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$XWRPRWLYH HPLVVLRQV DUH VWULQJHQWO\ UHJXODWHG� 6LQFH
����� D WKUHH�ZD\ FDWDO\VW �7:&� KDV EHHQ XVHG WR
FRQYHUW KDUPIXO HPLVVLRQV RI K\GURFDUERQV� FDUERQ
PRQR[LGH� DQG R[LGHV RI QLWURJHQ LQWR OHVV KDUPIXO
JDVHV LQ RUGHU WR PHHW WKHVH UHJXODWLRQV� 7KH 7:&
V
HpFLHQF\ RI FRQYHUVLRQ RI WKHVH JDVHV LV SULPDULO\ GH�
SHQGHQW RQ WKH PDVV UDWLR RI DLU WR IXHO �$ ) � LQ WKH
PL[WXUH OHDYLQJ WKH H[KDXVW PDQLIROG DQG HQWHULQJ WKH
FDWDO\VW� 7KLV SDSHU GHYHORSV D PHWKRG E\ ZKLFK D G\�
QDPLF 7:& PRGHO FDQ EH XVHG IRU GLDJQRVWLF SXUSRVHV�
7KLV GLDJQRVWLF PHWKRG LV DQDO\]HG LQ WKH FRQWH[W RI D
K\SRWKHVLV WHVW WKDW LV EDVHG RQ WKH R[\JHQ VWRUDJH FD�
SDFLW\ RI WKH 7:&� 7KH 1H\PDQ�3HDUVRQ FULWHULRQ LV
XVHG DV WKH EDVLV IRU WKLV K\SRWKHVLV WHVW� ,W LV LQLWLDOO\
DSSOLHG LQ WKH FDVH RI D VLQJOH VDPSOH ZKHUH WKH YDUL�
DQFH RI WKH GDWD LV DVVXPHG WR EH NQRZQ� 7KLV LV WKHQ
H[SDQGHG WR D PXOWLSOH�VDPSOH FDVH WKURXJK WKH XVH RI
6WXGHQW
V W WHVW� 7KH LPSURYHG nGHOLW\ RI WKH W WHVW LV
GHPRQVWUDWHG� DQG LW LV VKRZQ WKDW ODUJHU VDPSOH VL]HV
SURYLGH IXUWKHU LPSURYHPHQW LQ WKH TXDOLW\ RI WKH K\�
SRWKHVLV WHVW�

� ,QWURGXFWLRQ

3DUW RI WKH LQFUHDVLQJO\ WLJKW DXWRPRWLYH HPLVVLRQV FRQ�
WURO VWDQGDUGV LQFOXGHV D UHTXLUHPHQW WR PRQLWRU WKH
FRQGLWLRQ RI WKH FDWDO\VW� ,Q DGGLWLRQ WR WKH UHTXLUH�
PHQW WKDW D VSHFLnF WDLOSLSH HPLVVLRQV OHYHO EH PHW�
DXWRPRELOH PDQXIDFWXUHUV DUH UHTXLUHG WR GLDJQRVH GH�
nFLHQFLHV LQ WKH SHUIRUPDQFH RI WKH HPLVVLRQV FRQWURO
V\VWHP�

7KLV SDSHU SURSRVHV D PHWKRG IRU GLDJQRVLV RI D WKUHH�
ZD\ FDWDO\VW �7:&�� WKH PDMRU FRPSRQHQW RI WKH HPLV�
VLRQV FRQWURO V\VWHP� 8VLQJ D G\QDPLF 7:& PRGHO�
D K\SRWKHVLV WHVW LV SURSRVHG WKDW SURYLGHV D EDVLV IRU
VWDWLVWLFDO FRQnGHQFH LQ WKH FRQGLWLRQ RI WKH 7:&� 6HF�
WLRQ � SURYLGHV D EULHI GHVFULSWLRQ RI WKH 7:& PRGHO
WKDW LV XVHG IRU WKLV VWXG\� 6HFWLRQV �^� SURYLGH D EDVLF
GHVFULSWLRQ RI WKH JHQHUDO K\SRWKHVLV WHVWLQJ SUREOHP

�(� 3� %UDQGW LV ZLWK WKH $XWRPRWLYH DQG ,QGXVWULDO (OHF�
WURQLFV *URXS� 0RWRUROD� ����� 0HUFDQWLOH 'ULYH� 'HDUERUQ� 0,
����������� 86$� (�PDLO� (ULFK�%UDQGW#PRWRUROD�FRP �

�-� :� *UL]]OH LV ZLWK WKH (OHFWULFDO (QJLQHHULQJ DQG &RP�
SXWHU 6FLHQFH 'HSDUWPHQW� 8QLYHUVLW\ RI 0LFKLJDQ� $QQ $UERU�
0, ����������� 86$� (�PDLO� JUL]]OH#HHFV�XPLFK�HGX � 7KH
ZRUN RI -�:� *UL]]OH ZDV VXSSRUWHG LQ SDUW E\ DQ 16) *2$/,
JUDQW� (&6���������

DQG LWV UHOHYDQFH WR WKLV ZRUN� DSSO\LQJ WKH K\SRWKH�
VLV WHVWLQJ IUDPHZRUN WR WKH 7:& GLDJQRVWLFV SUREOHP�
6HFWLRQ � HQKDQFHV WKLV ZRUN E\ VKRZLQJ WKH LPSURYH�
PHQW WKDW UHVXOWV WKURXJK WKH XVH RI PXOWLSOH VDPSOHV�

� 2[\JHQ VWRUDJH PRGHO

7KH PRGHO WKDW LV VXPPDUL]HG KHUH ZDV LQLWLDOO\ SUR�
SRVHG LQ >�@ DQG ZDV GHYHORSHG IXUWKHU LQ >�� �@� EDVHG
RQ LQLWLDO ZRUN LQ >�@� 7KH UHDGHU LV UHIHUUHG WR WKHVH
ZRUNV IRU D PRUH GHWDLOHG GLVFXVVLRQ�

2[\JHQ VWRUDJH DQG UHOHDVH� WKH SURSHUW\ RI R[\JHQ DW�
WDFKLQJ WR PHWDO DQG FHULXP VLWHV LQ WKH FDWDO\VW XQGHU
OHDQ FRQGLWLRQV� WKHUHE\ GHFUHDVLQJ WKH $ ) �RU HQULFK�
LQJ WKH PL[WXUH�� DQG WKH UHOHDVH RI R[\JHQ XQGHU ULFK
FRQGLWLRQV� WKHUHE\ HQOHDQLQJ WKH PL[WXUH� LV DQ LPSRU�
WDQW IHDWXUH RI PRGHUQ FDWDO\WLF FRQYHUWHUV IRU YHKLFOH
DSSOLFDWLRQV� 7KH JRDO RI WKH R[\JHQ VWRUDJH PRGHO LV
WR FDSWXUH WKLV SURSHUW\ LQ D FRQFLVH DQG VXpFLHQWO\
DFFXUDWH PDQQHU�

/HW � � d � � EH WKH IUDFWLRQ RI R[\JHQ VLWHV RFFXSLHG
LQ WKH FDWDO\VW� DOWHUQDWHO\ GHQRWHG 52/ �ZKLFK VWDQGV
IRU UHODWLYH R[\JHQ OHYHO�� 7KH R[\JHQ VWRUDJH FDSDFLW\
LV PRGHOHG DV D OLPLWHG LQWHJUDWRU LQ WKH IROORZLQJ ZD\�
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q 0$) GHQRWHV WKH PDVV DLU oRZ UDWH� XVHG WR DS�
SUR[LPDWH WKH oRZ UDWH RI WKH PL[WXUH HQWHULQJ
WKH 7:&�

q & UHSUHVHQWV WKH HmHFWLYH FDWDO\VW ?FDSDFLW\�� RU
WKH YROXPH RI DFWLYH VLWHV IRU R[\JHQ VWRUDJH� H[�
SUHVVHG LQ WHUPV RI WKH PDVV RI R[\JHQ WKDW FDQ
EH VWRUHG LQ WKH FDWDO\VW�

q | GHVFULEHV WKH H[FKDQJH RI R[\JHQ EHWZHHQ WKH
H[KDXVW JDV DQG WKH FDWDO\VW�

q DQG w GHQRWHV WKH UHODWLYH DLU�IXHO UDWLR� RU HTXLY�
DOHQFH UDWLR� ZLWK VWRLFKLRPHWU\ DW w  � �WKH
VXEVFULSW )* UHIHUV WR WKH IHHGJDV� RU SUH�FDWDO\VW
PHDVXUHPHQW��



7KH HmHFWLYH 7:& YROXPH SDUDPHWHU� &� LV H[SUHVVHG
DV D IXQFWLRQ RI 0$) LQ RUGHU WR DFFRXQW IRU DQ RE�
VHUYHG LQFUHDVH LQ HmHFWLYH YROXPH DW KLJK oRZ UDWHV�
7KH EUHDNWKURXJK WLPHV DW PHGLXP oRZ DQG KLJK oRZ
UDWHV DUH WKH VDPH� EXW WKH EUHDNWKURXJK WLPHV DW ORZ
oRZ UDWHV DUH ORQJHU� 7KLV ZRXOG VHHP WR LQGLFDWH WKDW
WKH HmHFWLYH YROXPH LQFUHDVHV DV oRZ UDWH LQFUHDVHV
SDVW D FHUWDLQ SRLQW� 7KLV HmHFW LV GLVFXVVHG LQ GHWDLO
LQ >�� �@� 2QH SRVVLEOH SK\VLFDO H[SODQDWLRQ LV WKDW DW
KLJKHU oRZ UDWHV� WKH DLU�IXHO PL[WXUH LV DEOH WR GHSRVLW
RU H[WUDFW R[\JHQ IURP PRUH RI WKH FDWDO\WLF PDWHULDO
WKDQ LV DFFHVVLEOH DW WKH ORZHU oRZ UDWHV� 7KLV FDQ EH
KDQGOHG PDWKHPDWLFDOO\ E\ VHWWLQJ & WR D FRQVWDQW DW
ORZ oRZ� WKHQ SDVW D VSHFLnF WKUHVKROG �IRXQG WR EH ��
OEP�KU�� & ZRXOG EH LQFUHDVHG E\ D TXDQWLW\ VXpFLHQW
WR PDLQWDLQ WKH VDPH EUHDNWKURXJK WLPH� ,Q RUGHU WR
VLPSOLI\ WKH PRGHO VWUXFWXUH� WKLV HmHFW LV FRPELQHG
ZLWK WKH 0$) WHUP E\ DSSO\LQJ D VDWXUDWLRQ IXQFWLRQ
WR WKH 0$) LQSXW YDOXH� $ IXQFWLRQ IVDW�0$) � LV
FUHDWHG WKDW LV H[DFWO\ HTXDO WR0$) EHORZ �� OEP�KU
EXW PDLQWDLQV WKH YDOXH RI �� OEP�KU ZKHQ0$) ! ��
OEP�KU�

7KH IXQFWLRQ | LV PRGHOHG DV
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ZLWK � � I/ � � UHSUHVHQWLQJ WKH IUDFWLRQ RI R[\JHQ
�FRPELQHG RU IUHH� IURP WKH IHHGJDV VWLFNLQJ WR D VLWH
LQ WKH FDWDO\VW� DQG � � I5 � � UHSUHVHQWLQJ WKH IUDF�
WLRQ RI R[\JHQ EHLQJ UHOHDVHG IURP WKH FDWDO\VW DQG
UHFRPELQLQJ ZLWK WKH IHHGJDV� ,Q ���� I/ DQG I5 YDU\
ZLWK WKH SHUFHQWDJH RI RFFXSLHG R[\JHQ VLWHV� ,Q WKH
PRGHO� I/ LV DVVXPHG WR EH PRQRWRQLFDOO\ GHFUHDVLQJ�
ZLWK YDOXH RQH DW d  � DQG ]HUR DW d  �� DQG I5
LV DVVXPHG WR EH PRQRWRQLFDOO\ LQFUHDVLQJ� ZLWK YDOXH
]HUR DW d  � DQG RQH DW d  �� 7KH SDUDPHWHUV m/
DQG m5 DUH LQFOXGHG WR UHSUHVHQW WKH IDFW WKDW WKH FDWD�
O\VW
V VWRUDJH DQG UHOHDVH UDWHV RI R[\JHQ DUH GLmHUHQW�
ZLWK WKH UHOHDVH UDWH QRUPDOO\ EHLQJ KLJKHU WKDQ WKH
VWRUDJH UDWH� 7KH GLmHUHQFH LQ EUHDNWKURXJK WLPHV FDQ
EH KDQGOHG E\ DOORZLQJ & WR WDNH GLmHUHQW YDOXHV RQ
GLmHUHQW VLGHV RI VWRLFKLRPHWU\� 7KH GLmHUHQFHV LQ DG�
VRUSWLRQ DQG GHVRUSWLRQ UDWHV DUH GXH WR WKH GLmHUHQFH
EHWZHHQ WKH SURFHVVHV E\ ZKLFK R[\JHQ LV DGVRUEHG DQG
UHOHDVHG >�@�

7KH VSHFLnF HTXDWLRQV WKDW KDYH EHHQ VHOHFWHG IRU I/
DQG I5� DUH DV IROORZV�
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7KH TXDQWLW\ ����d0$) d �� b �
w)*

�� ZKLFK FDQ EH

UHDUUDQJHG WR ����d0$) d cw)*
w)*

� UHSUHVHQWV WKH GLI�
IHUHQWLDO PDVV oRZ UDWH RI R[\JHQ �FRPELQHG RU IUHH� LQ

WKH IHHGJDV ZLWK UHVSHFW WR VWRLFKLRPHWU\� :KHQ PXO�
WLSOLHG E\ |� LW JLYHV WKH PDVV oRZ UDWH RI R[\JHQ WKDW
LV GHSRVLWHG LQ �RU UHOHDVHG IURP� WKH FDWDO\VW� $IWHU
VRPH PDQLSXODWLRQV� RQH DUULYHV DW WKH IROORZLQJ HTXD�
WLRQ IRU GLUHFW FRPSXWDWLRQ RI WDLOSLSH $ ) �

w73  w)* b |�w)*�d�d �w)* b ��� ���

7KH $ ) RI WKH H[KDXVW IHHGJDV �SUH�FDWDO\VW� LV D
ZHOO�GHnQHG TXDQWLW\ VLQFH PDVV LV FRQVHUYHG GXULQJ
WKH FRPEXVWLRQ SURFHVV� 7KH QRWLRQ RI WKH ?$ )� RI
WKH WDLOSLSH H[KDXVW �SRVW�FDWDO\VW� LV OHVV FOHDU EH�
FDXVH PDVV LV QRW LQVWDQWDQHRXVO\ FRQVHUYHG WKURXJK
WKH 7:&� LQGHHG� R[\JHQ LV VWRUHG DQG UHOHDVHG LQ WKH
FDWDO\VW� %\ $ ) IRU D JLYHQ YROXPH RI H[KDXVW JDV DW
WKH WDLOSLSH LV PHDQW WKH PDVV UDWLR RI R[\JHQ WR K\GUR�
JHQ DQG FDUERQ� ZKHWKHU IUHH RU FRPELQHG� GLYLGHG E\
����� :KHQ DSSOLHG WR WKH IHHGJDV IRU VWDQGDUG JDVR�
OLQH� WKLV \LHOGV WKH VWDQGDUG PHDVXUHPHQW� ,I WKH IXHO
LV R[\JHQDWHG �UHIRUPXODWHG JDVROLQH�� D RQH� WR WZR�
SHUFHQW FRUUHFWLRQ WR WKLV ZRXOG QHHG WR EH DGGHG�

)RU WKLV R[\JHQ VWRUDJH PRGHO� WKH HmHFWV RI IHHGJDV
DQG FDWDO\VW WHPSHUDWXUH DUH QRW LQFOXGHG� 7KH EORFN
GLDJUDP UHSUHVHQWDWLRQ RI WKH R[\JHQ VWRUDJH VXEPRGHO
LV VKRZQ DV )LJ� ��
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)LJXUH �� 6WUXFWXUH RI WKH R[\JHQ VWRUDJH VXEPRGHO�

� %DVLFV RI K\SRWKHVLV WHVWLQJ

,Q D W\SLFDO K\SRWKHVLV WHVWLQJ SUREOHP� D GHFLVLRQ KDV
WR EH PDGH UHJDUGLQJ WKH VRXUFH RI DQ REVHUYDWLRQ RU D
VHW RI REVHUYDWLRQV� $ K\SRWKHVLV FDQ EH WKRXJKW RI DV D
VWDWHPHQW DERXW WKH VRXUFH RI WKH REVHUYDWLRQV� ,Q WKLV
SDSHU� WKH SUREOHP ZLOO EH OLPLWHG WR D GHFLVLRQ EHWZHHQ
WZR SRVVLEOH VRXUFHV RI REVHUYDWLRQV� NQRZQ DV D ELQDU\
K\SRWKHVLV WHVW >�@� ,Q WKLV FDVH� WKH WZR K\SRWKHVHV ZLOO
EH UHSUHVHQWHG DV +� DQG +�� +� LV DVVXPHG WR EH WKH
RULJLQDO DVVHUWLRQ� RU WKH QXOO K\SRWKHVLV� +� LV FDOOHG



WKH DOWHUQDWH K\SRWKHVLV� ,Q JHQHUDO� +� LV DVVXPHG WR
EH WUXH XQWLO VXpFLHQW VWDWLVWLFDO HYLGHQFH LV JDWKHUHG
WR UHMHFW +�� FRUUHVSRQGLQJO\ DFFHSWLQJ +�� JLYHQ WKH
REVHUYDWLRQV�

$ FRPPRQ XVH RI K\SRWKHVLV WHVWLQJ LV LQ UDGDU GHWHF�
WLRQ� +� FRUUHVSRQGV WR WKH DVVHUWLRQ WKDW D WDUJHW LV
QRW SUHVHQW� DQG +� FRUUHVSRQGV WR WKH DVVHUWLRQ WKDW
D WDUJHW LV SUHVHQW� ,Q WKLV SDSHU� +� UHSUHVHQWV WKH
DVVHUWLRQ WKDW WKH 7:& LV IXQFWLRQLQJ SURSHUO\� DQG
+� UHSUHVHQWV WKH DVVHUWLRQ WKDW WKH 7:& LV QRW IXQF�
WLRQLQJ SURSHUO\� -XVW DV D WDUJHW LV DVVXPHG WR EH
DEVHQW XQWLO HYLGHQFH ?SURYHV� RQH WR EH SUHVHQW �ZLWK
D FHUWDLQ GHJUHH RI VWDWLVWLFDO FRQnGHQFH�� WKH 7:&
LV DVVXPHG WR EH SURSHUO\ IXQFWLRQLQJ XQWLO VWDWLVWLFDO
HYLGHQFH VKRZV D GHnFLHQF\ LQ WKH 7:&
V RSHUDWLRQ�

6XSSRVH WKDW FRUUHVSRQGLQJ WR HDFK K\SRWKHVLV WKHUH LV
DQ REVHUYDWLRQ� D UDQGRP YDULDEOH� =� WKDW LV JHQHUDWHG
DFFRUGLQJ WR VRPH SUREDELOLVWLF ODZ� 7KH K\SRWKHVLV
WHVWLQJ SUREOHP LV RQH RI GHFLGLQJ ZKLFK K\SRWKHVLV LV
WKH FRUUHFW RQH� EDVHG RQ D VLQJOH PHDVXUHPHQW� ]� RI
WKLV UDQGRP YDULDEOH� 7KH UDQJH RI YDOXHV WKDW ] WDNHV
FRQVWLWXWHV WKH REVHUYDWLRQ VSDFH� 7KH ELQDU\ GHFLVLRQ
SUREOHP HVVHQWLDOO\ FRQVLVWV RI SDUWLWLRQLQJ WKLV RQH�
GLPHQVLRQDO VSDFH LQWR WZR UHJLRQV� 5� DQG 5�� VXFK
WKDW ZKHQHYHU ] OLHV LQ 5�� LW LV GHFLGHG WKDW +� ZDV
WKH FRUUHFW K\SRWKHVLV� DQG ZKHQHYHU ] OLHV LQ 5�� LW LV
GHFLGHG WKDW +� ZDV WKH FRUUHFW K\SRWKHVLV� 7KH UH�
JLRQV 5� DQG 5� DUH NQRZQ DV GHFLVLRQ UHJLRQV� :KHQ�
HYHU D GHFLVLRQ GRHV QRW PDWFK WKH WUXH K\SRWKHVLV� LW
LV VDLG WKDW DQ HUURU KDV RFFXUUHG� 7KH SUREOHP OLHV
LQ FKRRVLQJ WKH GHFLVLRQ UHJLRQV VXFK WKDW WKH IHZHVW
HUURUV DUH REWDLQHG ZLWK VHYHUDO UHDOL]DWLRQV RI =� >�@

0RUH JHQHUDOO\� RQH PD\ KDYH D VHW RI REVHUYDWLRQV�
]  �]�� ]�� ���� ]Q�� ,Q WKLV FDVH� WKH REVHUYDWLRQ VSDFH LV
Q�GLPHQVLRQDO� 7KH ELQDU\ K\SRWKHVLV WHVWLQJ SUREOHP
LV HVVHQWLDOO\ WKH VDPH DV ZLWK D VLQJOH PHDVXUHPHQW�
+RZHYHU� WKLV SDSHU ZLOO KLJKOLJKW GLmHUHQW PHWKRGV IRU
KDQGOLQJ WKH FDVHV RI VLQJOH DQG PXOWLSOH REVHUYDWLRQV�

,Q WKH GHFLVLRQ�PDNLQJ SURFHVV� WKHUH DUH WZR SRVVLEOH
HUURUV WKDW FDQ EH PDGH� ,I WKH DOWHUQDWH K\SRWKHVLV LV
FKRVHQ ZKHQ WKH QXOO K\SRWKHVLV LV WUXH� WKLV LV FDOOHG D
IDOVH DODUP� 7KH RSSRVLWH W\SH RI HUURU LV FDOOHG D PLVV�
7KH W\SLFDO PHDVXUHPHQWV RI WKH nGHOLW\ RI D K\SRWKHVLV
WHVW DUH 3) � WKH SUREDELOLW\ RI IDOVH DODUP� DQG 3'� WKH
SUREDELOLW\ RI GHWHFWLRQ �FRUUHFWO\ FKRRVLQJ WKH DOWHU�
QDWH K\SRWKHVLV�� ,GHDOO\� 3) VKRXOG EH NHSW DV VPDOO
DV SRVVLEOH� ZLWK 3' DV ODUJH DV SRVVLEOH� 5HDOLVWLFDOO\�
D FKRLFH LV PDGH IRU 3) � DQG 3' LV PD[LPL]HG IRU WKLV
3) � 7KH UHFHLYHU RSHUDWLQJ FKDUDFWHULVWLF �52&� LV D
SORW RI 3' YV� 3) � ZKLFK JUDSKLFDOO\ VKRZV WKH UHOD�
WLRQVKLS EHWZHHQ WKHVH WZR TXDQWLWLHV�

� $SSOLFDWLRQ WR 7:& GLDJQRVWLFV

,Q RUGHU WR IRUPXODWH D K\SRWKHVLV WHVWLQJ SUREOHP� D
VSHFLnF K\SRWKHVLV WHVW LV UHTXLUHG� ,Q WKH PRVW JHQHUDO

SUREOHP VWDWHPHQW� LW LV GHVLUHG WKDW WKH QXOO K\SRWK�
HVLV EH WKDW WKH 7:& LV IXQFWLRQLQJ SURSHUO\ DQG WKH
DOWHUQDWH K\SRWKHVLV EH WKDW WKH 7:& LV PDOIXQFWLRQ�
LQJ� 7KH LGHD LV WKHQ WR DVFHUWDLQ D GHJUHH RI FRQnGHQFH
LQ WKH DVVHUWLRQ RI D 7:& IDLOXUH DQG� EDVHG RQ WKDW�
GHFLGH ZKHWKHU WR GHFODUH D IDLOXUH RI WKH 7:&�

7KH ZRUN LQ WKLV SDSHU IRFXVHV RQ WKH 7:& IDLOXUH
PRGH RI GHSOHWHG R[\JHQ VWRUDJH FDSDFLW\� ,Q UHDOLW\�
GHWHULRUDWLRQ RI D 7:& ZRXOG VKRZ XS LQ PRUH WKDQ
MXVW WKH R[\JHQ VWRUDJH FDSDFLW\� )RU H[DPSOH� LW LV
YHU\ OLNHO\ WKDW 7:& GHWHULRUDWLRQ ZRXOG VKRZ XS LQ
WKH VWHDG\ VWDWH FRQYHUVLRQ HpFLHQF\� +RZHYHU� IRU WKH
SXUSRVHV RI WKLV VWXG\� LW LV DVVXPHG WKDW D GHSOHWLRQ LQ
R[\JHQ VWRUDJH ZRXOG DFFRPSDQ\ RU SUHFHGH DQ\ RWKHU
7:& IDLOXUH PRGHV� DQG WKXV LW LV VXpFLHQW WR GHWHFW
WKLV IDLOXUH PRGH�

6LQFH WKH HmHFWLYH 7:& YROXPH FDQQRW EH PHDVXUHG
GLUHFWO\� DQRWKHU TXDQWLW\ ZLOO QHHG WR EH PHDVXUHG� RQH
WKDW DGHTXDWHO\ UHSUHVHQWV WKH HmHFWLYH 7:& YROXPH�
$VVXPH WKDW IHHGJDV DQG WDLOSLSH DLU�IXHO UDWLRV FDQ EH
PHDVXUHG ZLWK OLQHDU H[KDXVW JDV R[\JHQ VHQVRUV� 2QH
FDQ WKHQ SXUVXH D PHDVXUHPHQW RI WKH WLPH UHTXLUHG WR
HPSW\ RU nOO WKH R[\JHQ VWRUDJH FDSDFLW\ RI WKH 7:&�
XVLQJ LQSXW WHVW VLJQDOV VXFK DV WKRVH LQ )LJV� � DQG ��
6LQFH WHVW GDWD ZDV QRW DYDLODEOH IRU ?PDUJLQDO� 7:&
V
�FDWDO\VWV ZLWK GHJUDGHG R[\JHQ VWRUDJH FDSDFLW\�� IRU
DOO DQDO\VLV SHUIRUPHG KHUH� GDWD ZDV JHQHUDWHG ZLWK
WKH 6,08/,1. PRGHO RI 6HFWLRQ �� IRU D JLYHQ HmHFWLYH
7:& YROXPH�
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)LJXUH �� ,QSXW WULDQJOH
ZDYH VLJQDO�

)LJXUHV � DQG � VKRZ WKH LQSXW VLJQDOV XVHG IRU WKH
VTXDUH DQG WULDQJOH ZDYH VLJQDOV� UHVSHFWLYHO\� %RWK RI
WKHP XVH DQ LQLWLDO OHDQ SHULRG WR VHW WKH LQLWLDO FRQGL�
WLRQ RI d� WKH UHODWLYH R[\JHQ OHYHO RI WKH 7:&� 7KH
PRGXODWLRQ LV EHJXQ DIWHU WKH R[\JHQ VWRUDJH FDSDF�
LW\ LV nOOHG E\ WKH LQLWLDO HQOHDQPHQW� ,Q HDFK FDVH� D
QRPLQDO DPRXQW RI QRLVH LV DGGHG WR WKH DLU�IXHO UDWLR
VLJQDO WR UHSUHVHQW UHDOLVWLFDOO\ REVHUYHG DLU�IXHO UDWLRV�
VSHFLnFDOO\ ]HUR�PHDQ� ZKLWH� *DXVVLDQ QRLVH ZLWK D
VWDQGDUG GHYLDWLRQ RI ���� w ������ $ ) � LV DVVXPHG�

)RU D VXpFLHQWO\ VORZ VTXDUH ZDYH LQSXW VLJQDO� WKH
HPSW\�nOO WLPH FRXOG EH UHSUHVHQWHG DV WKH ULVH RU IDOO
WLPH RI WKH WDLOSLSH $ ) UHVSRQVH� )LJXUH � VKRZV
WKH ������ ULVH WLPHV IRU VTXDUH ZDYH WHVWV DW GLmHU�
HQW HmHFWLYH 7:& YROXPH SRLQWV� 7KH SORW LV EDVHG
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)LJXUH �� 7ULDQJOH ZDYH
HPSW\�nOO WLPHV YV� HmHF�
WLYH 7:& YROXPH�

RQ ���� VLPXODWLRQV RI WKH 7:& PRGHO� ZLWK WKH QRLV\
VTXDUH ZDYH RI )LJ� � DW WKH LQSXW DQG D VLPLODU ]HUR�
PHDQ� ZKLWH� *DXVVLDQ QRLVH ZLWK VWDQGDUG GHYLDWLRQ
RI ���� w ������ $ ) � DGGHG WR WKH RXWSXW �L�H�� WKH
FRPSXWHG WDLOSLSH DLU�IXHO UDWLR�� 7KH VROLG OLQH UHSUH�
VHQWV WKH PHDQ RI WKH ULVH WLPHV DW HDFK 7:& YROXPH
SRLQW� ZKLOH WKH GDVKHG OLQHV UHSUHVHQW RQH VWDQGDUG
GHYLDWLRQ DERYH DQG EHORZ WKH PHDQ� ,W FDQ EH VHHQ
WKDW WKH UHODWLRQVKLS EHWZHHQ VTXDUH ZDYH UHVSRQVH ULVH
WLPHV DQG HmHFWLYH 7:& YROXPH LV IDLUO\ OLQHDU� FHU�
WDLQO\ UHDVRQDEOH HQRXJK WR HVWDEOLVK D K\SRWKHVLV WHVW
EDVHG RQ WKHVH UHVXOWV�

$ VTXDUH ZDYH WHVW PLJKW EH GHHPHG WR EH WRR GUDVWLF�
EHFDXVH LW ZRXOG UHTXLUH VXGGHQ FKDQJHV LQ $ ) � DQG
KHQFH LQ WRUTXH� 7KXV� D WULDQJOH ZDYH WHVW� VXFK DV WKH
RQH SORWWHG DV )LJ� �� ZDV DOVR SXUVXHG DV D OHVV LQWUX�
VLYH DOWHUQDWLYH� 6LQFH WKH ULVH WLPH LV QRW D FOHDUO\ GLV�
WLQJXLVKDEOH PHDVXUHPHQW IRU D WULDQJOH ZDYH UHVSRQVH�
D VOLJKWO\ GLmHUHQW DSSURDFK ZDV SXUVXHG� 7KH IHHGJDV
DQG WDLOSLSH HVWLPDWHV ZHUH VXEWUDFWHG IURP HDFK RWKHU�
DQG WKH GXUDWLRQ RI WKH GHSDUWXUH IURP ]HUR RI WKLV GLI�
IHUHQFH ZDV PHDVXUHG� )LJXUH � VKRZV WKLV DSSURDFK
WR EH UHDVRQDEOH� KLJKOLJKWLQJ D IDLUO\ OLQHDU UHODWLRQ�
VKLS ZLWK WKH HmHFWLYH YROXPH� 7KH LVVXHV RI WKH ZLGHU
VWDQGDUG GHYLDWLRQ VKRZQ ZLOO EH H[SORUHG ODWHU LQ WKLV
SDSHU DV SDUW RI WKH WUDGH�Rm ZLWK WKH VTXDUH ZDYH WHVW�

6LQFH WKH HPSW\�nOO WLPH PHDVXUHPHQWV KDYH D GLUHFW
FRUUHVSRQGHQFH ZLWK WKH HmHFWLYH 7:& YROXPH� WKH
HYDOXDWLRQ RI WKH K\SRWKHVHV LV EDVHG RQ WKH REVHUYD�
WLRQV RI WKH WLPH UHTXLUHG WR HPSW\ RU nOO WKH R[\JHQ
VWRUDJH FDSDFLW\ RI WKH 7:&� ,Q WKH QH[W VHFWLRQ� WKH
1H\PDQ�3HDUVRQ FULWHULRQ LV RXWOLQHG� ,W LV WKHQ XVHG
WR HYDOXDWH WKH XVHIXOQHVV RI WKH K\SRWKHVLV WHVW� XQGHU
D YDULHW\ RI FRQGLWLRQV� RQ WKH EDVLV RI D VLQJOH VDPSOH�
$IWHU WKLV� 6WXGHQW
V W WHVW LV LQWURGXFHG DQG XVHG WR
LPSURYH WKH nGHOLW\ RI WKH K\SRWKHVLV WHVW WKURXJK WKH
XVH RI PXOWLSOH VDPSOHV�

� 1H\PDQ�3HDUVRQ FULWHULRQ

,Q VRPH K\SRWKHVLV WHVWLQJ SUREOHPV� WKHUH DUH VSHFLnF
FRVWV DVVRFLDWHG ZLWK HDFK GHFLVLRQ� PRVW QRWDEO\ ZLWK
PLVVHV DQG IDOVH DODUPV� 7KLV FDQ OHDG WR DQ RSWLPL]D�
WLRQ SUREOHP LQ ZKLFK D WKUHVKROG RI GHWHFWLRQ LV FKR�

VHQ WKDW PLQLPL]HV WKH WRWDO FRVW RYHU WKH REVHUYDWLRQ
VSDFH� ,I LW LV NQRZQ� SULRU SUREDELOLW\ LQIRUPDWLRQ LV
XVHG WR VHW WKH WKUHVKROG RI GHWHFWLRQ� +RZHYHU� WKHUH
DUH PDQ\ SUREOHPV IRU ZKLFK D SULRUL SUREDELOLW\ LQIRU�
PDWLRQ LV QRW DYDLODEOH DQG WKH FRVWV RI PLVVHV DQG IDOVH
DODUPV DUH QRW FOHDUO\ NQRZQ� ,Q DGGLWLRQ� LW PD\ EH
GHVLUHG WR KDYH PRUH GLUHFW FRQWURO RYHU WKH IDOVH DODUP
SUREDELOLW\� 7KLV LV WKH FDVH ZLWK WKH UDGDU GHWHFWLRQ
SUREOHP DV ZHOO DV WKH 7:& IDLOXUH GHWHFWLRQ SUREOHP�
)RU WKHVH FDVHV� DQ DOWHUQDWH PHWKRG LV XVHG�

7KH 1H\PDQ�3HDUVRQ FULWHULRQ SURYLGHV WKH IUDPH�
ZRUN IRU WKH K\SRWKHVLV WHVW XVHG KHUH� ,W LV EDVHG RQ
D ELQDU\ WHVW RI VLPSOH K\SRWKHVHV� EXW LWV UHVXOWV FDQ
EH H[WHQGHG WR FRPSRVLWH K\SRWKHVLV WHVWV� DV ZLOO EH
VKRZQ LQ WKH QH[W VHFWLRQ� 7KH 1H\PDQ�3HDUVRQ FUL�
WHULRQ HPSOR\V D FRQVWUDLQHG RSWLPL]DWLRQ IUDPHZRUN
ZKLFK VHHNV WR PD[LPL]H 3' VXEMHFW WR D FKRVHQ 3) �
7KLV VHFWLRQ ZLOO RXWOLQH WKH EDVLF LGHD RI WKH DSSOL�
FDWLRQ RI WKH 1H\PDQ�3HDUVRQ FULWHULRQ WR WKH 7:&
IDLOXUH GHWHFWLRQ SUREOHP� $ PRUH GHWDLOHG GLVFXVVLRQ
RI WKLV DQG RWKHU PHWKRGV IRU K\SRWKHVLV WHVWLQJ FDQ EH
IRXQG LQ >�@ RU DQ\ RWKHU WH[WERRN RQ GHWHFWLRQ WKHRU\�

,Q WKLV LQLWLDO DSSOLFDWLRQ� WKH REVHUYHG VLJQDO �WKH
HPSW\�nOO WLPH� LV DVVXPHG� WR EH GLVWULEXWHG DV D
QRUPDO UDQGRP YDULDEOH ZLWK XQNQRZQ PHDQ P DQG
NQRZQ YDULDQFH }�� 7KH PHDQ GHSHQGV RQ WKH 7:&
HmHFWLYH YROXPH� DV VKRZQ LQ )LJXUHV � DQG �� ,I WKH
YDULDQFH LV QRW DVVXPHG NQRZQ� WKHQ PXOWLSOH VDPSOHV
DUH UHTXLUHG� DQG 6WXGHQW
V W WHVW FDQ EH XVHG IRU WKH
K\SRWKHVLV WHVWLQJ SUREOHP� DV ZLOO EH GLVFXVVHG LQ 6HF�
WLRQ �� 7KH QXOO K\SRWKHVLV� GHQRWHG +�� LV WKDW WKH
7:& LV IXQFWLRQLQJ SURSHUO\� PHDQLQJ WKDW LWV HmHF�
WLYH YROXPH LV JUHDWHU WKDQ D VSHFLnHG TXDQWLW\� 7KH
DOWHUQDWH K\SRWKHVLV� +�� LV WKDW WKH 7:& LV PDOIXQF�
WLRQLQJ� PHDQLQJ WKDW LWV HmHFWLYH YROXPH LV VPDOOHU
WKDQ ZKDW LV UHTXLUHG WR PHHW HPLVVLRQV UHJXODWLRQV�

7KH K\SRWKHVLV WHVWLQJ SUREOHP FDQ EH VWDWHG DV IRO�
ORZV�

+� � P � P� RU P  P� RU =  P� � 9 ���

+� � P ! P� RU P  P� RU =  P� � 9 ���

ZKHUH bP LV WKH DFWXDO �XQFRUUXSWHG PHDVXUHPHQW RI
WKH� HPSW\�nOO WLPH� bP� LV WKH ?EDG� WKUHVKROG IRU
WKH HPSW\�nOO WLPH� bP� LV WKH HPSW\�nOO WLPH RI DQ
DOWHUQDWH 7:& IRU ZKLFK 3' ZLOO EH GHWHUPLQHG� 9 LV D
UDQGRP YDULDEOH QRUPDOO\ GLVWULEXWHG ZLWK ]HUR PHDQ
DQG YDULDQFH }�� DQG = LV WKH UDQGRP YDULDEOH UHSUH�
VHQWLQJ WKH nOO�HPSW\ PHDVXUHPHQW FRUUXSWHG E\ 9 �
DQG WKXV = LV QRUPDOO\ GLVWULEXWHG ZLWK PHDQ P DQG

�,Q RUGHU WR VLPSOLI\ WKH DQDO\VLV� VSHFLnFDOO\ IRU FRQVWUXF�
WLRQ RI GHWHFWLRQ SUREDELOLWLHV� LW LV GHVLUDEOH WR DVVXPH WKDW WKH
HPSW\�nOO WLPHV IRU HDFK HmHFWLYH 7:& YROXPH SRLQW DUH UHDVRQ�
DEO\ DSSUR[LPDWHG E\ *DXVVLDQ UDQGRP YDULDEOHV� $Q DQDO\VLV
RI WKLV FDQ EH IRXQG LQ >�@� ZKHUH LV LW FRQFOXGHG WKDW WKH *DXV�
VLDQ DSSUR[LPDWLRQ� ZKLOH LPSHUIHFW� LV UHDVRQDEOH HQRXJK IRU WKH
ZRUN LQ WKLV SDSHU�



YDULDQFH }�� 7KH UHDVRQ IRU WKH ?b� VLJQ LV WR VWDWH
WKH SUREOHP LQ VXFK D ZD\ WKDW P� ! P�� NHHSLQJ LW
LQ OLQH ZLWK VWDQGDUG VWDWHPHQWV RI K\SRWKHVLV WHVWLQJ
SUREOHPV� $ VKRUW HPSW\�nOO WLPH ZRXOG EH WKH IDLO�
XUH FRQGLWLRQ� VR XVH RI WKH DGGLWLYH LQYHUVH NHHSV WKH
LQHTXDOLW\ LQ WKH ?VWDQGDUG� GLUHFWLRQ�

,Q RUGHU WR FRPSOHWHO\ DSSO\ WKH 1H\PDQ�3HDUVRQ FUL�
WHULRQ� ERWK +� DQG +� PXVW EH VLPSOH K\SRWKHVHV
�HTXDOLWLHV�� ,I +� LV FRPSRVLWH �LQHTXDOLWLHV�� WKH
1H\PDQ�3HDUVRQ FULWHULRQ FDQ VWLOO EH DSSOLHG ZLWK D
VSHFLnHG 3) FRQVWUDLQW� EXW LW EHFRPHV LPSRVVLEOH WR
FDOFXODWH D FRUUHVSRQGLQJ 3'� XQOHVV D FKRLFH RI P� LV
PDGH� 7KH FKRLFH RI P� GRHV QRW DmHFW WKH FKRLFH RI
WKH GHWHFWLRQ WKUHVKROG� VLQFH WKDW FDOFXODWLRQ LV EDVHG
RQ WKH FKRLFHV RI P� DQG 3) � LQGHSHQGHQW RI P�� 7KH
DSSOLFDWLRQ RI WKH 1H\PDQ�3HDUVRQ FULWHULRQ SURYLGHV
D PD[LPXP 3' IRU DQ\ FKRLFH RI P� ! P��

7KH IROORZLQJ LV D VWHS�E\�VWHS SURFHGXUH WKDW FDQ EH
XVHG WR REWDLQ SUREDELOLWLHV RI IDLOXUH GHFODUDWLRQ IRU
DQ\ JLYHQ 7:& HmHFWLYH YROXPH� $ GHULYDWLRQ RI WKHVH
HTXDWLRQV FDQ EH IRXQG LQ >�@ RU DQ\ VWDQGDUG WH[WERRN
RQ VWDWLVWLFV� )RU FDOFXODWLRQV LQ 0$7/$%� WKH LQWH�
JUDOV DUH FRQYHUWHG WR EH LQ WHUPV RI WKH HUURU IXQFWLRQ
�HUI�� GHnQHG DV IROORZV�

HUI�[�  

= [

�

�S
{
Hb

W
�

� GW� ���

6WHS �� &KRRVH P� �EDVHG RQ WKH 7:& YROXPH WKUHVK�
ROG� DQG 3) �WKH DOORZDEOH ?IDOVH DODUP� SUREDELOLW\��
7KLV 3) LV WKH SUREDELOLW\ WKDW D 7:& ZLWK WKH JLYHQ
HPSW\�nOO WLPH� DQG KHQFH� HmHFWLYH YROXPH� ZLOO EH
GHFODUHG EDG�

6WHS �� 8VH WKHVH FKRLFHV WR FDOFXODWH o� WKH WKUHVKROG
RI GHWHFWLRQ� DV IROORZV�
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7KUHVKROG� �] LV WKH REVHUYHG HPSW\�nOO WLPH�
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,Q ����� LI P� LV FKRVHQ OHVV WKDQ P�� WKHQ 3' LV QR
ORQJHU WKH GHWHFWLRQ SUREDELOLW\� EXW UDWKHU WKH SURED�
ELOLW\ WKDW D 7:& ZLWK DQ HPSW\�nOO WLPH RI bP� ZLOO

EH GHFODUHG EDG� ,Q IDFW� IRU WKH 7:& DSSOLFDWLRQ� IRU
DQ\ YDOXH RI P�� 3' WKHQ EHFRPHV WKH SUREDELOLW\ WKDW
D 7:& ZLWK HPSW\�nOO WLPH bP� LV GLVFDUGHG �L�H��
GHFODUHG EDG� RQ WKH EDVLV RI WKH K\SRWKHVLV WHVW� ����

7KH HPSW\�nOO WLPHV IRU WKH VTXDUH DQG WULDQJOH ZDYHV
DUH PHDVXUHG DV GHVFULEHG LQ 6HFWLRQ �� 7KH VDP�
SOH PHDQV DQG VWDQGDUG GHYLDWLRQV DUH FDOFXODWHG IURP
WKH ���� VLPXODWLRQV WKDW ZHUH SHUIRUPHG DW HDFK GDWD
SRLQW� %DVHG RQ WKHVH QXPEHUV DQG WKH DVVXPSWLRQ RI
QRUPDOLW\� SUREDELOLWLHV RI IDLOXUH GHFODUDWLRQ DUH WDE�
XODWHG� 7KH WKUHVKROG RI IDLOXUH GHFODUDWLRQ LV WKHQ
FDOFXODWHG EDVHG RQ WKH FKRVHQ SUREDELOLW\ RI GHWHF�
WLRQ�IDOVH DODUP� DQG WKH RWKHU SUREDELOLWLHV DUH FDO�
FXODWHG EDVHG RQ WKLV GHWHFWLRQ WKUHVKROG� $ JUDSKLFDO
UHSUHVHQWDWLRQ RI WKLV SUREDELOLW\ VSHFWUXP LV NQRZQ DV
WKH UHFHLYHU RSHUDWLQJ FKDUDFWHULVWLF �52&�� 7ZR VDP�
SOH 52& SORWV FDQ EH IRXQG DV )LJV� � DQG �� ,Q WKRVH
SORWV� WKH YROXPH WKUHVKROG IRU D JRRG FDWDO\VW LV FKR�
VHQ WR EH ��� �L�H�� RQO\ KDOI RI WKH R[\JHQ VWRUDJH VLWHV
DUH XVDEOH��

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0.4

0.5

0.6

P
F

P
D

)LJXUH �� 52& IRU VTXDUH
ZDYH ULVH WLPHV �FHQWHUHG DW
�����

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0.3

0.4 0.5

0.6

0.7

P
F

P
D

)LJXUH �� 52& IRU WUL�
DQJOH ZDYH HPSW\�nOO WLPHV
�FHQWHUHG DW �����

7KH JUDSKV VKRZ WKH UHVXOWV RI WKH K\SRWKHVLV WHVWV
IRU D UDQJH RI WUXH FDWDO\VW YROXPH IURP ��� WR ���� LQ
LQFUHPHQWV RI ���� 7KH FXUYHV FORVHVW WR ��� DUH ODEHOHG
ZLWK WKHLU FRUUHVSRQGLQJ YROXPHV� ,W LV REVHUYHG LQ
)LJ� � WKDW LI P� FRUUHVSRQGV WR D YROXPH RI ��� DQG D
3) RI ��� LV WROHUDWHG �L�H� LW LV DFFHSWDEOH WR GLVFDUG
��� RI WKH 7:&V ZLWK R[\JHQ VWRUDJH YROXPH RI �����
WKHQ WKH 3' IRU D ��� 7:& LV JUHDWHU WKDQ ��� �L�H�
JUHDWHU WKDQ ��� RI WKH ��� 7:&V ZLOO EH GLVFDUGHG��
ZKLOH RQO\ DERXW �� RI WKH ��� 7:&V ZLOO EH GHFODUHG
EDG� 2Q WKH RWKHU KDQG� LI RQH ZLVKHV WR EH PRUH
DJJUHVVLYH LQ GLVFDUGLQJ TXHVWLRQDEOH 7:&V� LW PD\ EH
GHHPHG DFFHSWDEOH WR VHW 3) WR ��� �VR RQH QRZ GLVFDUGV
��� RI WKH ��� 7:&V�� $JDLQ� IURP )LJ� �� RQH FDQ
VHH WKDW WKLV ZLOO GLVFDUG DERXW ��� RI WKH ��� 7:&V�
EXW LW ZLOO DOVR GLVFDUG ��� RI WKH ��� 7:&V� $ ZD\ WR
LPSURYH XSRQ WKHVH UHVXOWV LW WR XVH PXOWLSOH VDPSOHV�
WKLV LV SXUVXHG QH[W�

� 6WXGHQW
V W WHVW

$URXQG WKH WXUQ RI WKH FHQWXU\� :� 6� *RVVHWW �SXEOLVK�
LQJ XQGHU WKH SVHXGRQ\P ?6WXGHQW�� REWDLQHG UHVXOWV
IRU WKH GLVWULEXWLRQ RI VDPSOHG *DXVVLDQ GDWD� $Q LP�



SRUWDQW WHVW VWDWLVWLF� W� LV FDOFXODWHG RQ WKH EDVLV RI
1 LQGHSHQGHQW REVHUYDWLRQV ZLWK VDPSOH PHDQ x[ DQG
YDULDQFH V� DV IROORZV�
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2QH VXFK K\SRWKHVLV WHVW IRU ZKLFK WKLV LV XVHIXO LV WKH
IROORZLQJ�

+� � t  P� ����

+� � t ! P� ����

,I +� LV WUXH� W KDV WKH 6WXGHQW�)LVKHU W GLVWULEXWLRQ
ZLWK 1 b � GHJUHHV RI IUHHGRP� DQG WKH QXOO K\SRWKH�
VLV LV UHMHFWHG IRU D WHVW RI VL]H m LI W ! Wm�1b�� ZKHUH
Wm�1b� LV WKH XSSHU ���m SHUFHQWDJH SRLQW RI WKH W GLV�
WULEXWLRQ� 7KHVH YDOXHV DUH W\SLFDOO\ DYDLODEOH LQ WDEOHV�
DQG WKH\ FDQ DOVR EH IRXQG WKURXJK XVH RI D VWDWLVWL�
FDO VRIWZDUH SDFNDJH� VXFK DV WKH 6WDWLVWLFV 7RROER[ LQ
0$7/$%�

7KH VKDSH RI WKH 6WXGHQW�)LVKHU W GLVWULEXWLRQ LV LQ�
GHSHQGHQW RI P� DQG }� ,W LV GHSHQGHQW RQO\ RQ WKH
VR�FDOOHG GHJUHHV RI IUHHGRP� WKH QXPEHU RI ?IUHH� RE�
VHUYDWLRQV� ,Q WKLV H[DPSOH� VLQFH RQH SDUDPHWHU LV EH�
LQJ HVWLPDWHG� WKH QXPEHU RI GHJUHHV RI IUHHGRP� y� LV
RQH OHVV WKDQ WKH QXPEHU RI VDPSOHV� 1 � VR y  1 b ��
7KH GLmHUHQFH EHWZHHQ WKH W GLVWULEXWLRQ DQG WKH VWDQ�
GDUG QRUPDO GLVWULEXWLRQ WHQGV WR ]HUR DV y LQFUHDVHV�

7KLV WHVW DOVR IROORZV WKH 1H\PDQ�3HDUVRQ FULWHULRQ�
EXW LWV XVH RI LQIRUPDWLRQ IURP PXOWLSOH VDPSOHV DOORZV
IRU LPSURYHPHQW LQ WHVW nGHOLW\� HYHQ ZLWKRXW D SUL�

RUL NQRZOHGJH RI }� 7KH W WHVWV� OLNH WKH VLQJOH VDPSOH
1H\PDQ�3HDUVRQ WHVWV RI 6HFWLRQ �� SURYLGH D VWDWLVWL�
FDO PHDVXUH RI WKH OLNHOLKRRG RI WKH DOWHUQDWH K\SRWKH�
VLV� 7KH VWDWLVWLFDO VLJQLnFDQFH LV WKH SUREDELOLW\ WKDW
WKH PHDVXUHG HYHQW ZRXOG RFFXU E\ FKDQFH XQGHU WKH
QXOO K\SRWKHVLV� 7KLV VLJQLnFDQFH LV FDOFXODWHG IURP
WKH 6WXGHQW�)LVKHU W GLVWULEXWLRQ� DQG LW LV DQDORJRXV
WR WKH FKRVHQ 3) DQG FDOFXODWHG 3' IURP WKH 1H\PDQ�
3HDUVRQ FULWHULRQ�

7KH VWDWLVWLFDO VLJQLnFDQFH SURYLGHV WKH EDVLF GHFLVLRQ
PHFKDQLVP IRU UHMHFWLRQ RI WKH QXOO K\SRWKHVLV E\ SUR�
YLGLQJ D PHDVXUHPHQW RI FRQnGHQFH LQ WKH QXOO K\SRWK�
HVLV� )RU H[DPSOH� LI WKH FULWHULRQ LV WR EH ��� VXUH
WKDW WKH QXOO K\SRWKHVLV LV IDOVH EHIRUH UHMHFWLQJ LW DQG
DFFHSWLQJ WKH DOWHUQDWH K\SRWKHVLV� WKHQ WKH DOWHUQDWH
K\SRWKHVLV LV DFFHSWHG ZKHQ WKH VLJQLnFDQFH RI WKH QXOO

K\SRWKHVLV LV OHVV WKDQ ����� 6LPLODUO\� D ��� FRQn�
GHQFH UHTXLUHPHQW ZRXOG PHDQ WKDW WKH VLJQLnFDQFH RI
WKH QXOO K\SRWKHVLV ZRXOG KDYH WR EH OHVV WKDQ ���� IRU
WKH DOWHUQDWH K\SRWKHVLV WR EH DFFHSWHG�

$QRWKHU SRVVLEOH LGHD LV WR XVH D ��� FRQnGHQFH LQWHU�
YDO� 7KLV PLJKW EH XVHIXO LQ FDVHV ZKHUH LW LV GHVLUHG WR
UHMHFW KDOI RI WKH LWHPV WKDW DUH FORVH WR WKH WKUHVKROG�
IRU H[DPSOH ZKHQ WKH QXOO DQG DOWHUQDWH K\SRWKHVHV DUH
LQHTXDOLWLHV RQ RSSRVLWH VLGHV RI WKH WKUHVKROG DQG DUH
DVVXPHG WR KDYH HTXDO SUREDELOLW\ RI EHLQJ WUXH� ,Q WKLV
DSSOLFDWLRQ� VXFK D WKUHVKROG ZRXOG GHFODUH D IDLOXUH LQ
KDOI RI WKH 7:&
V ZLWK DQ HmHFWLYH YROXPH RI ��� �RU
DQ\ RWKHU VSHFLnHG ERUGHUOLQH YROXPH�� 7KH GHWHFWLRQ
SUREDELOLWLHV DW RWKHU 7:& YROXPHV FDQ EH FDOFXODWHG
EDVHG RQ WKLV� LQFUHDVLQJ WKH SUREDELOLW\ RI GHWHFWLRQ DW
VPDOOHU 7:& YROXPHV DQG GHFUHDVLQJ WKH IDOVH DODUP
SUREDELOLW\ DW ODUJHU 7:& YROXPHV�

)LJXUHV � DQG � VKRZ WKH SUREDELOLWLHV RI IDLOXUH GHF�
ODUDWLRQ IRU YDU\LQJ QXPEHUV RI VDPSOHV IRU 7:& HI�
IHFWLYH YROXPHV RI ���� ���� DQG ���� 7KHVH SORWV DUH
FHQWHUHG DW ���� LQGLFDWLQJ WKDW WKH WKUHVKROG RI GH�
WHFWLRQ LV VHW EDVHG RQ WKH VWDWLVWLFDO VLJQLnFDQFH RI
WKH 7:& SHUIRUPDQFH DW KDOI RI LWV HmHFWLYH YROXPH�
7KH\ DUH EDVHG RQ WKH FXPXODWLYH GLVWULEXWLRQ IXQF�
WLRQ �&')� RI WKLV VLJQLnFDQFH� ZKLFK� IRU WKLV GDWD� LV
DOVR WKH 52&� )LJXUHV � DQG � VKRZ WKH UHVXOWV IRU WKH
VTXDUH DQG WULDQJOH ZDYH WHVW VLJQDOV RI )LJV� � DQG ��
UHVSHFWLYHO\� $OO RI WKHVH SORWV DUH FUHDWHG IURP W WHVW
UHVXOWV RI �� �� DQG �� VDPSOHV� 7KHVH FDQ EH FRPSDUHG
WR WKH 1H\PDQ�3HDUVRQ 52&
V RI )LJV� � DQG �� WR VHH
WKH OHYHO RI LPSURYHPHQW LQ GHWHFWLRQ nGHOLW\ WKDW LV
DFKLHYHG WKURXJK WKH XVH RI WKH W WHVW�

)LJXUH �� LV EDVHG RQ WKH VDPH VTXDUH ZDYH LQSXW VLJ�
QDO DV )LJ� �� EXW IRU WKLV SORW� WKH IDLOXUH WKUHVKROG
LV ���� LQGLFDWLQJ D JUHDWHU FRQVWUDLQW RQ 7:& SHUIRU�
PDQFH� 6LPLODUO\� )LJ� �� VKRZV WKH GHWHFWLRQ SUREDELO�
LWLHV EDVHG RQ WKH WULDQJOH ZDYH WHVW VLJQDO� )LJXUHV ��^
�� VKRZ UHVXOWV IRU WHVWV EDVHG RQ �� �� �� DQG �� VDP�
SOHV� 7KH VLQJOH VDPSOH WHVW LV D 1H\PDQ�3HDUVRQ WHVW
EDVHG RQ 6HFWLRQ �� ZKLOH WKH PXOWLSOH VDPSOH WHVWV DUH
W WHVWV�
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VLJQLnFDQFHV� FHQWHUHG DW
����

,Q DOO RI WKHVH nJXUHV� WKH LQFUHDVHG nGHOLW\ IURP WKH XVH
RI PXOWLSOH VDPSOHV LV KLJKOLJKWHG� /DUJHU VDPSOH VL]HV
EULQJ WKH 52& FXUYHV FORVHU WR WKHLU LGHDO RI D SHUIHFW
�XQLW\� SUREDELOLW\ RI GHWHFWLRQ IRU DQ\ 7:& HmHFWLYH
YROXPH OHVV WKDQ WKH WKUHVKROG DQG D ]HUR SUREDELOLW\
RI GHWHFWLRQ �IDOVH DODUP� IRU DQ\ 7:& YROXPH JUHDWHU
WKDQ WKH WKUHVKROG�

� &RQFOXVLRQ

7KH 7:& GLDJQRVWLFV SUREOHP ZDV DSSURDFKHG IURP
WKH SHUVSHFWLYH RI D K\SRWKHVLV WHVW� EDVHG RQ WKH WLPH
UHTXLUHG WR HPSW\ RU nOO WKH FDWDO\VW
V R[\JHQ VWRUDJH
FDSDFLW\� $OO RI WKH nJXUHV LQ WKLV SDSHU DUH EDVHG RQ
VLPXODWHG GDWD� 8QIRUWXQDWHO\� PDUJLQDO 7:&
V� RQHV
ZKLFK DFWXDOO\ KDYH GHSOHWHG R[\JHQ VWRUDJH FDSDFLW\�
ZHUH QRW DYDLODEOH IRU WHVWLQJ� 7KLV SUHYHQWV KDUGZDUH
YDOLGDWLRQ RI WKH UHVXOWV LQ WKLV SDSHU� +RZHYHU� WKH
PRGHO
V GHPRQVWUDWHG SHUIRUPDQFH DJDLQVW DFWXDO GDWD
>�� �@ DQG WKH SK\VLFDO UHOHYDQFH RI WKH PRGHO SDUDP�
HWHUV VXJJHVWV WKDW WKLV DSSURDFK LV VWLOO D UHDVRQDEOH
RQH� 7KH ZRUN LQ WKLV SDSHU FDQ EH SHUIRUPHG XVLQJ
DQ\ GHVLUHG 7:& PRGHO� DV ORQJ DV WKH PRGHO LQFOXGHV
DQ DGMXVWDEOH SDUDPHWHU IRU HmHFWLYH VWRUDJH FDSDFLW\
DQG $ ) DV DQ RXWSXW�

:KHQ RQO\ D VLQJOH GDWD VDPSOH ZDV FROOHFWHG� D SULRUL

NQRZOHGJH RI YDULDQFH ZDV QHHGHG� ,W ZDV WKHQ GHPRQ�
VWUDWHG WKDW WKH DGGLWLRQDO LQIRUPDWLRQ IURP PXOWLSOH
VDPSOHV FRXOG EH XVHG LQ WKH IUDPHZRUN RI 6WXGHQW
V W
WHVW WR LPSURYH WKH nGHOLW\ RI WKH WHVW DV WKH QXPEHU
RI DYDLODEOH VDPSOHV LQFUHDVHV� ,Q DGGLWLRQ� 6WXGHQW
V
W WHVW GRHV QRW UHTXLUH D SULRUL NQRZOHGJH RI WKH YDUL�
DQFH�

$QRWKHU EHQHnW RI WKH K\SRWKHVLV WHVW SUHVHQWHG KHUH LV
WKDW LW FDQ EH DSSOLHG GLUHFWO\ ZLWK D VZLWFKLQJ +(*2
VHQVRU� ,Q WKDW FDVH� RQH FRXOG VLPSO\ PHDVXUH WKH
WLPH EHWZHHQ IHHGJDV DQG WDLOSLSH VZLWFKLQJ LQ D VTXDUH
ZDYH WHVW� 7KLV ZRXOG FRUUHVSRQG URXJKO\ WR D �����
ULVH WLPH LQVWHDG RI D ������ ULVH WLPH� EXW LW ZRXOG
VWLOO OHQG LWVHOI WR D K\SRWKHVLV WHVW WKURXJK XVH RI WKH
PHWKRGRORJ\ SUHVHQWHG LQ 6HFWLRQV � DQG ��

)LQDOO\� LQ >�@� WKH UREXVWQHVV RI WKH K\SRWKHVLV WHVWLQJ
SUREOHP WR WKH DGGLWLRQ RI DQ XQNQRZQ FRQVWDQW ELDV
�D QRUPDOO\ GLVWULEXWHG UDQGRP QXPEHU� DJDLQ ZLWK
PHDQ ]HUR DQG VWDQGDUG GHYLDWLRQ ���� w� WR WKH LQSXW
$ ) VLJQDO �VTXDUH RU WULDQJXODU� ZDV VWXGLHG� 7KLV
ZDV GRQH WR DFFRXQW IRU WKH SRVVLELOLW\ RI D ELDV LQ WKH
IHHGJDV $ ) VHQVRU� 7KLV ELDVHG $ ) VLJQDO ZDV UXQ
WKURXJK WKH 7:& PRGHO� EXW WKH GLVWULEXWLRQ IXQF�
WLRQV DQG GLDJQRVWLF LQIRUPDWLRQ ZHUH JHQHUDWHG EDVHG
RQ WKH DVVXPSWLRQ RI DQ XQELDVHG LQSXW VLJQDO� 7KH UH�
VXOWLQJ GHJUDGDWLRQ LQ SHUIRUPDQFH ZDV TXDQWLnHG DQG
VKRZQ WR EH ?PRGHUDWH��
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