IXQF�
WLRQV RI WKH VWDQFH OHJ� DQG WKHUHE\ FROODSVH WKH GLPHQVLRQ
RI WKH LPDJH RI WKH 3RLQFDUuH PDS WR D RQH�GLPHQVLRQDO VHW�
7KLV OHDGV WR DQ HmHFWLYH DQDO\VLV WRRO� ZKLFK FDQ WKHQ
EH XVHG LQ GHVLJQ >��@� ,Q WKH FRXUVH RI WKH GHYHORSPHQW RI
WKHVH UHVXOWV� LW ZDV REVHUYHG WKDW WKH ]HUR G\QDPLFV RI WKH

�([SUHVV WKH VROXWLRQV LQ LQWHJUDO IRUP� FRPSXWH WKH QRUP RI WKHLU
GLmHUHQFH� DQG DSSO\ WKH WULDQJOH LQHTXDOLW\�

ELSHG ZDV QRW LQYDULDQW XQGHU WKH LPSDFW PRGHO� ,W ZDV
VXEVHTXHQWO\ VKRZQ WKDW LWV LQYDULDQFH FRXOG EH UHFRYHUHG
XQGHU KLJK JDLQ FRQWURO�
7KH DQDO\VLV PHWKRG GHYHORSHG LQ WKH SDSHU LV TXLWH JHQ�

HUDO� 7KH QH[W VWHS LV WR DSSO\ LW WR D PRUH JHQHUDO ELSHG
PRGHO ZLWK NQHHV >��@� >��@� >��@� >��@� \LHOGLQJ D VHYHQ GH�
JUHH RI IUHHGRP� XQGHU DFWXDWHG V\VWHP� ,W LV FRQMHFWXUHG
WKDW VXSSOHPHQWLQJ RXWSXWV ���� ZLWK KLS KHLJKW DQG VZLQJ
IRRW KHLJKW REMHFWLYHV ZLOO OHDG WR D YLDEOH FRQWURO GHVLJQ
ZLWK SURYDEOH VWDELOLW\ SURSHUWLHV� WKH KRUL]RQWDO KLS SRVL�
WLRQ ZLOO SOD\ WKH UROH RI t� LQ SDUDPHWHUL]LQJ WKH RXWSXWV
WR EH XVHG LQ WKH IHHGEDFN GHVLJQ� ,W DOVR VHHPV OLNHO\ WKDW
WKH PHWKRGV GHYHORSHG KHUH FDQ EH DSSOLHG WR RWKHU XQGHU
DFWXDWHG PHFKDQLFDO V\VWHPV >��@�
7KH ZRUN SUHVHQWHG KHUH KDV DVVXPHG D ULJLG LPSDFW

PRGHO� 1RQ�ULJLG PRGHOV KDYH EHHQ GHYHORSHG >��@ LQ WKH
FRQWH[W RI ELSHG PRWLRQ� ,W VHHPV SRVVLEOH WKDW VRPH RI
WKH UHVXOWV RI WKH SDSHU FDQ EH H[WHQGHG WR LQFOXGH VXFK
PRGHOV� WKRXJK WKLV LV PRUH VSHFXODWLYH WKDQ WKH SUHYLRXV
H[WHQVLRQ� )LQDOO\� PDQ\ FKDOOHQJLQJ LVVXHV H[LVW LQ UXQQLQJ
�ZKLFK KDV D o\ SKDVH� DQG WKUHH GLPHQVLRQDO DVSHFWV RI
PRGHOLQJ DQG FRQWURO RI PHFKDQLFDO ELSHG PRWLRQ�

$FNQRZOHGJPHQWV
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2VWHUWDJ IRU KLV NLQG KRVSLWDOLW\� 7KH ZRUN RI -�:� *UL]]OH
ZDV VXSSRUWHG LQ SDUW E\ 16) *UDQW (&6�������� DQG LQ
SDUW E\ D JLIW IURP )RUG 0RWRU &RPSDQ\�
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9,,� $SSHQGL[ $� 0RGHO 'HWDLOV

7KLV DSSHQGL[ FRPSOHWHV WKH HTXDWLRQV RI WKH ELSHG
PRGHO� ���� ,Q WKH IROORZLQJ�
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VLGH RI ���� FDQ EH FRPSXWHG WR EH
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ZKLFK LV QRQ�]HUR HYHU\ZKHUH�
7KH PDSSLQJ c LV WKHQ HYDOXDWHG E\ WKH IROORZLQJ VWHSV�

6WHS �� VROYH ���� IRU BT�H � DQG SLFN�Rm ��� VLQFH BTbH RQO\
GHSHQGV RQ �b �UHFDOO WKDW B]b�  B]b�  ��� DQG VLQFH WKH
SRVLWLRQV GR QRW FKDQJH GXULQJ WKH LPSDFW �L�H� t�  tb��
WKH UHVXOW LV �� H[SUHVVHG DV D IXQFWLRQ RI [b  �tb�� �b����
6WHS �� WUDQVIRUP WKH FRRUGLQDWHV VR WKDW t� FRUUHVSRQGV WR
WKH VWDQFH OHJ DQG t� WR WKH VZLQJ OHJ� WKLV PHDQV VZDSSLQJ
WKH nUVW WZR SRVLWLRQ FRRUGLQDWHV� DQG WKH nUVW WZR YHORFLW\
FRRUGLQDWHV� UHVSHFWLYHO\�
7KH nQDO UHVXOW LV

c�[b� � 
d
tb� tb� tb� ��� �[

b� ��� �[
b� ��

� �[
b�

e�
����

7KH LPSOLFLW IXQFWLRQ WKHRUHP LPSOLHV WKDW c LV DV VPRRWK
DV WKH GDWD LQ ����� DQG WKXV c LV DQDO\WLF LQ [b�
5HPDUNV� �D� c LV FRPSXWHG LQ FORVHG IRUP LQ >��@� �E�
7KH QR�UHERXQG� QR�VOLS FRQGLWLRQ RI WKH LPSDFW� ���� HQ�
VXUHV WKDW WKH LPSDFW UHVXOWV LQ WKH HQG RI WKH VZLQJ OHJ
EHLQJ DW UHVW� DQG KHQFH� DIWHU GRLQJ WKH FRRUGLQDWH WUDQV�
IRUPDWLRQ� WKH HQG RI WKH VWDQFH OHJ ZLOO EH DW UHVW� �F�
)RU WKH LPSDFW PRGHO WR EH YDOLG� LW PXVW EH YHULnHG D
SRVWHULRUL WKDW QR�VOLSSLQJ ZDV D YDOLG DVVXPSWLRQ �WKDW
LV� M)7 )1 M � x�� DQG WKDW WKH VWDQFH OHJ OLIWV IURP WKH
JURXQG ZLWKRXW LQWHUDFWLRQ �WKDW LV� EHIRUH WKH FRRUGLQDWH
WUDQVIRUPDWLRQ� B]�

� ! ��� 7KLV ZDV GRQH IRU DOO VLPXODWLRQV
UHSRUWHG LQ WKLV SDSHU�
'HFRXSOLQJ PDWUL[
7KH /LH GHULYDWLYH QRWDWLRQ LV GHnQHG LQ >��@� >��@� >��@�
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9,,,� $SSHQGL[ %� 3URRIV DQG 7HFKQLFDO 'HWDLOV

7KLV DSSHQGL[ FROOHFWV VRPH RI WKH WHFKQLFDO GHYHORS�
PHQW� LQ WKH KRSH RI LPSURYLQJ WKH UHDGDELOLW\ RI WKH PDLQ
ERG\ RI WKH SDSHU�
&RQWLQXLW\ RI 7,
/HPPD �� 6XSSRVH WKDW +\SRWKHVHV +��+� KROG� 7KHQ

7, LV FRQWLQXRXV DW SRLQWV [� ZKHUH � � 7, �[�� � � DQG
/I+�
I �7,�[��� [���� ��

3URRI� /HW q ! � EH JLYHQ� 'HnQH x[ � 

I �7,�[��� [��� DQG ZLWKRXW ORVV RI JHQHUDOLW\� VXSSRVH WKDW
/I+�x[� � �� 7KHQ� IURP WKH GHnQLWLRQ RI 7, DQG +��
+�
I �W� [��� ! � IRU DOO � � W � 7,�[��� 7KLV LQ WXUQ
LPSOLHV WKDW� IRU DQ\ � � W� � 7,�[���

x�W�� � LQI
��W�W�

GLVW�
I �W� [��� 6� ! �� ����

VLQFH� �D� 
I �W� [�� LV FRQWLQXRXV LQ W� �E� WKH LQWHUYDO
>�� W�@ LV FRPSDFW� DQG �F�� E\ +�� 6 LV FORVHG DQG HTXDOV
WKH ]HUR OHYHO VHW RI +� %\ +�� WKHUH H[LVWV xq ! � VXFK
WKDW 
I FDQ EH FRQWLQXHG RQ >�� 7,�[�� � xq@� >��@� 0RUH�
RYHU� VLQFH /I+�x[� � �� IRU xq ! � VXpFLHQWO\ VPDOO�
W� � 7,�[���xq � DQG [� � 
I �W�� [��� UHVXOW LQ+�[�� � ��
)URP +�[�� � �� LW IROORZV WKDW GLVW�[�� 6� ! �� ,I QHFHV�
VDU\� UHGXFH xq VR WKDW � � xq � PLQIq� 7,�[��J� DQG GH�
nQH W� � 7,�[�� b xq � DQG [� � 
I �W�� [��� )URP �����
x�W�� ! �� )URP +�� WKH VROXWLRQV GHSHQG FRQWLQXRXVO\
RQ WKH LQLWLDO FRQGLWLRQV� 7KXV� WKHUH H[LVWV p ! �� VXFK
WKDW� IRU DOO [ � %p�[��� VXS��W�W� MM


I �W� [�b
I �W� [��MM �
PLQIGLVW�[�� 6�� x�W�� �J� 7KHUHIRUH� IRU [ � %p�[��� W� �
7,�[� � W�� ZKLFK LPSOLHV WKDW M7,�[�b7,�[��M � q� HVWDE�
OLVKLQJ WKH FRQWLQXLW\ RI 7, DW [��
'LVWDQFH RI D WUDMHFWRU\ WR D SHULRGLF RUELW
5HFDOO WKDW LI 2 LV DQ\ SHULRGLF RUELW WKDW LV WUDQVYHU�

VDO WR 6� WKHQ 2 | a; � )RU [ � a; � GHnQH G�[� � 
VXS��W�7, �[� GLVW�


b�W� [��2�� 1RWH WKDW G YDQLVKHV RQ 2�

1RWH DOVR WKDW IRU � � W � 7,�[�� 

b�W� [�  
I �W� [��

/HPPD �� 8QGHU +��+�� G � a; � ,5 LV ZHOO�GHnQHG DQG
LV FRQWLQXRXV RQ 2�

3URRI� )RU DQ\ [� � a; � 7,�[�� LV nQLWH� DQG

I �W� [�� LV GHnQHG RQ >�� 7,�[��@� 7KLV DQG WKH FRQWLQX�
LW\ RI 
I �W� [�� ZLWK UHVSHFW WR W LPSO\ WKDW G�[�� LV nQLWH�
1H[W� OHW [� � 2 DQG q ! � EH JLYHQ� %\ GHnQLWLRQ RI
7, � x[ � 
I �7,�[��� [�� � 6� :LWKRXW ORVV RI JHQHUDOLW\�
VXSSRVH WKDW /I+�x[� � �� /HW s ! � EH VXFK WKDW IRU
DOO � � W � s� +�
I �W� x[�� � � DQG MMx[ b 
I �W� x[�MM � q ��
6XFK DQ s H[LVWV EHFDXVH� ��� +� LPSOLHV WKHUH H[LVWV s ! �
VXFK WKDW 
I FDQ EH FRQWLQXHG RQ >�� 7,�[�� � s@� >��@� ���
/I+�x[� � �� DQG ��� 
I �W� x[� GHSHQGV FRQWLQXRXVO\ RQ
W� 'HnQH W� � 7,�[�� � s DQG [� � 
I �W�� [��� %\
+� DQG /HPPD �� WKHUH H[LVWV p ! � VXFK WKDW IRU DOO
a[ � %p�[��� VXS��W�W� MM


I �W� [�� b 
I �W� a[�MM � q � DQG

7,�a[� � W�� %\ WKH WULDQJOH LQHTXDOLW\� GLVW�
I �W� a[��2� �
GLVW�
I �W� a[�� 
I �W� [��� � GLVW�
I �W� [���2�� +HQFH� IRU
a[ � %p�[��� VXS��W�7,�a[� GLVW�


I �W� a[��2� � VXS��W�W�
GLVW�
I �W� a[�� 
I �W� [��� �VXS��W�W� GLVW�


I �W� [���2� �
q � � q �� ZKLFK VKRZV WKDW G�a[� � q� DQG WKHUHE\ WKH
FRQWLQXLW\ RI G DW [��

3URRI RI 7KHRUHP �
3URRI� 7KH nUVW DQG VHFRQG VWDWHPHQWV DUH LPPHGL�

DWH� 6LQFH WKH VXpFLHQF\ SRUWLRQV RI WKH VWDWHPHQW F� DQG
G� DUH VWUDLJKWIRUZDUG� RQO\ QHFHVVLW\ LV SURYHQ KHUH� 6XS�
SRVH WKDW 3 �[��  [�� DQG OHW 2 EH WKH SHULRGLF RUELW RI
���� FRUUHVSRQGLQJ WR c�[��� %\ E�� WKH RUELW LV WUDQVYHU�
VDO WR 6� /HW q ! � EH JLYHQ� 6LQFH [� LV VWDEOH LQ WKH VHQVH
RI /\DSXQRY� IRU DQ\ xq ! �� WKHUH H[LVWV p�xq� ! � VXFK WKDW�
IRU DOO N w �� x[ � %p�xq��[��?6� LPSOLHV 3

N�x[� � %q�[��?6�

ZKHUH 3N LV 3 FRPSRVHG ZLWK LWVHOI N�WLPHV� ,Q SDUWLFXODU�
WKLV LPSOLHV WKDW IRU DOO x[ � %p�xq��[��?6� WKHUH H[LVWV D VROX�
WLRQ 
�W� RI ���� GHnQHG RQ >����� VXFK WKDW 
���  c�x[��
0RUHRYHU� DQ XSSHU ERXQG RQ KRZ IDU WKH VROXWLRQ 
 ZDQ�
GHUV IURP WKH RUELW 2 LV JLYHQ E\

VXS
Ww�
GLVW�
�W��2� � VXS

[�%xq�[��?6
G pc�[�� ����

%\ /HPPD �� VLQFH 2 LV WUDQVYHUVDO WR 6� DQG VLQFH c�[�� �
2� Gpc LV FRQWLQXRXV DW [�� 6LQFH Gpc�[��  �� LW IROORZV
WKDW WKHUH H[LVWV xq ! � VXFK WKDW VXS[�%xq�[��?6 Gpc�[� � q�
7KLV ERXQG LV YDOLG IRU DOO LQLWLDO FRQGLWLRQV LQ %p�xq��[�� ?
6� ,W UHPDLQV WR SURGXFH DQ RSHQ QHLJKERUKRRG RI 2 IRU
ZKLFK VXFK D ERXQG KROGV� %XW WKLV LV HDVLO\ GRQH E\ WDNLQJ
9 � Gb��>�� p��� ZKLFK FRPSOHWHV WKH SURRI RI F�� $VVXPH
LQ DGGLWLRQ WKDW p�xq� ! � ZDV FKRVHQ VXpFLHQWO\ VPDOO VR
WKDW OLPN�� 3N�x[�  [�� 7KHQ E\ FRQWLQXLW\ RI G DQG c�
OLPN�� Gpc�3N�x[��  Gpc�[��  �� IURP ZKLFK LW HDVLO\
IROORZV WKDW OLPW�� GLVW�
�W��2�  �� SURYLQJ G��

6XpFLHQW FRQGLWLRQV IRU +��+�
7KH JRDO LV WR VKRZ WKDW WKH FRQWLQXLW\ RI WKH IHHGEDFN

���� SOXV +\SRWKHVHV &+��&+� LPSO\ WKDW +\SRWKHVHV +�
DQG +� KROG IRU ����� +� LV LPPHGLDWH� 'XH WR WKH VXE�
JURXS SURSHUW\ RI WKH oRZ RI D GLmHUHQWLDO HTXDWLRQ� LW LV
HQRXJK WR HVWDEOLVK +� LQ D ORFDO FRRUGLQDWH FKDUW� 6LQFH
��� FRPHV IURP WKH VHFRQG RUGHU PRGHO� ���� ZKHUH WKH PD�
WUL[ % LV FRQVWDQW� WKH LQSXW YHFWRU nHOGV RI ��� FRPPXWH
DQG WKH GLPHQVLRQ RI WKHLU VSDQ LV FRQVWDQW� 7KHVH WZR
IDFWV SOXV WKH LQYHUWLELOLW\ RI WKH GHFRXSOLQJ PDWUL[ �+\�
SRWKHVLV &+�� LPSO\ WKDW� DERXW DQ\ SRLQW [� � ; � WKH
V\VWHP ���� FDQ EH ORFDOO\ WUDQVIRUPHG LQWR >��@� >��@� >��@

Br�  r�
Br�  k�r�� r�� ����

B]  b�r�� r�� ]��

ZKHUH r� � \� r� � B\� k LV JLYHQ E\ ���� DQG b LV DQ DQD�
O\WLF IXQFWLRQ RI LWV DUJXPHQWV �WKH DQDO\WLFLW\ FRPHV IURP
WKDW RI ����� ,Q SDUWLFXODU� b LV ORFDOO\ /LSVFKLW] FRQWLQXRXV�
7KXV� LQ WKHVH FRRUGLQDWHV� WKH V\VWHP LV H[SUHVVHG DV D

FDVFDGH RI D V\VWHP WKDW VDWLVnHV +� IHHGLQJ IRUZDUG LQWR
D V\VWHP WKDW LV ORFDOO\ /LSVFKLW]� 7KH *URQZDO LQHTXDOLW\
>��@ FDQ WKHUHIRUH EH XVHG WR HVWDEOLVK WKDW +� KROGV IRU
WKH FDVFDGH� 7KLV LV VXPPDUL]HG LQ WKH OHPPD EHORZ�
/HPPD �� )RU WKH FORVHG�ORRS V\VWHP ����� +\SRWKHVHV

&+��&+� DQG WKH FRQWLQXLW\ RI ���� LPSO\ +\SRWKHVHV +�
DQG +��
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-HVV\ :� *UL]]OH UHFHLYHG WKH 3K�'� LQ HOHF�
WULFDO HQJLQHHULQJ IURP 7KH 8QLYHUVLW\ RI 7H[DV
DW $XVWLQ LQ ����� 6LQFH 6HSWHPEHU �����
KH KDV EHHQ ZLWK 7KH 8QLYHUVLW\ RI 0LFKL�
JDQ� $QQ $UERU� ZKHUH KH LV D 3URIHVVRU RI
(OHFWULFDO (QJLQHHULQJ DQG &RPSXWHU 6FLHQFH�
+H LV D SDVW $VVRFLDWH (GLWRU RI WKH 7UDQV�
DFWLRQV RQ $XWRPDWLF &RQWURO DQG 6\VWHPV 	
&RQWURO /HWWHUV� DQG IURP ��������� VHUYHG RQ
WKH ,((( &RQWURO 6\VWHP 6RFLHW\
V %RDUG RI
*RYHUQRUV� 3URI� *UL]]OH KDV ZRUNHG RQ D

ZLGH UDQJH RI WKHRUHWLFDO LVVXHV LQ QRQOLQHDU FRQWURO DQG REVHUYHU
GHVLJQ� DQG LV DFWLYHO\ SXUVXLQJ DSSOLFDWLRQV RI V\VWHP WKHRU\ LQ
WKH DXWRPRWLYH LQGXVWU\ DQG VHPLFRQGXFWRU PDQXIDFWXULQJ� :HE�
KWWS���ZZZ�HHFV�XPLFK�HGX�zJUL]]OH�

*DEULHO $EED MRLQHG WKH (FROH 1RUPDOH
6XSuHULHXUH GH &DFKDQ� )UDQFH� LQ ����� DQG
UHFHLYHG WKH DJUuHJDWLRQ IURP WKH 0LQLVWU\ RI
(GXFDWLRQ LQ (OHFWULFDO (QJLQHHULQJ LQ �����
+H UHFHLYHG WKH 'RFWRUDWH GHJUHH LQ (OHFWURQ�
LFV DQG 5RERWLFV IURP WKH 8QLYHUVLW\ RI 3DULV
;,�2UVD\� 3DULV� )UDQFH� LQ ����� +LV UHVHDUFK
LQWHUHVWV LQFOXGH GHYHORSPHQW� PRGHOLQJ DQG
FRQWURO RI URERWV� VSHFLDOO\ FRQWURO RI OHJJHG
URERWV� YLVXDO VHUYRLQJ DQG FRQWURO RI KLJK
VSHHG GULYHV IRU LQGXVWULDO DSSOLFDWLRQV�

)UDQFN 3OHVWDQ UHFHLYHG WKH 3K�'� LQ $X�
WRPDWLF &RQWURO IURP WKH (FROH &HQWUDOH GH
1DQWHV� )UDQFH� LQ ����� 6LQFH 6HSWHPEHU ����
KH KDV EHHQ ZLWK 7KH 8QLYHUVLWuH /RXLV 3DVWHXU�
6WUDVERXUJ� )UDQFH� ZKHUH KH LV FXUUHQWO\ DQ
$VVLVWDQW 3URIHVVRU� +LV UHVHDUFK LQWHUHVWV LQ�
FOXGH QRQOLQHDU FRQWURO� WKHRUHWLFDO DVSHFWV RI
QRQOLQHDU REVHUYHU GHVLJQ DQG� PRUH UHFHQWO\�
FRQWURO RI OHJJHG URERWV�
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)LJ� �� 6FKHPDWLF LQGLFDWLQJ WKH GHnQWLRQ RI WKH JHQHUDOL]HG FRRU�
GLQDWHV DQG WKH PHFKDQLFDO GDWD RI WKH ELSHG URERW� $OO PDVVHV
DUH OXPSHG� 7KH OHJV DUH V\PPHWULF� ZLWK OHQJWK U HTXDO WR WKH
OHQJWK RI WKH OLQH VHJPHQW $ b2+�DOVR� % b2+�� 7KH PDVV RI
HDFK OHJ LV OXPSHG DW U �� 7KH GLVWDQFH IURP WKH FHQWHU RI JUDYLW\
RI WKH KLSV WR WKH FHQWHU RI JUDYLW\ RI WKH WRUVR� GHQRWHG E\ O� LV
WKH GLVWDQFH IURP 2+ WR 27 �
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)LJ� �� 7KH WRS JUDSK SUHVHQWV WKH IXQFWLRQ w �EROG OLQH� DQG� IRU YL�
VXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ �WKLQ OLQH�� WKH ERWWRP
JUDSK SUHVHQWV WKH IXQFWLRQ pw �EROG OLQH� DQG WKH ]HUR OLQH �WKLQ
OLQH�� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH H[LVWV D SHULRGLF
RUELW DQG WKDW LW LV DV\PSWRWLFDOO\ VWDEOH�
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)LJ� �� 3URMHFWLRQ RQWR �t�� ��� ��� RI D WUDMHFWRU\ DV\PSWRWLFDOO\
FRQYHUJLQJ WR DQ RUELW� 1RWH WKDW WKH CoDW
 SRUWLRQ RI WKH FXUYH
LV UHDOO\ DQ LQVWDQWDQHRXV WUDQVLWLRQ GXH WR WKH LPSDFW RI WKH
VZLQJ OHJ ZLWK WKH JURXQG� 7KH GRW LV WKH LQLWLDO SRLQW�
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)LJ� �� 7KH WRS JUDSK SUHVHQWV WKH IXQFWLRQ w �EROG OLQH� DQG� IRU
YLVXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ �WKLQ OLQH�� WKH ERW�
WRP JUDSK SUHVHQWV WKH IXQFWLRQ pw �EROG OLQH� DQG WKH ]HUR OLQH
�WKLQ OLQH�� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH GRHV QRW H[LVW

D SHULRGLF RUELW WUDQVYHUVDO WR A6 �


