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7KH H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV RI SHULRGLF RUELWV
DUH VWXGLHG IRU QRQOLQHDU V\VWHPV ZLWK LPSXOVH HmHFWV�
7KLV LV DFKLHYHG ZLWK DQ H[WHQVLRQ RI WKH ZHOO�NQRZQ
PHWKRG RI 3RLQFDUuH� 7KH PDLQ UHVXOW LV WKHQ DSSOLHG
WR D PRGHO RI DQ XQGHU DFWXDWHG� nYH GHJUHH RI IUHHGRP
ELSHG URERW ZLWK D WRUVR LQ RUGHU WR SURYH� IRU WKH nUVW
WLPH� WKH H[LVWHQFH RI DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ
F\FOH�

� ,QWURGXFWLRQ

/LPLW F\FOHV� WKDW LV� LVRODWHG SHULRGLF RUELWV� DUH XELT�
XLWRXV� 7KH\ FDQ EH GHVLUDEOH� VXFK DV D D SHULRGLF
PRWLRQ LQ D PHFKDQLFDO FORFN� RU XQGHVLUHDEOH� VXFK DV
DQ DXWRPDWLF WUDQVPLVVLRQ F\FOLQJ EHWZHHQ JHDUV XQ�
GHU VWHDG\ VWDWH LQSXWV� $ FRPPRQ IHDWXUH RI WKHVH
WZR H[DPSOHV LV WKDW WKH\ FDQ EH PRGHOHG DV QRQOLQHDU
V\VWHPV ZLWK LPSXOVH HmHFWV >�� ��@� ,Q VXFK D PRGHO�
WKH V\VWHP HYROYHV DFFRUGLQJ WR DQ RUGLQDU\ GLmHUHQWLDO
HTXDWLRQ XQWLO WKH VWDWH HQFRXQWHUV D VZLWFKLQJ FRQGL�
WLRQ� DW ZKLFK WLPH� D UDSLG FKDQJH LQ WKH V\VWHP VWDWH
RFFXUV� ,Q RUGHU WR DYRLG WKH ?VWLmQHVV� DVVRFLDWHG ZLWK
LQFOXGLQJ D VHFRQG GLmHUHQWLDO HTXDWLRQ WR PRGHO WKH
UDSLG HYROXWLRQ RI WKH VWDWH DW WKH VZLWFKLQJ WLPH� D
PRGHO ZLWK LPSXOVH HmHFWV FROODSVHV WKH FKDQJH WR DQ
LQVWDQW LQ WLPH� DQG DOORZV D GLVFRQWLQXLW\ LQ WKH VWDWH�
7KH HmHFW LV QRW XQOLNH DQ LPSXOVH LQ D OLQHDU PRGHO�
DQG KHQFH WKH QDPH�

7KH VWDELOLW\ SURSHUWLHV RI HTXLOLEULXP SRLQWV LQ QRQ�
OLQHDU V\VWHPV ZLWK LPSXOVH HmHFWV KDYH EHHQ VWXGLHG
H[WHQVLYHO\ XVLQJ /\DSXQRY PHWKRGV >�� ��@� 7KLV FRP�
PXQLFDLWLRQ H[WHQGV WKH PHWKRG RI 3RLQFDUuH VHFWLRQV WR
V\VWHPV ZLWK LPSXOVH HmHFWV� 7KH UHVXOW LV WKHQ XVHG WR
VWXG\ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ LQ D SODQDU ELSHG
URERW PRGHO� 6LQFH UHJXODU ZDONLQJ FDQ EH YLHZHG DV D
SHULRGLF RUELW� WKH PHWKRG RI 3RLQFDUuH VHFWLRQV LV WKH
QDWXUDO PHDQV WR VWXG\ LWV DV\PSWRWLF VWDELOLW\� +RZ�

�-�:� *UL]]OH LV ZLWK WKH &RQWURO 6\VWHPV /DERUDWRU\� (OHFWUL�
FDO (QJLQHHULQJ DQG &RPSXWHU 6FLHQFH 'HSDUWPHQW� 8QLYHUVLW\ RI
0LFKLJDQ� $QQ $UERU� 0, �����������7HO� ��������������� )$;�
��������������� (PDLO� JUL]]OH#XPLFK�HGX�
)� 3OHVWDQ DQG *� $EED DUH ZLWK *5$9,5�/6,,7� (1636�
8QLYHUVLWuH /RXLV 3DVWHXU�&156� %OYG� 6uHEDVWLHQ %UDQW� �����
,OONLUFK�*UDmHQVWDGHQ� )UDQFH� 7HO� ����������������� )D[� �����
������������ (PDLO� I)UDQFN�3OHVWDQ�*DEULHO�$EEDJ#HQVSV�X�
VWUDVEJ�IU

HYHU� GXH WR WKH FRPSOH[LW\ RI WKH DVVRFLDWHG G\QDPLF
PRGHOV� WKLV DSSURDFK KDV RQO\ EHHQ DSSOLHG VXFFHVV�
IXOO\ WR 5DLEHUW
V RQH�OHJJHG�KRSSHU >��� �� �@� DQG D
ELSHG URERW ZLWKRXW D WRUVR >��� �� ��@� $ VHFRQG FRQ�
WULEXWLRQ RI WKH SUHVHQW ZRUN LV WR VKRZ WKDW WKH FRQWURO
VWUDWHJ\ FDQ EH GHVLJQHG LQ D ZD\ WKDW JUHDWO\ VLPSOL�
nHV WKH DSSOLFDWLRQ RI WKH PHWKRG RI 3RLQFDUuH WR D FODVV
RI ELSHG PRGHOV� DQG LQ IDFW� WR UHGXFH WKH VWDELOLW\ DV�
VHVVPHQW SUREOHP WR WKH FDOFXODWLRQ RI D FRQWLQXRXV
PDS IURP D VXE�LQWHUYDO RI ,5 WR LWVHOI�

� %DFNJURXQG RQ 6\VWHPV ZLWK ,PSXOVH (mHFWV

&RQVLGHU D GLmHUHQWLDO HTXDWLRQ
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ZKHUH [�W� � ; � D FRQQHFWHG RSHQ VXEVHW RI ,5Q� X�W� �
,5P� DQG I DQG WKH FROXPQV RI J DUH FRQWLQXRXV YHFWRU
nHOGV RQ ; � /HW 6 � I[ � ; M +�[�  �J� ZKHUH
+ � ; � ,5� )LQDOO\� OHW c � 6 � ; � $ V\VWHP ZLWK
LPSXOVH HmHFWV LV D PRGHO RI WKH IRUP
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ZKHUH [b�W� � OLP~�W [�~ � DQG [��W� � OLP~	W [�~ �
GHQRWH� UHVSHFWLYHO\� WKH OHIW DQG ULJKW OLPLWV RI WKH WUD�
MHFWRU\� [�W�� 7KH PDWKHPDWLFDO PHDQLQJ RI D VROXWLRQ
RI WKH PRGHO ZLOO EH JLYHQ VKRUWO\� ,Q VLPSOH ZRUGV�
D WUDMHFWRU\ RI WKH PRGHO LV VSHFLnHG E\ WKH GLmHUHQ�
WLDO HTXDWLRQ ��� XQWLO LWV VWDWH ?LPSDFWV� WKH K\SHU
VXUIDFH 6� $W WKLV SRLQW� WKH LPSXOVH PRGHO c FRP�
SUHVVHV WKH LPSDFW HYHQW LQWR DQ LQVWDQWDQHRXV PRPHQW
RI WLPH� UHVXOWLQJ LQ D GLVFRQWLQXLW\ LQ WKH VWDWH WUDMHF�
WRU\� 7KH XOWLPDWH UHVXOW RI WKH LPSDFW PRGHO LV D QHZ
LQLWLDO FRQGLWLRQ IURP ZKLFK WKH GLmHUHQWLDO HTXDWLRQ
PRGHO HYROYHV XQWLO WKH QH[W LPSDFW ZLWK 6� ,Q RUGHU
WR DYRLG WKH VWDWH KDYLQJ WR WDNH RQ WZR YDOXHV DW WKH
?LPSDFW WLPH�� WKH LPSDFW HYHQW LV� URXJKO\ VSHDNLQJ�
GHVFULEHG LQ WHUPV RI WKH YDOXHV RI WKH VWDWH ?MXVW SULRU
WR LPSDFW� DW WLPH ?Wb�� DQG ?MXVW DIWHU LPSDFW� DW
WLPH ?W��� 7KHVH YDOXHV DUH UHSUHVHQWHG E\ WKH OHIW
DQG ULJKW OLPLWV� [b DQG [�� UHVSHFWLYHO\�

$ IXQFWLRQ 
 � >W�� WI �� ; � WI � ,5>I�J� WI ! W�� LV D
VROXWLRQ� RI ��� LI �� 
�W� LV ULJKW FRQWLQXRXV RQ >W�� WI ��

�7KH GHnQLWLRQ LV EDVHG RQ >��@� H[FHSW WKDW VROXWLRQV DUH
WDNHQ WR EH ULJKW FRQWLQXRXV LQVWHDG RI OHIW FRQWLQXRXV�



�� OHIW OLPLWV H[LVW DW HDFK SRLQW RI �W�� WI �� DQG �� WKHUH
H[LVWV D FORVHG GLVFUHWH VXEVHW 7 | >W���� VXFK WKDW�

D� IRU HYHU\ W �� 7 � 
�W� LV GLmHUHQWLDEOH DQG G
�W�
GW

 
I�
�W�� � J�
�W��X�W�� DQG E� IRU W � 7 � 
b�W� � 6 DQG

��W�  c�
b�W���7KH FRQGLWLRQ WKDW WKH VHW RI LPSDFW
WLPHV LV FORVHG DQG GLVFUHWH VLPSO\ PHDQV WKDW WKHUH LV
QR ?FKDWWHULQJ� DERXW DQ LPSDFW SRLQW� $ VROXWLRQ 
�W�
RI ��� LV SHULRGLF LI WKHUH H[LVWV D nQLWH 7 ! � VXFK WKDW

�W � 7 �  
�W� IRU DOO W � >W����� $ VHW 2 | ;
LV D SHULRGLF RUELW RI ��� LI 2  I
�W� M W w W�J IRU
VRPH SHULRGLF VROXWLRQ 
�W�� $Q RUELW LV QRQ�WULYLDO LI
LW FRQWDLQV PRUH WKDQ RQH SRLQW�

,Q WKH IROORZLQJ� LW LV DVVXPHG WKDW X�W� LQ ��� LV LGHQ�
WLFDOO\ ]HUR� VR WKDW RQH PD\ UHIHU WR ��� DV EHLQJ WLPH�
LQYDULDQW� ,W LV IXUWKHU DVVXPHG WKDW VROXWLRQV WR ����
ZKHQ WKH\ H[LVW� DUH XQLTXH�

$ SHULRGLF RUELW 2 LV VWDEOH LQ WKH VHQVH RI /\DSXQRY
LI IRU HYHU\ q ! �� WKHUH H[LVWV DQ RSHQ QHLJKERUKRRG
9 RI 2 VXFK WKDW IRU HYHU\ S � 9� WKHUH H[LVWV D VR�
OXWLRQ 
 � >���� � ; RI ��� VDWLVI\LQJ 
���  S DQG
GLVW�
�W��2� � q IRU DOO W w �� 2 LV DWWUDFWLYH LI WKHUH
H[LVWV DQ RSHQ QHLJKERUKRRG 9 RI 2 VXFK WKDW IRU HY�
HU\ S � 9� WKHUH H[LVWV D VROXWLRQ 
 � >����� ; RI ���
VDWLVI\LQJ 
���  S DQG OLPW�� GLVW�
�W��2�  �� 2
LV DV\PSWRWLFDOO\ VWDEOH LQ WKH VHQVH RI /\DSXQRY LI LW
LV ERWK VWDEOH DQG DWWUDFWLYH� )URP KHUH RQ� WKH TXDOL�
nHU� ?LQ WKH VHQVH RI /\DSXQRY�� ZLOO EH V\VWHPDWLFDOO\
DVVXPHG LI LW LV QRW PDGH H[SOLFLW�

)LQDOO\� DVVXPH WKDW LQ ���� 6  I[ � ; M +�[�  �J�
ZKHUH + � ; � ,5 LV FRQWLQXRXVO\ GLmHUHQWLDEOH� $
SHULRGLF RUELW 2 LV WUDQVYHUVDO WR 6 LI LWV FORVXUH LQ�
WHUVHFWV 6 LQ H[DFWO\ RQH SRLQW� DQG IRU x[ � x2 ? 6�
/I+�x[� � 

#+
#[
�x[�I�x[�� � �LQ ZRUGV� DW WKH LQWHUVHF�

WLRQ� x2 LV QRW WDQJHQW WR 6� ZKHUH x2 LV WKH VHW FORVXUH
RI 2��

5HPDUN� 1RWH WKDW D SHULRGLF RUELW RI D V\VWHP ZLWK
LPSXOVH HmHFWV PD\ QRW EH D FORVHG VHW� VLQFH� IRU W �
7 � 
b�W� �� 2 �LI VROXWLRQV ZHUH DVVXPHG WR EH OHIW
FRQWLQXRXV� LQVWHDG RI ULJKW FRQWLQXRXV� WKHQ 
��W��� 2
�� ,QGHHG� D SHULRGLF RUELW LV FORVHG LI� DQG RQO\ LI�
7  �� ,I D SHULRGLF RUELW GRHV QRW LPSDFW WKH VXUIDFH
6� WKHQ VWDQGDUG IRUPV RI WKH PHWKRG RI 3RLQFDUuH FDQ
EH DSSOLHG�

� 0HWKRG RI 3RLQFDUuH 6HFWLRQV

&RQVLGHU D WLPH�LQYDULDQW V\VWHP ZLWK LPSXOVH HmHFWV
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ZKHUH WKH VWDWH VSDFH ; LV DQ RSHQ FRQQHFWHG VXEVHW
RI ,5Q� 7KH PHWKRG RI 3RLQFDUuH VHFWLRQV LV H[WHQGHG
WR WKH DERYH V\VWHP IRU WKH FDVH RI QRQWULYLDO SHULRGLF
RUELWV WKDW DUH WUDQVYHUVDO WR 6� XQGHU WKH IROORZLQJ
K\SRWKHVHV�

+\SRWKHVHV�

+�� I�[� LV FRQWLQXRXV RQ ; �

+�� D VROXWLRQ RI ��� IURP D JLYHQ LQLWLDO FRQGLWLRQ LV
XQLTXH DQG GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO
FRQGLWLRQ�

+�� WKHUH H[LVWV D GLmHUHQWLDEOH IXQFWLRQ + � ; � ,5
VXFK WKDW 6  I[ � ; M +�[�  �J� PRUHRYHU� IRU
HYHU\ V � 6� #+

#[
�V�� ��

+�� c � 6 � ; LV FRQWLQXRXV� ZKHUH 6 LV JLYHQ WKH
VXEVHW WRSRORJ\ IURP ; �

+\SRWKHVLV +� LPSOLHV WKDW DW DQ\ SRLQW [� � ; � D
VROXWLRQ WR ��� ZLOO H[LVW RYHU D VXpFLHQWO\ VPDOO LQWHUYDO
RI WLPH >��@� 7KLV VROXWLRQ PD\ QRW EH XQLTXH� DQG
PD\ QRW GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ�
ZKHQFH +\SRWKHVLV +�� +\SRWKHVLV +� LPSOLHV WKDW
6 LV DQ HPEHGGHG VXEPDQLIROG >��@� ZKHQ JLYHQ WKH
VXEVHW WRSRORJ\� +\SRWKHVLV +� DVVXUHV WKDW WKH UHVXOW
RI DQ LPSDFW YDULHV FRQWLQXRXVO\ ZLWK UHVSHFW WR ZKHUH
LW RFFXUV RQ 6�

$V D SRLQW RI QRWDWLRQ� 
 ZLOO EH XVHG WR GHQRWH D VROX�
WLRQ RI WKH V\VWHP ���� ZKLOH 
I ZLOO GHQRWH D VROXWLRQ
RI WKH DVVRFLDWHG RUGLQDU\ GLmHUHQWLDO HTXDWLRQ�

B[  I�[�� ���

7KH SRLQW RI LQWURGXFLQJ 
I LV WKDW� nUVWO\� D ORW LV
NQRZQ DERXW VROXWLRQV RI RUGLQDU\ GLmHUHQWLDO HTXD�
WLRQV ZLWK FRQWLQXRXV ULJKW KDQG VLGHV >��@� VHFRQGO\� LQ
YLHZ RI WKH nUVW SRLQW� LW LV FRQYHQLHQW WR SURYH SURSHU�
WLHV RI ��� LQ WHUPV RI SURSHUWLHV RI ���� WKLUGO\� DW WLPHV
LQ WKH SURRIV� LW LV QHFHVVDU\ WR H[WHQG D VROXWLRQ RI ���
?WKURXJK� 6� ZKLOH WKLV GRHV QRW PDNH VHQVH IRU ����

'HnQH WKH WLPH WR LPSDFW IXQFWLRQ� 7, � ; � ,5>I�J�
E\

7,�[�� � 
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LQIIW w �M
I �W� [�� � 6J LI � W VXFK WKDW


I �W� [�� � 6
� RWKHUZLVH
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/HPPD � 6XSSRVH WKDW +\SRWKHVHV +��+� KROG� 7KHQ
7, LV FRQWLQXRXV DW SRLQWV [� ZKHUH � � 7,�[�� � �
DQG /I+�


I �7,�[��� [���� ��

3URRI� /HW q ! � EH JLYHQ� 'HnQH x[ � 

I �7,�[��� [��� DQG ZLWKRXW ORVV RI JHQHUDOLW\� VXSSRVH
WKDW /I+�x[� � �� 7KHQ� IURP WKH GHnQLWLRQ RI 7, DQG
+�� +�
I �W� [��� ! � IRU DOO � � W � 7,�[��� 7KLV LQ
WXUQ LPSOLHV WKDW� IRU DQ\ � � W� � 7,�[���

x�W�� � LQI
��W�W�

GLVW�
I �W� [��� 6� ! �� ���

VLQFH� �D� 
I �W� [�� LV FRQWLQXRXV LQ W� �E� WKH LQWHU�
YDO >�� W�@ LV FRPSDFW� DQG �F�� E\ +�� 6 LV FORVHG DQG



HTXDOV WKH ]HUR OHYHO VHW RI +� %\ +�� WKHUH H[LVWV
xq ! � VXFK WKDW 
I FDQ EH FRQWLQXHG RQ >�� 7,�[�� � xq@�
>��@� 0RUHRYHU� VLQFH /I+�x[� � �� IRU xq ! � VXp�
FLHQWO\ VPDOO� W� � 7, �[�� � xq � DQG [� � 
I �W�� [���
UHVXOW LQ +�[�� � �� )URP +�[�� � �� LW IROORZV
WKDW GLVW�[�� 6� ! �� ,I QHFHVVDU\� UHGXFH xq VR WKDW
� � xq � PLQIq� 7,�[��J� DQG GHnQH W� � 7,�[�� b xq �
DQG [� � 
I �W�� [��� )URP ���� x�W�� ! �� )URP
+�� WKH VROXWLRQV GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO
FRQGLWLRQV� 7KXV� WKHUH H[LVWV p ! �� VXFK WKDW� IRU
DOO [ � %p�[��� VXS��W�W� MM


I �W� [� b 
I �W� [��MM �
PLQIGLVW�[�� 6�� x�W�� �J� 7KHUHIRUH� IRU [ � %p�[���
W� � 7,�[� � W�� ZKLFK LPSOLHV WKDW M7,�[�b 7,�[��M �
q� HVWDEOLVKLQJ WKH FRQWLQXLW\ RI 7, DW [��

+HQFH� XQGHU +��+�� a; � I[ � ; M � � 7,�[� �
� DQG /I+�


I �7,�[�� [�� � �J LV RSHQ� ,I +� DOVR

KROGV� WKHQ a6 � cb�� a; � LV DQ RSHQ VXEVHW RI 6� ,W
LPPHGLDWHO\ IROORZV WKDW XQGHU +��+�� WKH 3RLQFDUuH
UHWXUQ PDS� 3 � a6 � 6 E\

3 �[� � 
I �7,�c�[���c�[��� ���

LV ZHOO�GHnQHG DQG FRQWLQXRXV� 1H[W� QRWH WKDW XQGHU
+��+�� LI 2 LV DQ\ SHULRGLF RUELW RI ��� WKDW LV WUDQVYHU�
VDO WR 6� WKHQ 2 | a; � 7KLV LV HVVHQWLDOO\ E\ GHnQLWLRQ�
7KXV� WKHUH H[LVWV [� � a6 WKDW JHQHUDWHV 2 LQ WKH VHQVH
WKDW c�[�� � 2� LQGHHG� [�  x2 ? a6� ,W WKXV PDNHV
VHQVH WR GHQRWH WKH RUELW E\ 2�c�[����

7KHRUHP � �0HWKRG RI 3RLQFDUuH 6HFWLRQV IRU
6\VWHPV ZLWK ,PSXOVH (mHFWV� 8QGHU +��+�� WKH
IROORZLQJ VWDWHPHQWV KROG�

D� ,I 2 LV D SHULRGLF RUELW RI ��� WKDW LV WUDQVYHUVDO WR
6� WKHQ WKHUH H[LVWV D SRLQW [� � a6 WKDW JHQHUDWHV
2�

E� [� � a6 LV D n[HG SRLQW RI 3 LI� DQG RQO\ LI� c�[��
JHQHUDWHV D SHULRGLF RUELW WKDW LV WUDQVYHUVDO WR 6�

F� [� � a6 LV D VWDEOH HTXLOLEULXP SRLQW RI [N��  
3 �[N� LI� DQG RQO\ LI� WKH RUELW 2�c�[��� LV VWDEOH
LQ WKH VHQVH RI /\DSXQRY�

G� [� � a6 LV DQ DV\PSWRWLFDOO\ VWDEOH HTXLOLEULXP
SRLQW RI [N��  3 �[N� LI� DQG RQO\ LI� WKH RUELW
2�c�[��� LV DV\PSWRWLFDOO\ VWDEOH LQ WKH VHQVH RI
/\DSXQRY�

7KH IROORZLQJ LV QHHGHG LQ WKH SURRI RI WKH WKHRUHP� )RU
2 D JLYHQ SHULRGLF RUELW WKDW LV WUDQVYHUVDO WR 6� DQG
[ � a; � GHnQH G�[� � VXS��W�7, �[� GLVW�


b�W� [��2��
1RWH WKDW G YDQLVKHV RQ 2� 1RWH DOVR WKDW IRU � � W �
7,�[�� 


b�W� [�  
I �W� [��

/HPPD � 8QGHU +��+�� G � a; � ,5 LV ZHOO�GHnQHG
DQG LV FRQWLQXRXV RQ 2�

3URRI� )RU DQ\ [� � a; � 7,�[�� LV nQLWH� DQG

I �W� [�� LV GHnQHG RQ >�� 7,�[��@� 7KLV DQG WKH
FRQWLQXLW\ RI 
I �W� [�� ZLWK UHVSHFW WR W LPSO\ WKDW
G�[�� LV nQLWH� 1H[W� OHW [� � 2 DQG q ! � EH JLYHQ�
%\ GHnQLWLRQ RI 7, � x[ � 
I �7,�[��� [�� � 6� :LWKRXW
ORVV RI JHQHUDOLW\� VXSSRVH WKDW /I+�x[� � �� /HW
s ! � EH VXFK WKDW IRU DOO � � W � s� +�
I �W� x[�� � �
DQG MMx[ b 
I �W� x[�MM � q �� 6XFK DQ s H[LVWV EH�
FDXVH� ��� +� LPSOLHV WKHUH H[LVWV s ! � VXFK WKDW

I FDQ EH FRQWLQXHG RQ >�� 7,�[�� � s@� >��@� ���
/I+�x[� � �� DQG ��� 
I �W� x[� GHSHQGV FRQWLQXRXVO\
RQ W� 'HnQH W� � 7,�[�� � s DQG [� � 
I �W�� [���
%\ +� DQG /HPPD �� WKHUH H[LVWV p ! � VXFK
WKDW IRU DOO a[ � %p�[��� VXS��W�W� MM


I �W� [�� b


I �W� a[�MM � PLQIq �J DQG 7,�a[� � W�� %\
WKH WULDQJOH LQHTXDOLW\� GLVW�
I �W� a[��2� �
GLVW�
I �W� a[�� 
I �W� [��� � GLVW�
I �W� [���2�� +HQFH�
IRU a[ � %p�[��� VXS��W�7, �a[� GLVW�


I �W� a[��2� �

VXS��W�W� GLVW�

I �W� a[�� 
I �W� [��� �

VXS��W�W� GLVW�

I �W� [���2� � q � � q �� ZKLFK

VKRZV WKDW G�a[� � q� DQG WKHUHE\ WKH FRQWLQXLW\ RI G
DW [��

3URRI� �7KHRUHP �� 7KH nUVW DQG VHFRQG VWDWHPHQWV
DUH LPPHGLDWH� 6LQFH WKH VXpFLHQF\ SRUWLRQV RI WKH
VWDWHPHQW F� DQG G� DUH VWUDLJKWIRUZDUG� RQO\ QHFHVVLW\
LV SURYHQ KHUH� 6XSSRVH WKDW 3 �[��  [�� DQG OHW 2 EH
WKH SHULRGLF RUELW RI ��� FRUUHVSRQGLQJ WR c�[��� %\
E�� WKH RUELW LV WUDQVYHUVDO WR 6� /HW q ! � EH JLYHQ�
6LQFH [� LV D VWDEOH LQ WKH VHQVH RI /\DSXQRY� IRU DQ\
xq ! �� WKHUH H[LVW p�xq� ! � VXFK WKDW� IRU DOO N w �� x[ �
%p�xq��[��?6� LPSOLHV 3

N�x[� � %q�[��?6� ZKHUH 3N LV 3
FRPSRVHG ZLWK LWVHOI N�WLPHV� ,Q SDUWLFXODU� WKLV LPSOLHV
WKDW IRU DOO x[ � %p�xq��[�� ? 6� WKHUH H[LVWV D VROXWLRQ

�W� RI ��� GHnQHG RQ >����� VXFK WKDW 
���  c�x[��
0RUHRYHU� DQ XSSHU ERXQG RQ KRZ IDU WKH VROXWLRQ 

ZDQGHUV IURP WKH RUELW 2 LV JLYHQ E\

VXS
Ww�
GLVW�
�W��2� � VXS

[�%xq�[��?6

G pc�[�� ���

%\ /HPPD �� VLQFH 2 LV WUDQVYHUVDO WR 6� DQG VLQFH
c�[�� � 2� G p c LV FRQWLQXRXV DW [�� 6LQFH G p
c�[��  �� LW IROORZV WKDW WKHUH H[LVWV xq ! � VXFK
WKDW VXS[�%xq�[��?6 G p c�[� � q� 7KLV ERXQG LV YDOLG
IRU DOO LQLWLDO FRQGLWLRQV LQ %p�xq��[�� ? 6� ,W UHPDLQV WR
SURGXFH DQ RSHQ QHLJKERUKRRG RI 2 IRU ZKLFK VXFK
D ERXQG KROGV� %XW WKLV LV HDVLO\ GRQH E\ WDNLQJ
9 � Gb��>�� p��� ZKLFK FRPSOHWHV WKH SURRI RI F�� $V�
VXPH LQ DGGLWLRQ WKDW p�xq� ! � ZDV FKRVHQ VXpFLHQWO\
VPDOO VR WKDW OLPN�� 3N�x[�  [�� 7KHQ E\ FRQWLQXLW\
RI G DQG c� OLPN�� Gpc�3N�x[��  Gpc�[��  �� IURP
ZKLFK LW HDVLO\ IROORZV WKDW OLPW�� GLVW�
�W��2�  ��
SURYLQJ G��



� %LSHG 0RGHO DQG &RQWURO 'HVLJQ

7KLV VHFWLRQ VXPPDUL]HV D PRGHO DQG D FRQWUROOHU IRU
XVH LQ DQ LOOXVWUDWLRQ RI 3RLQFDUuH
V PHWKRG� 7KH JRDO
LV WR VWXG\ WKH VWDELOLW\ RI D ZDONLQJ F\FOH IRU DQ XQGHU
DFWXDWHG� SODQDU� nYH GHJUHH RI IUHHGRP� ELSHG URERW
ZLWK D WRUVR� 7R GDWH� VWDELOLW\ RI D ZDONLQJ F\FOH KDV
RQO\ EHHQ HVWDEOLVKHG IRU 5DLEHUW
V RQH�OHJJHG�KRSSHU
>��� �� �@� DQG D ELSHG URERW ZLWKRXW D WRUVR >��� �� ��@�

��� %LSHG PRGHO
7KH URERW FRQVLVWV RI D WRUVR� KLSV� DQG WZR OHJV RI
HTXDO OHQJWK� ZLWK QR DQNOHV DQG QR NQHHV� ,W WKXV
KDV nYH GHJUHHV RI IUHHGRP� ,W LV DVVXPHG WKDW WKH
ZDONLQJ F\FOH WDNHV SODFH LQ WKH �VDJLWWDO� SODQH� ,W LV
IXUWKHU DVVXPHG WKDW WKH ZDONLQJ F\FOH FRQVLVWV RI VXF�
FHVVLYH SKDVHV RI VLQJOH VXSSRUW �PHDQLQJ RQO\ RQH OHJ
LV WRXFKLQJ WKH JURXQG�� ZLWK WKH WUDQVLWLRQ IURP RQH
OHJ WR DQRWKHU WDNLQJ SODFH LQ DQ LQnQLWHVLPDO OHQJWK RI
WLPH >��� �@� 7KLV DVVXPSWLRQ HQWDLOV WKH XVH RI D ULJLG
PRGHO WR GHVFULEH WKH LPSDFW RI WKH VZLQJ OHJ ZLWK WKH
JURXQG� 7KH PRGHO RI WKH ELSHG URERW WKXV FRQVLVWV
RI WZR SDUWV� WKH GLmHUHQWLDO HTXDWLRQV GHVFULELQJ WKH
G\QDPLFV RI WKH URERW GXULQJ WKH VZLQJ SKDVH� DQG DQ
LPSXOVH PRGHO RI WKH FRQWDFW HYHQW� 7KLV OHDGV QDW�
XUDOO\ WR D PRGHO DV D QRQOLQHDU V\VWHP ZLWK LPSXOVH
HmHFWV�

'XULQJ WKH VZLQJ SKDVH RI WKH PRWLRQ� WKH VWDQFH OHJ
LV PRGHOHG DV D SLYRW� DQG WKXV WKHUH DUH RQO\ WKUHH
GHJUHHV RI IUHHGRP� ,Q RUGHU IRU WKH VZLQJ OHJ WR PRYH
ZLWKRXW WRXFKLQJ WKH JURXQG XQWLO WKH GHVLUHG PRPHQW
RI FRQWDFW� WKH LGHD RI >��@ LV DGRSWHG KHUH� WKH VZLQJ
OHJ LV DVVXPHG WR PRYH RXW RI WKH SODQH RI IRUZDUG PR�
WLRQ� DQG LQWR WKH IURQWDO �FRURQDO� SODQH� 7KLV DOORZV
WKH VZLQJ OHJ WR FOHDU WKH JURXQG DQG EH SRVHG LQ IURQW
RI WKH VWDQFH OHJ �WKLQN RI D SHUVRQ ZLWK D FDVW RYHU
WKHLU NQHH�� ,W ZLOO EH IXUWKHU DVVXPHG WKDW WKH VZLQJ
OHJ LV GHVLJQHG WR UHHQWHU WKH SODQH RI PRWLRQ ZKHQ WKH
DQJOH RI WKH VWDQFH OHJ DWWDLQV D JLYHQ YDOXH� tG�� $O�
WHUQDWH PHDQV RI DFKLHYLQJ OHJ FOHDUDQFH LQ ULJLG OHJJHG
URERWV DUH GLVFXVVHG LQ >��� �@�

7KH GHnQLWLRQ RI WKH DQJXODU FRRUGLQDWHV DQG WKH GLV�
SRVLWLRQ RI WKH PDVVHV RI WKH OHJV� KLSV DQG WRUVR DUH LQ�
GLFDWHG LQ )LJXUH �� ,Q SDUWLFXODU� QRWH WKDW DOO PDVVHV
DUH OXPSHG� DQG SRVLWLYH DQJOHV DUH FRPSXWHG FORFN�
ZLVH ZLWK UHVSHFW WR WKH LQGLFDWHG YHUWLFDO OLQHV� 7ZR
WRUTXHV� X� DQG X�� DUH DSSOLHG EHWZHHQ WKH WRUVR DQG
WKH VWDQFH OHJ� DQG WKH WRUVR DQG WKH VZLQJ OHJ� UHVSHF�
WLYHO\� 7KH V\VWHP LV WKXV XQGHU DFWXDWHG� 7KH G\�
QDPLF PRGHO RI WKH URERW EHWZHHQ VXFFHVVLYH LPSDFWV
LV HDVLO\ GHULYHG XVLQJ WKH PHWKRG RI /DJUDQJH >��@� DQG
UHVXOWV LQ D VWDQGDUG VHFRQG RUGHU V\VWHP

'�t��t �&�t� Bt� Bt �*�t�  %X� ���

ZKHUH X  �X�� X��
�� DQG t  �t�� t�� t��

�
� t� SDUDP�

HWHUL]HV WKH VWDQFH OHJ� t� WKH VZLQJ OHJ DQG t� WKH
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)LJXUH �� 6FKHPDWLF LQGLFDWLQJ WKH GHnQWLRQ RI WKH JHQ�
HUDOL]HG FRRUGLQDWHV DQG WKH PHFKDQLFDO GDWD
RI WKH ELSHG URERW� $OO PDVVHV DUH OXPSHG�
7KH OHJV DUH V\PPHWULF� ZLWK OHQJWK U HTXDO
WR WKH OHQJWK RI WKH OLQH VHJPHQW $b2+ �DOVR�
% b 2+�� 7KH PDVV RI HDFK OHJ LV OXPSHG DW
U �� 7KH GLVWDQFH IURP WKH FHQWHU RI JUDYLW\ RI
WKH KLSV WR WKH FHQWHU RI JUDYLW\ RI WKH WRUVR�
GHQRWHG E\ O� LV WKH GLVWDQFH IURP 2+ WR 27 �

WRUVR� 7KH PDWULFHV '� &� DQG * DUH GHGXFHG IURP WKH
/DJUDJLDQ >��@� ZKLFK LV JLYHQ LQ WKH $SSHQGL[� 7KH
VHFRQG RUGHU V\VWHP ��� LV ZULWWHQ LQ VWDWH VSDFH IRUP
E\ GHnQLQJ
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7KH VWDWH VSDFH IRU WKH V\VWHP LV WDNHQ DV ; � I[ � 
�t�� ���� M t �0� � � ,5�J� ZKHUH 0  �b{�{���

7KH VHFRQG SDUW RI WKH PRGHO LQYROYHV WKH LPSDFW EH�
WZHHQ WKH VZLQJ OHJ DQG WKH JURXQG� 7KLV LV PRGHOHG
DV D FRQWDFW EHWZHHQ WZR ULJLG ERGLHV� DQG WKH VWDQ�
GDUG PRGHO IURP >��@ LV XVHG� 7KH SUHPLVHV XQGHUO\LQJ
WKLV PRGHO DUH WKDW� �D� WKH LPSDFW WDNHV SODFH RYHU
DQ LQnQLWHVLPDOO\ VPDOO SHULRG RI WLPH� �E� WKH H[WHU�
QDO IRUFHV GXULQJ WKH LPSDFW FDQ EH UHSUHVHQWHG E\ LP�
SXOVHV� �F� LPSXOVLYH IRUFHV PD\ UHVXOW LQ DQ LQVWDQWD�
QHRXV FKDQJH LQ WKH YHORFLWLHV RI WKH JHQHUDOL]HG FRRUGL�
QDWHV� EXW WKH SRVLWLRQV UHPDLQ FRQWLQXRXV� DQG �G� WKH
WRUTXHV VXSSOLHG E\ WKH DFWXDWRUV DUH QRW LPSXOVLRQDO�
,I RQH IXUWKHU DVVXPHV WKDW WKH FRQWDFW RI WKH VZLQJ OHJ
ZLWK WKH JURXQG UHVXOWV LQ QR UHERXQG DQG QR VOLSSLQJ
RI WKH VZLQJ OHJ� DQG WKH VWDQFH OHJ QDWXUDOO\ OLIWLQJ
IURP WKH JURXQG ZLWKRXW LQWHUDFWLRQ� DQ H[SUHVVLRQ IRU
[�� WKH SRVLWLRQ DQG YHORFLW\ MXVW DIWHU WKH LPSDFW� FDQ
EH FRPSXWHG IURP [b� WKH SRVLWLRQ DQG YHORFLW\ MXVW



EHIRUH WKH LPSDFW >��@� )LQDOO\� VLQFH WKH FRRUGLQDWH
GHnQWLRQ DVVXPHV WKDW t� FRUUHVSRQGV WR WKH VWDQFH OHJ
DQG t� WR WKH VZLQJ OHJ� LW LV QHFHVVDU\ WR GR D FRRUGL�
QDWH WUDQVIRUPDWLRQ DIWHU WKH LPSDFW� ZKLFK DPRXQWV
WR VZDSSLQJ WKH nUVW WZR SRVLWLRQ FRRUGLQDWHV� DQG WKH
nUVW WZR YHORFLW\ FRRUGLQDWHV� UHVSHFWLYHO\� 7KH nQDO
UHVXOW LV H[SUHVVHG DV c � 6 � ; � ZKHUH

6 � I�t��� � ; M t�  tG�J� ����

ZKLFK FOHDUO\ VDWLVnHV +� ZLWK +�[�  t� b tG�� DQG
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ZLWK ��
� � �

�
� DQG ��

� VSHFLnHG LQ WKH $SSHQGL[� ,W LV
FOHDU WKDW +� LV VDWLVnHG�

��� &RQWUROOHU GHVLJQ
7KH JRDO RI WKH FRQWURO GHVLJQ LV WZRIROG� ��� WR LQGXFH
DQ DV\PSWRWLFDOO\ VWDEOH SHULRGLF RUELW� DQG ���� WR ID�
FLOLWDWH WKH YHULnFDWLRQ RI WKH H[LVWHQFH DQG VWDELOLW\
SURSHUWLHV RI WKH RUELW� $W LWV PRVW EDVLF OHYHO� ZDON�
LQJ FRQVLVWV RI WZR WKLQJV >��@� SRVWXUH FRQWURO� WKDW
LV� PDLQWDLQLQJ WKH WRUVR LQ D VHPL�HUHFW SRVLWLRQ� DQG
VZLQJ OHJ DGYDQFHPHQW� WKDW LV� FDXVLQJ WKH VZLQJ OHJ
WR FRPH IURP EHKLQG WKH VWDQFH OHJ� SDVV LW E\ D FHU�
WDLQ DPRXQW� DQG SUHSDUH IRU FRQWDFW ZLWK WKH JURXQG�
7KH VLPSOHVW YHUVLRQ RI SRVWXUH FRQWURO LV WR PDLQWDLQ
WKH DQJOH RI WKH WRUVR DW VRPH FRQVWDQW YDOXH� VD\ tG��
ZKLOH WKH VLPSOHVW YHUVLRQ RI VZLQJ OHJ DGYDQFHPHQW
LV WR FRPPDQG WKH VZLQJ OHJ WR EHKDYH DV WKH PLUURU
LPDJH RI WKH VWDQFH OHJ� WKDW LV� t�  bt�� 7KXV WKH
?EHKDYLRU� RI ZDONLQJ ZLOO EH ?HQFRGHG� LQWR WKH G\�
QDPLFV RI WKH URERW E\ GHnQLQJ RXWSXWV >��� ��� ��� ��@�
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ZLWK WKH FRQWURO REMHFWLYH EHLQJ WR GULYH WKH RXWSXWV WR
]HUR� 2I FRXUVH� WKH LGHD RI EXLOGLQJ LQ D G\QDPLF EH�
KDYLRU RI D V\VWHP WKURXJK WKH MXGLFLRXV GHnQLWLRQ RI D
VHW RI RXWSXWV� ZKLFK ZKHQ QXOOHG \LHOGV D GHVLUHDEOH LQ�
WHUQDO EHKDYLRU� LV QRW QRYHO LQ FRQWURO >��@ QRU URERWLFV
>�� ��� ��� �� ��� ��� ��@� 7KH UHVXOW IRU WKH ELSHG LV HV�
VHQWLDOO\ WR XVH WKH V\VWHP LWVHOI DV LWV RZQ WUDMHFWRU\
JHQHUDWRU� DV RSSRVHG WR WUDFNLQJ SUH�FRPSXWHG UHIHU�
HQFH WUDMHFWRULHV� 7KLV LGHD VHHPV WR EH DQ HVVHQWLDO
VWHS IRU SURYLQJ DQ\WKLQJ DERXW WKH WUDMHFWRULHV RI WKH
FORVHG�ORRS V\VWHP >�� �� ��� ��@�

6LQFH WKH V\VWHP ���� FRPHV IURP WKH VHFRQG RUGHU
PRGHO ���� DQG WKH RXWSXWV ���� RQO\ GHSHQG XSRQ t� LW
IROORZV WKDW WKH UHODWLYH GHJUHH RI HDFK RXWSXW FRPSR�
QHQW LV HLWKHU WZR RU LQnQLWH� 'LUHFW FRPSXWDWLRQ JLYHV

WKDW >��� ��� ��@

�\  /�
IK�[� �/J/IK�[�X ����

DQG WKH GHWHUPLQDQW RI WKH GHFRXSOLQJ PDWUL[� /J/IK�
LV IXUWKHU FRPSXWHG WR EH

bU �U0+ � UP� U07 � O07 FRV�t� b t��� �

7KXV� WKH GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH IRU DOO [ � ;
DV ORQJ DV � � O07 � U�P�07 �0+ �� ZKLFK LPSRVHV
D YHU\ PLOG FRQVWUDLQW RQ WKH SRVLWLRQ RI WKH FHQWHU
RI JUDYLW\ RI WKH XSSHU ERG\ RI WKH URERW LQ UHODWLRQ
WR WKH OHQJWK RI LWV OHJV� 7KLV OHDGV WR WKH IROORZLQJ
K\SRWKHVLV�

+\SRWKHVLV &+��� 7KH GHFRXSOLQJ PDWUL[ LV JOREDOO\
LQYHUWLEOH�

)URP QRZ RQ� LW LV VXSSRVHG WKDW &+� LV PHW� 7KHUH�
IRUH� VWDELOL]LQJ G\QDPLFV IRU WKH RXWSXW RI V\VWHP ����
FDQ EH DVVLJQHG� 7KH HDVLHVW ZD\ WR GR WKLV LV WR nUVW
GHFRXSOH WKH V\VWHP >��� ��� ��@ DQG WKHQ LPSRVH D GH�
VLUHG G\QDPLF UHVSRQVH� ,Q SUHSDUDWLRQ IRU GRLQJ WKLV�
QRWH WKDW j �0 � ,5� E\
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LV D GLmHRPRUSKLVP RQWR LWV UDQJH� :LWK WKLV FRRUGL�
QDWH WUDQVIRUPDWLRQ� DQG XSRQ GHnQLQJ
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WKH V\VWHP FDQ EH ZULWWHQ LQ WKH GHFRXSOHG�IRUP�
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�t�
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7KH QH[W VWHS LV WR LPSRVH D FRQWLQXRXV IHHGEDFN
Y  Y�\� B\� RQ ����� DQG WKXV RQ ���� VR WKDW WKH SDLU RI
GRXEOH LQWHJUDWRUV �\  Y LV JOREDOO\ nQLWH�WLPH VWDEL�
OL]HG >�� �@� 7KLV ZLOO FROODSVH WKH LPDJH RI WKH 3RLQFDUuH
UHWXUQ PDS WR D RQH�GLPHQVLRQDO VHW�

+\SRWKHVHV� 7KH FORVHG�ORRS SDLU RI GRXEOH LQWHJUD�
WRUV� �\  Y�\� B\�� VDWLVnHV WKH IROORZLQJ FRQGLWLRQV�

&+�� VROXWLRQV JOREDOO\ H[LVW RQ ,5�� DQG DUH XQLTXH�

&+�� VROXWLRQV GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO FRQ�
GLWLRQV�

&+�� WKH RULJLQ LV JOREDOO\ DV\PSWRWLFDOO\ VWDEOH� DQG
FRQYHUJHQFH LV DFKLHYHG LQ nQLWH WLPH�

&+�� WKH VHWWOLQJ WLPH IXQFWLRQ�� 7VHW � ,5� � ,5 E\

7VHW�\�� B\�� � LQIIW ! � M �\�W�� B\�W��  ��� ���

�\���� B\����  �\�� B\��J

GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ�
�\�� B\���

�7KDW LV� WKH WLPH LW WDNHV IRU D VROXWLRQ LQLWLDOL]HG DW �\�� B\��
WR FRQYHUJH WR WKH RULJLQ� 7KH WHUPLQRORJ\ LV WDNHQ IURP >�@�



+\SRWKHVHV &+��&+� FRUUHVSRQG WR WKH GHnQLWLRQ RI
nQLWH�WLPH VWDELOLW\ >��� �@� &+� ZLOO DOVR EH QHHGHG�
EXW LV QRW LPSOLHG E\ &+��&+� >�@� 7KHVH UHTXLUH�
PHQWV UXOH RXW WUDGLWLRQDO VOLGLQJ PRGH FRQWURO� ZLWK
LWV ZHOO�NQRZQ GLVFRQWLQXRXV DFWLRQ� $ PHDQV RI PHHW�
LQJ WKHVH IRXU REMHFWLYHV FDQ EH IRXQG LQ >�� �@� /HW
�L�[�� [��� L  ���� EH DQ\ IHHGEDFNV IRU WKH SDLU RI
GRXEOH LQWHJUDWRUV LQ ���� VR WKDW� ZLWK
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&+��&+� DUH VDWLVnHG IRU �\  Y� 'HnQH D IHHGEDFN RQ
����� DQG KHQFH RQ ��� DV ZHOO� E\

X�[� � �/J/IK�[��
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IK�[�
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DQG GHQRWH WKH ULJKW�KDQG VLGH RI WKH FORVHG�ORRS E\

IFO�[� � I�[� � J�[�X�[�� ����

)LQDOO\� GHnQH

7 FO
VHW�[� � PD[I7VHW�K��/IK��� 7VHW�K��/IK��J ����

LQ WKH REYLRXV ZD\� ,W IROORZV WKDW 7 FO
VHW�[� LV D FRQWLQ�

XRXV IXQFWLRQ RI [�

� $SSOLFDWLRQ RI 3RLQFDUuH
V 0HWKRG WR WKH
%LSHG 5RERW

7KH PRGHO RI WKH ELSHG URERW LQ FORVHG ORRS ZLWK WKH
FRQWUROOHU LV WKXV�

hFO �

|
B[�W�  IFO�[�W�� [b�W��� 6
[��W�  c�[b�W�� [b�W� � 6�

����

,Q WKLV VHFWLRQ� WKH PHWKRG RI 3RLQFDUuH VHFWLRQV ZLOO
EH DSSOLHG WR DQDO\]H WKH H[LVWHQFH DQG VWDELOLW\ RI SH�
ULRGLF RUELWV� 7KH nQLWH�WLPH FRQYHUJHQFH SURSHUW\ RI
WKH FRQWUROOHU ZLOO EH H[SORLWHG WR GHGXFH SURSHUWLHV RI
WKH VROXWLRQV RI ���� E\ VWXG\LQJ WKH VROXWLRQV RI

B[�W�  IFO�[�W�� ����

FRUUHVSRQGLQJ WR D RQH�GLPHQVLRQDO VXEVHW RI LQLWLDO
FRQGLWLRQV�

��� $QDO\VLV tD OD 3RLQFDUuH ZLWK D nQLWH�WLPH VWD�
ELOL]LQJ FRQWUROOHU
7KH nUVW VWHS LQ WKH DQDO\VLV LV WR YHULI\ WKDW +\SRWKH�
VHV +��+� KROG IRU WKH FORVHG�ORRS V\VWHP ����� ,W
FDQ EH UHDGLO\ VKRZQ WKDW FRQWLQXLW\ RI WKH IHHGEDFN
���� SOXV +\SRWKHVHV &+��&+� LPSO\ +� DQG +�� +\�
SRWKHVHV +� DQG +� ZHUH YHULnHG LQ 6HFWLRQ �� 7KXV
7KHRUHP � LV DSSOLFDEOH� 7KH VHFRQG VWHS LQ WKH DQDO�
\VLV LV WR VLPSOLI\ WKH DSSOLFDWLRQ RI WKH WKHRUHP� 7KLV
LV DFKLHYHG E\ VWXG\LQJ WKH LPDJH RI WKH 3RLQFDUuH UH�
WXUQ PDS LQ WKH FDVH WKDW WKH FRQWUROOHU KDV KDG VXp�
FLHQW WLPH WR FRQYHUJH� &RQYHUJHQFH RI WKH FRQWUROOHU LV
HTXLYDOHQW WR WKH RXWSXWV� ����� EHLQJ LGHQWLFDOO\ ]HUR�

7KH LQWHUQDO G\QDPLFV RI WKH V\VWHP ���� FRPSDWLEOH
ZLWK WKH RXWSXW ���� EHLQJ LGHQWLFDOO\ ]HUR LV FDOOHG
WKH ]HUR G\QDPLFV >��@� DQG WKH VWDWH VSDFH RQ ZKLFK
WKH ]HUR G\QDPLFV HYROYHV LV FDOOHG WKH ]HUR G\QDPLFV
PDQLIROG� )RU WKH ELSHG PRGHO XQGHU VWXG\� WKH ]HUR
G\QDPLFV PDQLIROG LV FRPSXWHG IURP ���� WR EH
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1RWH WKDW WKH IHHGEDFN ���� PDNHV = DQ LQYDULDQW PDQ�
LIROG RI ����� ZKLOH WKH VDPH IHHGEDFN GRHV QRW UHQGHU
= LQYDULDQW IRU ��� VLQFH c GRHV QRW PDS = ? 6 LQWR
=� 7KH ]HUR G\QDPLFV LWVHOI ZLOO QRW EH FRPSXWHG KHUH
VLQFH LW LV QRW QHHGHG GLUHFWO\ LQ WKH VWDELOLW\ DQDO\VLV�

/HPPD � 8QGHU +\SRWKHVHV &+��&+�� DQG +��+�

�� 7KH VHW

A6 � I[� � 6 M 7VHW�[�� � 7,�[�� ���

/I+��
I �7,�[��� [���� �J ����

LV DQ RSHQ VXEVHW RI a6�

�� /HW 3 � a6 � 6 EH WKH 3RLQFDUuH UHWXUQ PDS� 7KHQ
3 � A6 � 6 ? =�

7KH VWUDLJKWIRUZDUG SURRI LV VNLSSHG� 1RWH WKDW LQ
WHUPV RI WKH RULJLQDO FRRUGLQDWHV �t��� RI WKH URERW�
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|�[e�  [e� 6XSSRVH WKDW IRU VRPH [� � A6� WKH VH�
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VWDEOH �UHVS�� DV\PSWRWLFDOO\ VWDEOH� HTXLOLEULXP SRLQW
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ELWV WKDW DUH WUDQVYHUVDO WR A6 FDQ EH UHGXFHG WR WKH
DQDO\VLV RI D RQH�GLPHQVLRQDO PDS� 7KHVH UHVXOWV DUH
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7LPH &RQWURO� &RQVLGHU WKH ELSHG URERW PRGHO RI
6HFWLRQ �� 'HnQH RXWSXWV VXFK WKDW +\SRWKHVLV &+� LV
PHW� 6XSSRVH WKDW D FRQWLQXRXV� nQLWH�WLPH VWDELOL]LQJ
IHHGEDFN LV DSSOLHG� DQG WKDW +\SRWKHVHV &+��&+� DUH
PHW� 'HnQH =� A6 DQG | DV LQ ����� ���� DQG �����
UHVSHFWLYHO\� 7KHQ�
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YHUJH RYHU WKH ZDONLQJ F\FOH� WKH IXQFWLRQ | RI 7KH�
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)LJXUH � GLVSOD\V WKH IXQFWLRQ w� LW DOVR GLVSOD\V WKH
UHODWHG IXQFWLRQ pw��b� � � w��b� � b �b� � ZKLFK UHSUH�
VHQWV WKH FKDQJH LQ YHORFLW\ RYHU VXFFHVVLYH F\FOHV� IURP
MXVW EHIRUH DQ LPSDFW WR MXVW EHIRUH WKH QH[W RQH� ,W LV
VHHQ WKDW w LV XQGHnQHG IRU �b� OHVV WKDQ DSSUR[LPDWHO\
���� UDGLDQV�VHFRQG �IRU LQLWLDO �b� OHVV WKDQ WKLV YDOXH�
WKH URERW IHOO EDFNZDUGV�� 7KH SORW ZDV WUXQFDWHG DW �
UDGLDQV�VHFRQG EHFDXVH QRWKLQJ LQWHUHVWLQJ RFFXUV EH�
\RQG WKLV SRLQW �H[FHSW DQ XSSHU ERXQG RQ LWV GRPDLQ
RI H[LVWHQFH ZLOO HYHQWXDOO\ RFFXU GXH WR WKH FRQWUROOHU
QRW KDYLQJ HQRXJK WLPH WR VHWWOH RYHU RQH ZDONLQJ F\�
FOH�� $ n[HG SRLQW RFFXUV DW DSSUR[LPDWHO\ ��� UDGL�
DQV�VHFRQG� DQG� IURP WKH JUDSK RI w� LW FOHDUO\ FRUUH�
VSRQGV WR DQ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ F\FOH� 7KLV
LV VXSSRUWHG E\ VLPXODWLRQ�
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)LJXUH �� )URP HLWKHU JUDSK� LW LV VHHQ WKDW WKHUH H[LVWV
D SHULRGLF RUELW DQG WKDW LW LV DV\PSWRWLFDOO\
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-�:� *UL]]OH ZDV VXSSRUWHG LQ SDUW E\ DQ 16) *2$/,
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