
$Q $QDO\WLFDO $SSURDFK WR $V\PSWRWLFDOO\
6WDEOH :DONLQJ LQ 3ODQDU %LSHG 5RERWV

-�:� *UL]]OH

'HSDUWPHQW RI (OHFWULFDO (QJLQHHULQJ DQG &RPSXWHU 6FLHQFH
7KH 8QLYHUVLW\ RI 0LFKLJDQ� $QQ $UERU� 0,� ����������� 86$

$EVWUDFW_7KLV SDSHU VXPPDUL]HV UHFHQW UHVHDUFK RI

WKH DXWKRU� KLV FROOHDJXHV� DQG JUDGXDWH VWXGHQW RQ WKH

FRQWURO RI D FODVV RI XQGHUDFWXDWHG ELSHG URERWV� 2XU

JRDO LV WR GHYHORS D FRKHUHQW PDWKHPDWLFDO IUDPHZRUN

IRU WKH ULJRURXV DQDO\VLV DQG V\QWKHVLV RI DV\PSWRW�

LFDOO\ VWDEOH ZDONLQJ PRWLRQV� 7KH SUHVHQWDWLRQ DW�

WHPSWV WR DFKLHYH D EDODQFH EHWZHHQ EHLQJ SUHFLVH

HQRXJK WR EH EHOLHYDEOH� DQG LQWXLWLYH HQRXJK WR EH

XQGHUVWRRG� 1R DWWHPSW LV PDGH WR UHYLHZ WKH JHQ�

HUDO OLWHUDWXUH� 7KH UHDGHU LV UHIHUUHG HOVHZKHUH IRU D

FRPSOHWH ELEOLRJUDSK\ DQG SURRIV� 7ZR PRYLHV DUH LQ�

FOXGHG WKDW LOOXVWUDWH WKH UHVXOWV RI WKH SDSHU DSSOLHG

WR D nYH�OLQN� XQGHUDFWXDWHG� SODQDU ELSHG�

,� ,QWURGXFWLRQ

&RQWURO LV DQ LQWHJUDO SDUW RI DQ\ ELSHG� ZKHWKHU EL�
RORJLFDO RU PHFKDQLFDO� :LWK WKH H[FHSWLRQ RI FHUWDLQ
SDVVLYH URERWV WKDW FDQ ZDON XQ�DVVLVWHG �L�H�� ZLWK�
RXW DQ\ FRQWURO� GRZQ DQ LQFOLQHG SODQH� ELSHGV DUH
G\QDPLFDOO\ XQVWDEOH� 6DLG DQRWKHU ZD\� ZLWKRXW D
SURSHUO\ IXQFWLRQLQJ FRQWURO V\VWHP� D ELSHG VWXPEOHV
RU IDOOV� $ SULPDU\ JRDO RI ORFRPRWLRQ UHVHDUFK LV WKH
GLVFRYHU\ RI WKH IXQGDPHQWDO FRQWURO SULQFLSOHV WKDW
XQGHUOLH ELSHGDO ORFRPRWLRQ� %LRORJLVWV KDYH PDGH
VLJQLnFDQW SURJUHVV LQ WKH GLpFXOW WDVN RI FRQVWUXFWLQJ
VLPSOLnHG PDWKHPDWLFDO PRGHOV RI WKH KXPDQ PXV�
FXORVNHOHWDO DQG QHXUR V\VWHPV� DQG KDYH XVHG WKHP
WR H[SODLQ PDQ\ IHDWXUHV RI QRUPDO DQG SDWKRORJL�
FDO JDLWV� (QJLQHHUV KDYH GHVLJQHG DQG FRQVWUXFWHG
ELSHGDO PDFKLQHV FDSDEOH RI DQ DPD]LQJ DUUD\ RI ZDON�
LQJ� UXQQLQJ DQG MXPSLQJ SDWWHUQV� :LWK IHZ H[FHS�
WLRQV� WKH SULPDU\ PHWKRGV IRU GHWHUPLQLQJ ZKHWKHU D
FRQWURO ODZ \LHOGV D VWDEOH ZDONLQJ RU UXQQLQJ PRWLRQ
DUH HLWKHU WR VLPXODWH D GHWDLOHG PDWKHPDWLFDO PRGHO
RU WR EXLOG WKH URERW DQG LPSOHPHQW WKH FRQWURO ODZ�
8QWLO MXVW UHFHQWO\� IRU WKH LPSRUWDQW FDVHV RI XQGHUDF�
WXDWHG ELSHG PRGHOV ZLWK WRUVRV� QRQH RI WKH FRQWURO
GHVLJQV SURSRVHG LQ WKH OLWHUDWXUH KDG EHHQ DQDO\WL�
FDOO\ SURYHQ WR \LHOG DV\PSWRWLFDOO\ VWDEOH PRWLRQV�
$ FHQWUDO REMHFWLYH RI WKH DXWKRU
V UHVHDUFK RQ

URERWLF� ELSHGDO ORFRPRWLRQ LV WKH GHYHORSPHQW RI D
FRKHUHQW PDWKHPDWLFDO IUDPHZRUN LQ ZKLFK DV\PSWRW�
LFDOO\ VWDELOL]LQJ IHHGEDFN FRQWUROOHUV IRU ELSHG URERWV
PD\ EH ULJRURXVO\ DQDO\]HG DQG V\QWKHVL]HG� 0RUH
SUHFLVHO\� IRU WKH FORVHG�ORRS V\VWHP FRQVLVWLQJ RI D
ELSHG URERW� LWV HQYLURQPHQW� DQG D JLYHQ IHHGEDFN

FRQWUROOHU� WKH JRDO LV WR EH DEOH WR GHWHUPLQH LI SH�
ULRGLF RUELWV H[LVW� DQG LI WKH\ H[LVW� ZKHWKHU WKH\
DUH DV\PSWRWLFDOO\ VWDEOH� 2QFH DV\PSWRWLF VWDELO�
LW\ LV VHWWOHG� WKH JRDO LV WR DFKLHYH VRPH PRGHVW
SHUIRUPDQFH REMHFWLYHV� VXFK DV PLQLPDO SHDN DFWX�
DWRU WRUTXHV RU ZDONLQJ ZLWK D JLYHQ DYHUDJH VSHHG�
7KLV SDSHU ZLOO VXPPDUL]H WKH WKHRUHWLFDO SURJUHVV
DFKLHYHG WR GDWH� %HFDXVH LW ZDV LPSRVVLEOH WR GR MXV�
WLFH WR WKH OLWHUDWXUH ZLWKRXW VLJQLnFDQWO\ OHQJWKHQLQJ
WKLV DOUHDG\�WRR�ORQJ SDSHU� QR H[WHUQDO UHIHUHQFHV DUH
LQFOXGHG� 7KH UHDGHU LV UHIHUUHG LQVWHDG WR WKH ZHOO�
NQRZQ ZHE VLWH >�@ IRU DQ LQWURGXFWLRQ WR WKH ELSHG
UHVHDUFK FRPPXQLW\ DQG WR WKH ELEOLRJUDSKLHV LQ WKH
DXWKRU
V SDSHUV >�@� >�@� >�@ DQG >�@ IRU PDQ\ UHIHUHQFHV
RQ WKH FRQWURO RI ELSHGDO URERWV�

6HFWLRQ ,, GHVFULEHV WKH FODVV RI URERWV WKDW FDQ
EH DQDO\]HG� 7KH PRGHOV DUH SRWHQWLDOO\ KLJK GL�
PHQVLRQDO DQG K\EULG �FRQWDLQ ERWK FRQWLQXRXV G\�
QDPLFV DQG D GLVFUHWH LPSDFW PDS�� ,Q DGGLWLRQ� LW
ZLOO EH DVVXPHG WKDW WKHUH LV QR DFWXDWLRQ DW WKH
HQG RI WKH VWDQFH OHJ� 7KXV WKH V\VWHP LV XQGHUDF�
WXDWHG GXULQJ ZDONLQJ� DV RSSRVHG WR IXOO\ DFWXDWHG
�D FRQWURO DW HDFK MRLQW DQG WKH FRQWDFW SRLQW ZLWK
WKH JURXQG�� $ VWHDG\ ZDONLQJ F\FOH LV D QRQ�WULYLDO
SHULRGLF PRWLRQ� 7KLV PHDQV WKDW VWDQGDUG VWDELOLW\
WRROV IRU VWDWLF HTXLOLEULD GR QRW DSSO\� ,QVWHDG� RQH
PXVW XVH WRROV DSSURSULDWH IRU WKH VWXG\ RI SHULRGLF
RUELWV� VXFK DV 3RLQFDUuH UHWXUQ PDSV� ,W LV RI FRXUVH
ZHOO NQRZQ KRZ WR XVH QXPHULFDO PHWKRGV WR FRPSXWH
D 3RLQFDUuH UHWXUQ PDS DQG WR nQG n[HG SRLQWV RI LW�
7KH GUDZEDFN LQ VXFK D GLUHFW DSSURDFK� ZKLFK IRU
ELSHGV LQYROYHV WKH QXPHULFDO FRPSXWDWLRQ RI D KLJK�
GLPHQVLRQDO� QRQOLQHDU PDS� LV WKDW LW GRHV QRW \LHOG
PXFK LQVLJKW IRU IHHGEDFN GHVLJQ DQG V\QWKHVLV� ,Q
VRPH VHQVH� WKH JRDO RI WKH UHPDLQGHU RI WKH SDSHU LV
WR VWUXFWXUH WKH IHHGEDFN GHVLJQ SURFHVV LQ VXFK D ZD\
WKDW 3RLQFDUuH DQDO\VLV FDQ EH LQFRUSRUDWHG LQWR IHHG�
EDFN V\QWKHVLV� 6HFWLRQ ,,, RSHQV ZLWK D VRPHZKDW
SKLORVRSKLFDO GLVFXVVLRQ RI D IHZ NH\ HOHPHQWV LQ FRQ�
WURO GHVLJQ WKDW PD\ KHOS WR LPSURYH WKH DQDO\WLFDO
WUDFWDELOLW\ RI WKH UHVXOWLQJ FORVHG�ORRS V\VWHP� 7KH
VHFWLRQ WKHQ VXPPDUL]HV D GHVLJQ PHWKRGRORJ\ WKDW
LV EDVHG XSRQ XVLQJ IHHGEDFN WR UHGXFH WKH QXPEHU RI



GHJUHHV RI IUHHGRP RI WKH URERW WKURXJK WKH DSSUR[�
LPDWH UHDOL]DWLRQ RI KRORQRPLF FRQVWUDLQWV� 6HFWLRQ
,9 WKHQ VKRZV KRZ WKH VWDELOLW\ DQDO\VLV RI WKH UHVXOW�
LQJ FORVHG�ORRS V\VWHP FDQ EH ULJRURXVO\ FRPSOHWHG E\
WKH QXPHULFDO FRPSXWDWLRQ RI D RQH�GLPHQVLRQDO PDS�
8VLQJ WKLV UHVXOW� RQH LV DEOH WR FKHFN ZLWK QHFHVVDU\
DQG VXpFLHQW FRQGLWLRQV ZKHWKHU RU QRW WKH SURSRVHG
IHHGEDFN LQGXFHV DQ DV\PSWRWLFDOO\ VWDEOH� SHULRGLF
RUELW� 7KH VWDELOLW\ DQDO\VLV LV SHUIRUPHG� KRZHYHU�
DIWHU WKH IHHGEDFN LV GHVLJQHG� 7KH JRDO RI 6HFWLRQ
9 LV WR EULQJ WKH VWDELOLW\ FULWHULRQ GLUHFWO\ LQWR WKH
IHHGEDFN V\QWKHVLV SURFHVV� ,W LV VKRZQ KRZ DV\PSWRW�
LFDOO\ VWDEOH ZDONLQJ PRWLRQV FDQ EH GHVLJQHG RQ WKH
EDVLV RI D RQH '2) LQYDULDQW VXEV\VWHP� 3DUDPHWULF
RSWLPL]DWLRQ LV XVHG WR DFKLHYH DSSUR[LPDWH RSWLPDO�
LW\ ZLWK UHVSHFW WR HQHUJ\ FRQVXPSWLRQ� IRU H[DPSOH�
ZKLOH JXDUDQWHHLQJ VWDELOLW\ DQG PHHWLQJ QDWXUDO NLQH�
PDWLF DQG G\QDPLF FRQVWUDLQWV�

,,� +\EULG 5RERW 0RGHO

7KH URERW LV DVVXPHG WR EH SODQDU DQG FRQVLVW RI 1�
OLQNV FRQQHFWHG LQ VXFK D ZD\ WKDW WKHUH DUH DW OHDVW D
WRUVR DQG WZR LGHQWLFDO OHJV� ZLWK WKH OHJV FRQQHFWHG
DW D FRPPRQ SRLQW FDOOHG WKH KLSV� IXUWKHUPRUH� DOO
OLQNV KDYH PDVV� DUH ULJLG� DUH FRQQHFWHG LQ UHYROXWH
MRLQWV� DQG DOO NLQHPDWLF FKDLQV IRUPHG E\ WKH FRQQHF�
WLRQV RI OLQNV DUH DVVXPHG WR EH RSHQ� )LJXUH � GHSLFWV
DQ H[DPSOH RI VXFK D URERW� $OO ZDONLQJ F\FOHV ZLOO
EH DVVXPHG WR WDNH SODFH LQ WKH VDJLWWDO SODQH DQG
FRQVLVW RI VXFFHVVLYH SKDVHV RI VLQJOH VXSSRUW �PHDQ�
LQJ WKH VWDQFH OHJ LV WRXFKLQJ WKH ZDONLQJ VXUIDFH DQG
WKH VZLQJ OHJ LV QRW� DQG GRXEOH VXSSRUW �WKH VZLQJ
OHJ DQG WKH VWDQFH OHJ DUH ERWK LQ FRQWDFW ZLWK WKH
ZDONLQJ VXUIDFH�� 'XULQJ WKH VLQJOH VXSSRUW SKDVH� LW
LV DVVXPHG WKDW WKH VWDQFH OHJ DFWV DV D SLYRW� ,W LV
IXUWKHU VXSSRVHG WKDW WKH ZDONLQJ JDLWV RI LQWHUHVW DUH
VXFK WKDW� LQ VWHDG\ VWDWH� VXFFHVVLYH SKDVHV RI VLQJOH
VXSSRUW DUH V\PPHWULF ZLWK UHVSHFW WR WKH WZR OHJV�
LQYROYH PRWLRQ IURP OHIW WR ULJKW� DQG WKH VZLQJ OHJ
LV SRVHG LQ IURQW RI WKH VWDQFH OHJ �WKHVH DVVXPSWLRQV
UXOH RXW FHUWDLQ SDWKRORJLFDO JDLWV�� )LQDOO\� DFWXDWLRQ
LV DSSOLHG DW HDFK MRLQW� EXW QRW EHWZHHQ WKH VWDQFH OHJ
DQG JURXQG� 7KH URERW LV WKXV XQGHUDFWXDWHG GXULQJ
WKH VLQJOH VXSSRUW SKDVH� ,W LV ZRUWK QRWLQJ WKDW HYHQ
LI WKHUH ZHUH DFWXDWLRQ EHWZHHQ WKH VWDQFH OHJ HQG DQG
JURXQG� LW ZRXOG EH ZRUWKZKLOH WR nUVW GHVLJQ D FRQ�
WUROOHU XQGHU WKH DVVXPSWLRQ RI QR ?DQNOH� WRUTXH DQG
WKHQ DGG DQ RXWHU FRQWURO ORRS WR H[SORLW WKH WRUTXH
DYDLODEOH DW WKH DQNOH�

7KH WZR SKDVHV RI WKH ZDONLQJ F\FOH QDWXUDOO\ OHDG
WR D PDWKHPDWLFDO PRGHO RI WKH ELSHG FRQVLVWLQJ RI
WZR SDUWV� WKH GLmHUHQWLDO HTXDWLRQV GHVFULELQJ WKH G\�
QDPLFV GXULQJ WKH VLQJOH VXSSRUW SKDVH� DQG D PRGHO
RI WKH FRQWDFW HYHQW� $ VWDQGDUG� ULJLG �LQHODVWLF�

)LJ� �� 6FKHPDWLF LOOXVWUDWLQJ WKH FODVV RI 1�OLQN URERW PRGHOV
FRQVLGHUHG KHUH� 1R DFWXDWLRQ LV DSSOLHG EHWZHHQ WKH VWDQFH OHJ
DQG WKH JURXQG� ZKLOH DOO RWKHU MRLQWV DUH DFWXDWHG�

FRQWDFW PRGHO LV DVVXPHG� ZKLFK FROODSVHV WKH GRX�
EOH VXSSRUW SKDVH WR DQ LQVWDQW LQ WLPH� \LHOGLQJ D
GLVFRQWLQXLW\ LQ WKH YHORFLW\ FRPSRQHQW RI WKH VWDWH�
ZLWK WKH SRVLWLRQ UHPDLQLQJ FRQWLQXRXV� 7KH ELSHG
PRGHO LV WKXV K\EULG LQ QDWXUH� FRQVLVWLQJ RI D FRQ�
WLQXRXV G\QDPLFV DQG D UH�LQLWLDOL]DWLRQ UXOH DW WKH
FRQWDFW HYHQW�
6ZLQJ SKDVH PRGHO� :LWK 1�OLQNV� WKH G\QDPLF
PRGHO RI WKH URERW GXULQJ WKH VZLQJ SKDVH KDV 1�
'2)� /HW T EH WKH VHW RI FRRUGLQDWHV GHVFULELQJ WKH
FRQnJXUDWLRQ RI WKH URERW ZLWK UHVSHFW WR D ZRUOG UHI�
HUHQFH IUDPH : � ZKRVH RULJLQ LV FHQWHUHG DW WKH HQG
RI WKH VWDQFH OHJ� 6LQFH RQO\ V\PPHWULF JDLWV DUH RI
LQWHUHVW� WKH VDPH PRGHO FDQ EH XVHG LUUHVSHFWLYH RI
ZKLFK OHJ LV WKH VWDQFH OHJ LI WKH FRRUGLQDWHV DUH UHOD�
EHOHG DIWHU HDFK SKDVH RI GRXEOH VXSSRUW� 8VLQJ WKH
PHWKRG RI /DJUDQJH� WKH PRGHO LV ZULWWHQ LQ WKH IRUP
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7RUTXHV XL� L  � WR �1b��� DUH DSSOLHG EHWZHHQ HDFK
FRQQHFWLRQ RI WZR OLQNV� EXW QRW EHWZHHQ WKH VWDQFH
OHJ DQG JURXQG� 7KH PRGHO LV ZULWWHQ LQ VWDWH VSDFH
IRUP E\

B[  

�
BT

'b��T� >b&�T� BT� BT b*�T� �%X@

w

 � I�[� � J�[�X� ���

ZKHUH [ � �T�� BT���� 7KH VWDWH VSDFH RI WKH PRGHO LV
WDNHQ DV 74� ZKHUH 4 LV D FRQQHFWHG� RSHQ VXEVHW RI
,51 FRUUHVSRQGLQJ WR SK\VLFDOO\ UHDVRQDEOH FRQnJXUD�
WLRQV RI WKH URERW�
,PSDFW PRGHO� $Q LPSDFW RFFXUV ZKHQ WKH VZLQJ
OHJ WRXFKHV WKH ZDONLQJ VXUIDFH� /HW �SK� � SY�� GHQRWH
WKH KRUL]RQWDO DQG YHUWLFDO FRRUGLQDWHV RI WKH HQG RI
WKH VWDQFH OHJ� 'HnQH WKH ZDONLQJ VXUIDFH DV

6 � I�T� BT� � 74 M SY�  �� SK� ! �J� ���



DOVR FDOOHG WKH JURXQG� 7KH LPSDFW EHWZHHQ WKH VZLQJ
OHJ DQG WKH JURXQG LV PRGHOHG DV DQ �LQHODVWLF� FRQWDFW
EHWZHHQ WZR ULJLG ERGLHV� ,Q DGGLWLRQ WR PRGHOLQJ WKH
FKDQJH LQ VWDWH RI WKH URERW� WKH LPSDFW PRGHO DOVR
DFFRXQWV IRU WKH UHODEHOLQJ RI WKH URERW
V FRRUGLQDWHV
WKDW RFFXUV DIWHU HDFK SKDVH RI GRXEOH VXSSRUW� 7KH
LPSDFW PRGHO XQGHU VWDQGDUG K\SRWKHVHV UHVXOWV LQ D
VPRRWK PDS c � 6 � 74�
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ZKHUH [� � �T�� BT�� �UHVS� [b � �Tb� BTb�� LV WKH
VWDWH YDOXH MXVW DIWHU �UHVS� MXVW EHIRUH� LPSDFW�
1RQOLQHDU V\VWHP ZLWK LPSXOVH HmHFWV� 7KH
RYHUDOO ELSHG URERW PRGHO LV H[SUHVVHG DV D QRQOLQHDU
V\VWHP ZLWK LPSXOVH HmHFWV
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ZKHUH� [b�W� � OLP~�W [�~ �� 6ROXWLRQV DUH WDNHQ WR
EH ULJKW FRQWLQXRXV DQG PXVW KDYH nQLWH OHIW DQG ULJKW
OLPLWV DW HDFK LPSDFW HYHQW �VHH >�@ IRU GHWDLOV��
,Q VLPSOH ZRUGV� D WUDMHFWRU\ RI WKH PRGHO LV VSHFL�

nHG E\ WKH VZLQJ SKDVH PRGHO ��� XQWLO LWV VWDWH ?LP�
SDFWV� WKH K\SHUVXUIDFH 6� $W WKLV SRLQW� WKH LPSXOVH
PRGHO c FRPSUHVVHV WKH LPSDFW HYHQW LQWR DQ LQVWDQ�
WDQHRXV PRPHQW RI WLPH� UHVXOWLQJ LQ D GLVFRQWLQXLW\
LQ WKH VWDWH WUDMHFWRU\� 7KH UHVXOW RI WKH LPSDFW PRGHO
LV D QHZ LQLWLDO FRQGLWLRQ IURP ZKLFK WKH VZLQJ SKDVH
PRGHO HYROYHV XQWLO WKH QH[W LPSDFW ZLWK 6� ,Q RU�
GHU WR DYRLG WKH VWDWH KDYLQJ WR WDNH RQ WZR YDOXHV
DW WKH ?LPSDFW WLPH�� WKH LPSDFW HYHQW LV� URXJKO\
VSHDNLQJ� GHVFULEHG LQ WHUPV RI WKH YDOXHV RI WKH VWDWH
?MXVW SULRU WR LPSDFW� DW WLPH ?Wb�� DQG ?MXVW DIWHU
LPSDFW� DW WLPH ?W��� 7KHVH YDOXHV DUH UHSUHVHQWHG
E\ WKH OHIW DQG ULJKW OLPLWV� [b DQG [�� UHVSHFWLYHO\�
$ KDOI�VWHS RI WKH URERW LV GHnQHG WR EH D VROXWLRQ RI
��� WKDW VWDUWV ZLWK WKH URERW LQ GRXEOH VXSSRUW� ZLWK
WKH VZLQJ OHJ EHKLQG WKH VWDQFH OHJ� HQGV LQ GRXEOH
VXSSRUW ZLWK WKH VZLQJ OHJ LQ IURQW RI WKH VWDQFH OHJ�
DQG FRQWDLQV QR RWKHU LPSDFW HYHQW�

,,,� &RQWURO 'HVLJQ IRU $QDO\WLFDO
7UDFWDELOLW\

$� 3KLORVRSK\� ,I VWDELOLW\ DQDO\VLV LV WRR GLpFXOW�
WKHQ LW ZLOO QRW EH LQFRUSRUDWHG LQWR IHHGEDFN V\Q�
WKHVLV�

2QH FDQ GLVWLQJXLVK VHYHUDO FRQWURO GHVLJQ DS�
SURDFKHV LQ WKH ELSHG OLWHUDWXUH� %\ IDU� WKH PRVW
FRPPRQ DSSURDFK WR FRQWURO LV WKURXJK WKH WUDFNLQJ
RI SUH�FRPSXWHG UHIHUHQFH WUDMHFWRULHV� 7KH WUDMHF�
WRULHV PD\ EH GHWHUPLQHG YLD DQDORJ\� HLWKHU ZLWK
KXPDQ PRWLRQ� RU ZLWK VLPSOHU� SDVVLYH� PHFKDQL�
FDO ELSHG V\VWHPV� WKH\ PD\ EH JHQHUDWHG E\ DQ H[�
WHUQDO RVFLOODWRU� VXFK DV YDQ GHU 3RO
V RVFLOODWRU� RU

FRPSXWHG WKURXJK RSWLPL]DWLRQ RI YDULRXV FRVW FULWH�
ULD� VXFK DV PLQLPXP H[SHQGHG FRQWURO HQHUJ\ RYHU
D ZDONLQJ F\FOH� :LWKLQ WKH FRQWH[W RI WUDFNLQJ�
PDQ\ GLmHUHQW FRQWURO PHWKRGV KDYH EHHQ H[SORUHG�
LQFOXGLQJ FRQWLQXRXV�WLPH PHWKRGV EDVHG RQ 3,' FRQ�
WUROOHUV� FRPSXWHG WRUTXH �DOVR FDOOHG LQYHUVH G\QDP�
LFV� DQG VOLGLQJ PRGH FRQWURO� RU HVVHQWLDOO\ GLVFUHWH�
WLPH PHWKRGV� ZKHUH FRQWURO DFWLRQV DUH DSSOLHG DW
HDFK FRQWDFW HYHQW�

7KH DUH VHYHUDO GUDZEDFNV DVVRFLDWHG ZLWK FRQWURO
EDVHG RQ WKH WUDFNLQJ RI WLPH WUDMHFWRULHV� )LUVW RI DOO�
WKH UHVXOWLQJ FORVHG�ORRS V\VWHP LV WKHQ WLPH�YDU\LQJ�
LQ DGGLWLRQ WR EHLQJ QRQOLQHDU DQG K\EULG� IXUWKHU
FRPSOLFDWLQJ LWV DQDO\VLV� 6HFRQGO\� LQ WKH FDVH RI
DQ XQGHUDFWXDWHG V\VWHP� LW LV QRW DOZD\V SRVVLEOH
WR WUDFN D JLYHQ SHULRGLF VROXWLRQ RI WKH PRGHO LQ DQ
DV\PSWRWLFDOO\ VWDEOH PDQQHU� 7KLUGO\� LI D GLVWXU�
EDQFH DmHFWV WKH URERW DQG FDXVHV LWV PRWLRQ WR EH
UHWDUGHG� IRU H[DPSOH� ZLWK UHVSHFW WR D UHIHUHQFH WUD�
MHFWRU\� WKH IHHGEDFN V\VWHP LV REOLJHG WR SOD\ FDWFK
XS DQG UHJDLQ V\QFKURQ\ ZLWK WKH UHIHUHQFH WUDMHFWRU\�
3UHVXPDEO\� ZKDW LV PXFK PRUH LPSRUWDQW LV WKH RU�
ELW RI WKH URERW� WKDW LV� WKH SDWK LQ VWDWH VSDFH WUDFHG
RXW E\ LWV PRWLRQ� DQG QRW WKH VODYLVK QRWLRQ RI WLPH
LPSRVHG E\ D UHIHUHQFH WUDMHFWRU\� $ SUHIHUDEOH VLWXD�
WLRQ� WKHUHIRUH� ZRXOG EH IRU WKH URERW LQ UHVSRQVH WR
D GLVWXUEDQFH WR FRQYHUJH EDFN WR WKH SHULRGLF RUELW�
EXW QRW WR DWWHPSW RWKHUZLVH UHV\QFKURQL]LQJ LWVHOI
ZLWK WLPH� 2QH ZD\ WR DFKLHYH WKLV LV E\ SDUDPHWHU�
L]LQJ WKH RUELW �L�H�� WKH ZDONLQJ PRWLRQ� ZLWK UHVSHFW
WR D VFDODU�YDOXHG IXQFWLRQ RI WKH VWDWHV RI WKH URERW�
,Q WKLV ZD\� IRU H[DPSOH� ZKHQ D GLVWXUEDQFH UHWDUGV
WKH PRWLRQ RI WKH URERW� LW PD\ DOVR DXWRPDWLFDOO\
?UHWDUG� WKH IXQFWLRQ WKDW SDUDPHWHUL]HV WKH RUELW�
&RQVHTXHQWO\� WKH IHHGEDFN FRQWUROOHU ZLOO QRW KDYH WR
SOD\ FDWFK XS� DQG FDQ IRFXV VROHO\ RQ PDLQWDLQLQJ
SRVWXUH DQG UHODWLYH OLPE YHORFLWLHV�

$ VHFRQG NH\ LQJUHGLHQW IRU DFKLHYLQJ DQDO\WLFDO
WUDFWDELOLW\ LV WR UHGXFH WKH GLPHQVLRQ RI WKH SURE�
OHP� 7KLV LV QRW D QRYHO LGHD LQ FRQWURO� LQ JHQHUDO� QRU
ELSHG ORFRPRWLRQ� LQ SDUWLFXODU� %LSHG URERWV WHQG WR
KDYH PDQ\ GHJUHHV RI IUHHGRP� 6HYHUDO DXWKRUV KDYH
VRXJKW WR FDVW WKHLU FRQWURO SUREOHP LQ WHUPV RI GH�
VLJQLQJ D FRQWUROOHU IRU D ORZHU GLPHQVLRQDO WDUJHW V\V�
WHP� 7KHVH LQFOXGH� UHJXODWLQJ DQJXODU PRPHQWXP�
FRQWUROOLQJ WRWDO HQHUJ\� DQG DSSUR[LPDWLQJ WKH URERW
DV DQ LQYHUWHG SHQGXOXP� UHVXOWLQJ LQ WKH UHGXFHG WDVN
RI UHJXODWLQJ LWV FHQWHU RI PDVV� 2WKHUV KDYH DFKLHYHG
D UHGXFWLRQ LQ FRPSOH[LW\ WKURXJK D SURSRVHG VHW RI
ZDONLQJ SULQFLSOHV� VXFK DV PDLQWDLQLQJ WKH WRUVR DW
D FRQVWDQW DQJOH DQG WKH KLSV DW D FRQVWDQW KHLJKW
DERYH WKH JURXQG ZKLOH PRYLQJ RQH IRRW LQ IURQW RI
WKH RWKHU� 3ULQFLSOHV RI WKLV VRUW FDQ EH YLHZHG DV HV�
WDEOLVKLQJ NLQHPDWLF FRQVWUDLQWV RQ WKH V\VWHP� ZKLFK�



DV H[SODLQHG LQ >�@� LQGXFH D ORZ RUGHU WDUJHW G\QDP�
LFV� QDPHO\� WKH K\EULG ]HUR G\QDPLFV RI WKH ELSHGDO
ZDONHU�
:KLOH GLPHQVLRQ UHGXFWLRQ IRU WKH SXUSRVH RI FRQ�

WUROOHU GHVLJQ KDV EHHQ UHFRJQL]HG DV EHLQJ LPSRUWDQW�
LWV FRQVHTXHQFHV IRU DQDO\VLV KDYH QRW EHHQ IXOO\ H[�
SORUHG� 2QH RI WKH SULQFLSDO REMHFWLYHV RI WKH DXWKRU
V
ZRUN LV WR VKRZ WKDW IUHHGRP LQ WKH FRQWURO VWUDW�
HJ\ FDQ EH H[SORLWHG LQ D ZD\ WKDW JUHDWO\ VLPSOL�
nHV WKH VWDELOLW\ DQDO\VLV RI WKH FORVHG�ORRS V\VWHP�
2QFH VWDELOLW\ DQDO\VLV EHFRPHV VXpFLHQWO\ VLPSOH� LW
FDQ EH LQFRUSRUDWHG LQWR IHHGEDFN V\QWKHVLV� 7LPH�
LQYDULDQFH DQG GLPHQVLRQ UHGXFWLRQ DUH WZR LPSRUWDQW
DVSHFWV RI VLPSOLnFDWLRQ�

%� /RFRPRWLRQ REMHFWLYHV WKDW UHGXFH WKH QXPEHU RI
GHJUHHV RI IUHHGRP

7KH FRQWURO GHVLJQV VWXGLHG LQ >�@� >�@� >�@ DQG >�@
LQYROYH WKH MXGLFLRXV FKRLFH RI D VHW RI KRORQRPLF FRQ�
VWUDLQWV WKDW DUH LPSRVHG RQ WKH URERW YLD IHHGEDFN
FRQWURO� 7KLV LV DFFRPSOLVKHG E\ LQWHUSUHWLQJ WKH FRQ�
VWUDLQWV DV RXWSXW IXQFWLRQV GHSHQGLQJ RQO\ RQ WKH
FRQnJXUDWLRQ YDULDEOHV RI WKH URERW� DQG WKHQ FRPELQ�
LQJ LGHDV IURP nQLWH�WLPH VWDELOL]DWLRQ DQG FRPSXWHG
WRUTXH� 7KH GHVLUHG SRVWXUH RI WKH URERW LV HQFRGHG
LQWR WKH VHW RI RXWSXWV LQ VXFK D ZD\ WKDW WKH QXOOLQJ
RI WKH RXWSXWV LV HTXLYDOHQW WR DFKLHYLQJ WKH GHVLUHG
SRVWXUH�

)LJ� �� $ VSHFLnF nYH OLQN ELSHG� $V LQ WKH PRUH JHQHUDO URERW�
WKHUH LV QR DFWXDWLRQ EHWZHHQ WKH VWDQFH OHJ DQG WKH JURXQG�
ZKLOH DOO RWKHU MRLQWV DUH DFWXDWHG�

,Q RUGHU WR EH PRUH FRQFUHWH DW WKLV SRLQW� FRQVLGHU
WKH ��OLQN� ��DFWXDWRU� SODQDU ELSHGDO ZDONHU VKRZQ
LQ )LJXUH �� 6HYHUDO GLmHUHQW FRQVWUDLQW FKRLFHV KDYH
EHHQ H[SORUHG� ZLWK WKH FRPPRQ HOHPHQW EHLQJ WKDW
IRXU RXWSXWV DUH FRQWUROOHG VLQFH WKH URERW KDV IRXU
DFWXDWRUV� ,Q >�@� D ODUJHO\ ?&DUWHVLDQ� YLHZ LV WDNHQ�
7KH FKRLFH LV PDGH WR UHJXODWH WKH DQJOH RI WKH WRUVR�
WKH KHLJKW RI WKH KLSV� DQG WKH SRVLWLRQ RI WKH HQG
RI WKH VZLQJ OHJ �ERWK KRUL]RQWDO DQG YHUWLFDO FRPSR�
QHQWV�� 2YHU HDFK KDOI�VWHS RI D QRUPDO ZDONLQJ JDLW�
WKH KRUL]RQWDO SRVLWLRQ RI WKH KLSV LV PRQRWRQLFDOO\

LQFUHDVLQJ� +HQFH� DORQJ D KDOI�VWHS� WKH GHVLUHG WRUVR
DQJOH� KLS KHLJKW DQG VZLQJ OHJ HQG SRVLWLRQ DUH H[�
SUHVVHG DV IXQFWLRQV RI WKH KRUL]RQWDO SRVLWLRQ RI WKH
KLS� 7KHVH IRXU IXQFWLRQV DUH FKRVHQ VR WKDW� DV WKH
KLSV DGYDQFH� WKH WRUVR LV HUHFW DW D QHDUO\ YHUWLFDO
DQJOH� WKH KHLJKW RI WKH KLSV ULVHV DQG IDOOV QDWXUDOO\
GXULQJ WKH VWHS� WKH VZLQJ OHJ DGYDQFHV IURP EHKLQG
WKH VWDQFH OHJ WR LQ IURQW RI LW� WUDFLQJ D SDUDEROLF
WUDMHFWRU\� ,Q >�@� WKH GHVLUHG PRWLRQ RI WKH URERW LV
GHVFULEHG LQ WHUPV RI WKH HYROXWLRQ RI UHODWLYH MRLQW
DQJOHV� 7KH IRXU RXWSXWV DUH VHOHFWHG WR EH FR�ORFDWHG
ZLWK WKH DFWXDWRUV� WKH �WZR� UHODWLYH DQJOHV RI WKH
WRUVR ZLWK WKH IHPXUV DQG WKH �WZR� UHODWLYH DQJOHV
RI WKH NQHHV� 7KH DQJOH RI WKH ?YLUWXDO OHJ�� WKDW LV�
WKH OLQH FRQQHFWLQJ WKH VWDQFH OHJ HQG WR WKH KLSV� LV
FOHDUO\ PRQRWRQLF RYHU D KDOI�VWHS ZKHQHYHU WKH KRU�
L]RQWDO FRPSRQHQW RI WKH KLSV LV PRQRWRQLF� &RQVH�
TXHQWO\� WKH IRXU UHODWLYH DQJOHV DUH H[SUHVVHG DV GH�
VLUHG IXQFWLRQV RI WKH DQJOH RI WKH YLUWXDO OHJ�
,Q WKH JHQHUDO FDVH RI DQ 1 �OLQN ELSHGDO ZDONHU�

1 b � RXWSXWV RI WKH IRUP

\  K�T�

 K��T�b KG�t�T�� ���

DUH FRQVWUXFWHG� 7KH IXQFWLRQ K� VSHFLnHV �1 b�� LQ�
GHSHQGHQW TXDQWLWLHV WKDW DUH WR EH FRQWUROOHG� ZKLOH
t�T� LV D VFDODU IXQFWLRQ� RI WKH FRQnJXUDWLRQ YDUL�
DEOHV WKDW LV ?LQGHSHQGHQW� RI K� DQG LV PRQRWRQL�
FDOO\ LQFUHDVLQJ DORQJ D �QRQ�SDWKRORJLFDO� KDOI�VWHS�
7KH IXQFWLRQ KG�t�T�� VSHFLnHV WKH GHVLUHG HYROXWLRQ

�

RI WKH FRQWUROOHG TXDQWLWLHV LQ WKH VHQVH WKDW \ s �
ZRXOG DVVXUH WKH GHVLUHG SRVWXUH RI WKH URERW GXULQJ D
KDOI�VWHS� ,Q VKRUW� WKH IXQFWLRQ KG LV WDNLQJ WKH SODFH
RI D GHVLUHG WLPH WUDMHFWRU\ DQG WKH TXDQWLW\ t�T� LV
SOD\LQJ WKH UROH RI WLPH� VR WKDW WKH HYROXWLRQ RI WKH
URERW ZLOO EH ?V\QFKURQL]HG� WR DQ LQWHUQDO YDULDEOH�
$FKLHYLQJ \ s � ZRXOG UHGXFH WKH QXPEHU RI GH�

JUHHV RI IUHHGRP WR RQH� %XW VLQFH WKH RQO\ PHDQV
WR QXOO \ LV WKURXJK IHHGEDFN FRQWURO� \  � FDQ RQO\
EH DFKLHYHG DV\PSWRWLFDOO\� 7KLV UDLVHV WKH TXHVWLRQ�
&DQ WKH DV\PSWRWLF QXOOLQJ RI \ EH GRQH LQ D ZD\ WKDW
OHDGV WR D UHGXFHG GLPHQVLRQDO� DQG KHQFH� VLPSOLnHG�
DQDO\VLV SUREOHP"

&� $FKLHYLQJ GLPHQVLRQ UHGXFWLRQ WKURXJK nQLWH�WLPH
IHHGEDFN FRQWURO

6LQFH WKH RXWSXW \  K�T� LQ ��� GHSHQGV RQO\ RQ
WKH FRQnJXUDWLRQ YDULDEOHV� WKH nUVW GHULYDWLYH RI WKH
RXWSXW DORQJ VROXWLRQV RI ��� GRHV QRW GHSHQG GLUHFWO\

�)RU H[DPSOH� WKH KRUL]RQWDO SRVLWLRQ RI WKH KLSV RU WKH DQJOH
RI WKH YLUWXDO OHJ�
�)RU WKH GHVLJQ RI KG� RQH LV IUHH WR XVH HVVHQWLDOO\ DQ\ RI

WKH PHWKRGV NQRZQ IRU FUHDWLQJ GHVLUDEOH WLPH WUDMHFWRULHV IRU
WUDFNLQJ� VHH >�@�



RQ WKH LQSXWV� +HQFH WKH UHODWLYH GHJUHH LV DW OHDVW
WZR� 'LmHUHQWLDWLQJ WKH RXWSXW RQFH DJDLQ FRPSXWHV
WKH DFFHOHUDWLRQV� UHVXOWLQJ LQ

G�\

GW�
 � /�

IK�T� BT� � /J/IK�T�X� ���

7KH PDWUL[ /J/IK�T� LV FDOOHG WKH GHFRXSOLQJ PDWUL[
DQG GHSHQGV RQO\ RQ WKH FRQnJXUDWLRQ YDULDEOHV� $V�
VXPH LWV LQYHUWLELOLW\��
&+��D� WKHUH H[LVWV RSHQ VHW a4 | 4 VXFK WKDW IRU
HDFK SRLQW T � a4� WKH GHFRXSOLQJ PDWUL[ /J/IK�T� LV
VTXDUH DQG LQYHUWLEOH �L�H�� K KDV YHFWRU UHODWLYH GHJUHH
��� � � � � ����� DQG
&+��E� WKHUH H[LVWV DW OHDVW RQH SRLQW LQ a4 ZKHUH K
YDQLVKHV�
7KHQ GHVLJQLQJ D IHHGEDFN FRQWUROOHU WR DV\PSWRWL�
FDOO\ GULYH WKH RXWSXW WR ]HUR LV D VWDQGDUG SUREOHP
LQ FRQWURO DQG URERWLFV� c c c RU LV LW" 7KH FDWFK LV WKH
K\EULG QDWXUH RI WKH ELSHG PRGHO� )RU H[DPSOH� D
FRPPRQ IHHGEDFN FRQWUROOHU PD\ EH

X  b�/J/IK�
b�

b
/�
IK�.'/IK�.SK

c
� ���

ZLWK .' DQG .3 SRVLWLYH GHnQLWH PDWULFHV� ZKLFK
\LHOGV

�\ �.' B\ �.3 \  �� ���

GXULQJ WKH VZLQJ SKDVH� +RZHYHU� DW HDFK LPSDFW
HYHQW RI ���� WKH VROXWLRQ RI ��� PXVW EH UH�LQLWLDOL]HG
WR \�  K p c�[b� DQG B\�  /IK p c�[b�� UHVSHF�
WLYHO\� &RQFHSWXDOO\� WKLV LV HTXLYDOHQW WR D SHUVLVWHQW�
LPSXOVLYH GLVWXUEDQFH EHLQJ DSSOLHG WR ���� DQG KHQFH�
FRQYHUJHQFH RI \�W� WR ]HUR LV QRW JXDUDQWHHG� &RQ�
WLQXLQJ ZLWK WKH GLVWXUEDQFH DQDORJ\� VLQFH DFKLHYLQJ
\  � LV HTXLYDOHQW WR DFKLHYLQJ WKH GHVLUHG URERW SRV�
WXUH GXULQJ D KDOI�VWHS� D QDWXUDO GHVLUH PD\ EH WR DW�
WHQXDWH WKH HmHFWV RI WKH GLVWXUEDQFHV E\ LQFUHDVLQJ
WKH FRQWUROOHU JDLQV� WKHUHE\ LQGXFLQJ UDSLG FRQYHU�
JHQFH RI \�W� WRZDUG ]HUR GXULQJ D VLQJOH VWHS� 2I
FRXUVH� D GUDZEDFN RI KLJK JDLQ LV ODUJH WRUTXHV ZKHQ
WKH RXWSXW LV ?IDU� DZD\ IURP ]HUR� ,Q UHVSRQVH WR
WKLV� RWKHU UHVHDUFKHUV KDYH FRQVLGHUHG VOLGLQJ�PRGH
FRQWURO� ZKLFK DFKLHYHV FRQYHUJHQFH LQ nQLWH WLPH�
+RZHYHU� WKLV OHDGV WR FKDWWHULQJ DQG SRVHV YHU\ UHDO
GLpFXOWLHV IRU ULJRURXV DQDO\VLV RI VROXWLRQV RI WKH
FORVHG�ORRS V\VWHP� $ YLDEOH DOWHUQDWLYH LV WR LQFOXGH
D ?VTXDUH URRW�OLNH� DFWLRQ LQ WKH IHHGEDFN VR WKDW
PRGHVW FRQWUROV DUH DSSOLHG ZKHQ \ DQG B\ DUH ODUJH
DQG nQLWH�WLPH FRQYHUJHQFH WR ]HUR WDNHV SODFH RQFH
\ DQG B\ EHFRPH VPDOO� :LWK D OLWWOH FDUH� VXFK FRQ�
WLQXRXV� WKRXJK QRQ�/LSVFKLW] FRQWLQXRXV� IHHGEDFNV
FDQ EH XVHG ZLWK JUHDW DGYDQWDJH� 7KLV LV GHYHORSHG
QH[W�
7KH DSSOLFDWLRQ RI WKH SUH�IHHGEDFN WR ���

�$ PHWKRG IRU FKHFNLQJ WKLV LV JLYHQ LQ >�@�

X�[�  �/J/IK�[��
b��Y b /�

IK�[�� ����

UHVXOWV LQ WKH FKDLQ RI 1 b � GRXEOH LQWHJUDWRUV�

G�\

GW�
 Y� ����

VHH ���� /HW Y�\� B\� EH DQ\ IHHGEDFN FRQWUROOHU RQ ����
VDWLVI\LQJ FRQGLWLRQV &+� WR &+� RI >�@� WKDW LV�
&RQWUROOHU +\SRWKHVHV� IRU WKH FORVHG�ORRS FKDLQ
RI GRXEOH LQWHJUDWRUV� �\  Y�\� B\��

&+�� VROXWLRQV JOREDOO\ H[LVW RQ ,5�1b�� DQG DUH �IRU�
ZDUG� XQLTXH�
&+�� VROXWLRQV GHSHQG FRQWLQXRXVO\ RQ WKH LQLWLDO
FRQGLWLRQV�
&+�� WKH RULJLQ LV JOREDOO\ DV\PSWRWLFDOO\ VWDEOH� DQG
FRQYHUJHQFH LV DFKLHYHG LQ nQLWH WLPH�
&+�� WKH VHWWOLQJ WLPH IXQFWLRQ�� 7VHW � ,5

�1b� � ,5
E\

7VHW�\�� B\�� � LQIIW ! � M �\�W�� B\�W��  ��� ���
�\���� B\����  �\�� B\��J

GHSHQGV FRQWLQXRXVO\ RQ WKH LQLWLDO FRQGLWLRQ� �\�� B\���

+\SRWKHVHV &+��&+� FRUUHVSRQG WR WKH GHnQLWLRQ RI
nQLWH�WLPH VWDELOLW\� &+� LV DOVR QHHGHG� EXW LV QRW
LPSOLHG E\ &+��&+�� 7KHVH UHTXLUHPHQWV UXOH RXW
WUDGLWLRQDO VOLGLQJ PRGH FRQWURO� ZLWK LWV ZHOO�NQRZQ
GLVFRQWLQXRXV DFWLRQ� $ SDUWLFXODU FKRLFH IRU WKH IHHG�
EDFN IXQFWLRQ Y�\� B\� LV KLJKOLJKWHG LQ >�@�
&RQVLGHU QRZ WKH IHHGEDFN

X�[� � �/J/IK�[��
b�

b
Y�K�[�� /IK�[��b /�

IK�[�
c
�

����
7KH K\EULG PRGHO RI WKH ELSHG URERW ��� LQ FORVHG ORRS
ZLWK WKH DERYH IHHGEDFN LV WKHQ

hFO �

|
B[�W�  IFO�[�W�� [b�W��� 6
[��W�  c�[b�W�� [b�W� � 6�

����

ZKHUH�

IFO�[� � I�[� � J�[�X�[�� ����

,9� 'HWHUPLQLQJ ([LVWHQFH DQG 6WDELOLW\ RI
3HULRGLF 2UELWV RQ WKH %DVLV RI D

2QH�'LPHQVLRQDO 0DS

'HnQH WKH WLPH WR LPSDFW IXQFWLRQ� 7, � 74 �
,5 > I�J� E\

7,�[�� � 

��
�
LQIIW w �M
IFO�W� [�� � 6J LI � W VXFK

WKDW 
IFO�W� [�� � 6
� RWKHUZLVH

�7KDW LV� WKH WLPH LW WDNHV IRU D VROXWLRQ LQLWLDOL]HG DW �\�� B\��
WR FRQYHUJH WR WKH RULJLQ�



ZKHUH 
IFO�W� [�� LV WKH VROXWLRQ RI B[�W�  IFO�[�W��
LQLWLDOL]HG DW [�� ,W FDQ EH VKRZQ WKDW

A6 � I[� � 6 M 7VHW�[�� � 7,�[�� � ��

/IS
Y
��


IFO�7,�[��� [���� �J ����
LV DQ RSHQ VXEVHW RI 6�
7DNH WKH 3RLQFDUuH VHFWLRQ DV 6� WKH ZDONLQJ VXUIDFH�

DQG GHnQH WKH 3RLQFDUuH UHWXUQ PDS� DV WKH SDUWLDO
PDS 3 � 6 � 6 E\� LI 7,�c�[�� � ��

3 �[� � 
IFO�7,�c�[���c�[��� ����

7KH UHWXUQ PDS UHSUHVHQWV WKH HYROXWLRQ RI WKH URERW
MXVW EHIRUH DQ LPSDFW ZLWK WKH ZDONLQJ VXUIDFH� WR MXVW
EHIRUH WKH QH[W LPSDFW� DVVXPLQJ WKDW D QH[W LPSDFW
GRHV RFFXU� ,I LW GRHV QRW� WKDW LV� WKH URERW IDOOV GXH
WR WKH SUHFHHGLQJ LPSDFW� WKH SRLQW EHLQJ DQDO\]HG
LV QRW LQ WKH GRPDLQ RI GHnQLWLRQ RI WKH UHWXUQ PDS�
7KH 3RLQFDUuH UHWXUQ PDS LV FRQWLQXRXV RQ A6�
+\SRWKHVLV &+� HQVXUHV WKDW

= � I[ � 7 a4 M K�[�  �� /IK�[�  �J ����

LV D VPRRWK WZR GLPHQVLRQDO VXEPDQLIROG RI 74�
FDOOHG WKH ]HUR G\QDPLFV PDQLIROG� )RU [ � A6�
3 �[� � 6 ? = VLQFH WKH VHWWOLQJ WLPH LV OHVV WKDQ WKH
WLPH IRU DQ LPSDFW� 'HnQH D UHGXFHG 3RLQFDUuH PDS
E\

| � A6 ? = � 6 ? = E\ |�[� � 3 �[�� ����

7KXV� IRU A[e � A6� 3 �[e�  [e LI� DQG RQO\ LI�

[e � A6 ? = DQG |�[e�  [e� 7KLV IDFW UHVXOWV LQ
WKH H[LVWHQFH DQG VWDELOLW\ SURSHUWLHV RI SHULRGLF RU�
ELWV EHLQJ FKDUDFWHUL]HG LQ WHUPV RI D RQH�GLPHQVLRQDO
PDS� $Q H[DPSOH LV JLYHQ ULJKW DIWHU WKH VWDWHPHQW
RI WKH WKHRUHP�
7+(25(0 �� �0HWKRG RI 3RLQFDUuH IRU D 6\V�

WHP ZLWK ,PSXOVH (mHFWV XQGHU )LQLWH�7LPH
&RQWURO >�@� &RQVLGHU WKH ELSHG URERW PRGHO RI 6HF�
WLRQ ,,� ZULWWHQ LQ WKH IRUP RI D V\VWHP ZLWK LPSXOVH
HmHFWV� ���� 'HnQH RXWSXWV VXFK WKDW +\SRWKHVLV &+�
LV PHW� 6XSSRVH WKDW D FRQWLQXRXV� nQLWH�WLPH VWDEL�
OL]LQJ IHHGEDFN LV DSSOLHG� DQG WKDW +\SRWKHVHV &+��
&+� DUH PHW� 'HnQH =� A6 DQG | DV LQ ����� ���� DQG
����� UHVSHFWLYHO\� 7KHQ�

�� $ SHULRGLF RUELW LV WUDQVYHUVDO WR A6 LI� DQG RQO\ LI�
LW LV WUDQVYHUVDO WR A6 ? =�
�� [e � A6 ? = JLYHV ULVH WR D SHULRGLF RUELW RI ���� LI�
DQG RQO\ LI� |�[e�  [e�

�� [e � A6 ? = JLYHV ULVH WR D VWDEOH �UHVS�� DV\PSWRW�
LFDOO\ VWDEOH� SHULRGLF RUELW RI ���� LI� DQG RQO\ LI� [e

LV D VWDEOH �UHVS�� DV\PSWRWLFDOO\ VWDEOH� HTXLOLEULXP
SRLQW RI |� (

7KH DERYH UHVXOWV KDYH EHHQ XVHG WR ULJRURXVO\
SURYH WKH VWDELOLW\ RI IHHGEDFN FRQWURO GHVLJQV IRU D
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)LJ� �� 7KH UHGXFHG 3RLQFDUuH UHWXUQ PDS� | �EROG OLQH�� DV D
IXQFWLRQ RI WKH KRUL]RQWDO YHORFLW\ RI WKH KLSV MXVW EHIRUH LPSDFW�
Yb
+
� �P V� DQG� IRU YLVXDOL]DWLRQ SXUSRVHV� WKH LGHQWLW\ IXQFWLRQ

�WKLQ OLQH�� 7KLV SURYHV WKDW WKHUH H[LVWV D SHULRGLF RUELW DQG
WKDW LW LV DV\PSWRWLFDOO\ VWDEOH�

��OLQN ELSHG �WRUVR� DQG WZR OHJV ZLWKRXW NQHHV� LQ
>�@ DQG D ��OLQN ELSHG �WRUVR� WZR OHJV ZLWK UHYROXWH
NQHHV� LQ >�@� $ W\SLFDO UHGXFHG 3RLQFDUuH PDS� |�
LV VKRZQ LQ )LJXUH �� 7KH VHW 6 ? = ZDV SDUDP�
HWHUL]HG E\ WKH KRUL]RQWDO YHORFLW\ RI WKH KLSV� DQG
WKH 3RLQFDUuH PDS JHQHUDWHG QXPHULFDOO\ LQ D IHZ VHF�
RQGV� 7KH SORW VKRZV WKH H[LVWHQFH RI D n[HG SRLQW
�ZKHUH WKH 3RLQFDUuH PDS LQWHUVHFWV WKH LGHQWLW\ IXQF�
WLRQ� DQG LWV DV\PSWRWLF VWDELOLW\ �QRWH WKH VORSH RI WKH
LQWHUVHFWLRQ�� $Q H[DPSOH FORVHG�ORRS ZDONLQJ PR�
WLRQ� LV LQFOXGHG DV D PRYLH RQ WKH &'�520 ZLWK
WKH SDSHU �0RYLH � JUL]]OH�PSJ�� 7KH DYHUDJH ZDON�
LQJ VSHHG LV DSSUR[LPDWHO\ ���� P V DQG WKH SHDN
WRUTXH LV DURXQG �� 1P �WKH URERW
V WRWDO PDVV LV ��
NJ��

S

Z

x-

x+ ∆( )x-=

)LJ� �� 5HSUHVHQWDWLRQ RI D W\SLFDO SHULRGLF RUELW ZLWKRXW DG�
GLWLRQDO LQYDULDQFH DVVXPSWLRQV SODFHG RQ WKH RXWSXW IXQFWLRQ�
,I WKH FRQGLWLRQ c�6 ? =� | = KHOG� WKHQ WKH RUELW ZRXOG EH
HQWLUHO\ LQ =�

�7KH IXQFWLRQ K� ZDV VHOHFWHG WR FRQWURO WKH WRUVR DQJOH� KLS
KHLJKW DQG VZLQJ OHJ SRVLWLRQ� t�T� ZDV WDNHQ DV WKH DQJOH RI WKH
YLUWXDO OHJ� 7KH IXQFWLRQ KG ZDV GHVLJQHG WR LQGXFH WUDFNLQJ RI
DQ RUELW WKDW DSSUR[LPDWHO\ PLQLPL]HG LQWHJUDO�VTXDUHG WRUTXH
SHU VWHS OHQJWK� WKH RUELW ZDV GHWHUPLQHG WKURXJK RSHQ�ORRS
WUDMHFWRU\ RSWLPL]DWLRQ�



)LJXUH � VKRZV D SURMHFWLRQ RI WKH SKDVH SRUWUDLW RI
D W\SLFDO SHULRGLF RUELW� 7KH WUDMHFWRU\ FRQYHUJHV LQ
nQLWH WLPH WR WKH VHW = ZKHUH WKH RXWSXW LV LGHQWLFDOO\
]HUR� HYROYHV DORQJ = XQWLO WKH LPSDFW RI WKH VZLQJ OHJ
ZLWK WKH ZDONLQJ VXUIDFH 6 RFFXUV� DQG WKHQ LV EXPSHG
Rm RI = E\ WKH LPSDFW PDS� c� 7KLV UDLVHV WKH TXHV�
WLRQ� LV LW SRVVLEOH WR VKDSH WKH RXWSXW VR WKDW WKH UHVXOW
RI WKH LPSDFW PDS ODQGV WKH V\VWHP EDFN RQ =" ,QWX�
LWLYHO\� WKLV SURSHUW\ ZRXOG VHHP WR UHGXFH WUDQVLHQWV�
DQG KHQFH� LQ PDQ\ FDVHV� UHGXFH SHDN WRUTXH UHTXLUH�
PHQWV�
,Q VXPPDU\� XVLQJ WKH UHVXOWV RI WKLV VHFWLRQ� RQH

LV DEOH WR YHULI\ ZLWK QHFHVVDU\ DQG VXpFLHQW FRQGL�
WLRQV ZKHWKHU RU QRW D SURSRVHG VHW RI RXWSXWV OHDGV WR
D IHHGEDFN FRQWUROOHU WKDW LQGXFHV DQ DV\PSWRWLFDOO\
VWDEOH� SHULRGLF RUELW� 7KH JRDO RI WKH QH[W VHFWLRQ LV
WR EULQJ WKH VWDELOLW\ FULWHULRQ GLUHFWO\ LQWR WKH IHHG�
EDFN �RU RXWSXW� V\QWKHVLV SUREOHP�

9� 'HVLJQLQJ $V\PSWRWLFDOO\ 6WDEOH�
$SSUR[LPDWHO\ 2SWLPDO� 2UELWV RQ WKH

%DVLV RI D 2QH�'2) ,QYDULDQW 6XEV\VWHP

7KLV VHFWLRQ VXPPDUL]HV WKH PDLQ UHVXOWV RI >�@
DQG >�@� ZKLFK OHDG WR D GHVLJQ SURFHGXUH IRU FUHDW�
LQJ DV\PSWRWLFDOO\ VWDEOH RUELWV WKDW DUH DSSUR[LPDWHO\
RSWLPDO ZLWK UHVSHFW WR HQHUJ\ PLQLPL]DWLRQ� 'XH WR
VSDFH OLPLWDWLRQV� WKH GHYHORSPHQW ZLOO EH EULHI� )D�
PLOLDULW\ ZLWK WKH ]HUR G\QDPLFV RI QRQ�K\EULG PRGHOV
LV DVVXPHG DQG PDQ\ LQIRUPDWLYH� LQWHUPHGLDWH VWHSV
DUH VNLSSHG�
7KH DGGLWLRQDO UHTXLUHG WHFKQLFDO DVVXPSWLRQV� DUH
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++�� WKHUH H[LVWV D VPRRWK UHDO YDOXHG IXQFWLRQ t�T�

VXFK WKDW j � a4 � ,51 E\ j�T� � �K�T��� t�T���

LV D GLmHRPRUSKLVP RQWR LWV LPDJH�
++�� WKHUH H[LVWV D XQLTXH SRLQW Tb� � a4 VXFK WKDW
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DW Tb� HTXDOV 1 �
)RU D V\VWHP PRGHOHG E\ RUGLQDU\� QRQ�K\EULG� GLI�

IHUHQWLDO HTXDWLRQV� WKH PD[LPDO LQWHUQDO G\QDPLFV RI
WKH V\VWHP WKDW DUH FRPSDWLEOH ZLWK WKH RXWSXW EHLQJ
LGHQWLFDOO\ ]HUR LV FDOOHG WKH ]HUR G\QDPLFV� 7KH IHHG�
EDFN FRQWURO
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UHQGHUV WKH ]HUR G\QDPLFV PDQLIROG = LQ ���� LQYDUL�
DQW XQGHU WKH VZLQJ SKDVH G\QDPLFV� LQ WKH VHQVH
WKDW� HYHU\ ] � =� I]HUR�]� � I�]��J�]�Xe�]� � 7]=�
7KH DXWRQRPRXV V\VWHP

B]  I]HUR�]� ����

�&RQGLWLRQV ++� DQG ++� RI >�@ DUH VXEVXPHG E\ SUHYLRXV
K\SRWKHVHV�
�,Q SODLQ ZRUGV� IRU HYHU\ LQLWLDO FRQGLWLRQ [� � =� WKH VROX�

WLRQ [�W� [�� RI WKH IHHGEDFN V\VWHP I�[� � J�[�Xe�[� UHPDLQV
LQ =�

LV FDOOHG WKH VZLQJ SKDVH ]HUR G\QDPLFV� ,Q >�@� WKH
QRWLRQ RI WKH ]HUR G\QDPLFV ZDV H[WHQGHG WR LQFOXGH
WKH LPSDFW PDS FRPPRQ LQ PDQ\ ELSHG PRGHOV� 7KLV
LV QHFHVVDU\ EHFDXVH D VROXWLRQ RI ���� LV LQ JHQHUDO
QRW D VROXWLRQ RI WKH K\EULG PRGHO� ���� ,QGHHG� WKH
SUREOHP LV WKDW ]b�W� � 6 GRHV QRW QHFHVVDULO\ LPSO\
WKDW ]��W� � c�]b�W�� � =� WKDW LV� DSSO\LQJ WKH LP�
SDFW PRGHO ZKHQ WKH VROXWLRQ RI WKH VZLQJ SKDVH ]HUR
G\QDPLFV LPSDFWV WKH ZDONLQJ VXUIDFH GRHV QRW UHVXOW�
LQ JHQHUDO� LQ D QHZ LQLWLDO FRQGLWLRQ RQ =� WKH VWDWH
VSDFH RI WKH ]HUR G\QDPLFV� &RQVHTXHQWO\� WR FRQ�
WLQXH WKH VROXWLRQ IURP WKH QHZ LQLWLDO FRQGLWLRQ� WKH
IXOO PRGHO� ��� LV UHTXLUHG� 7KLV OHDGV WR WKH IROORZ�
LQJ DGGLWLRQDO UHTXLUHPHQW ZKHQ GHVLJQLQJ WKH RXWSXW
IXQFWLRQ�
++�� c�6 ? =� | =�
7KLV FRQGLWLRQ UHQGHUV WKH VZLQJ SKDVH G\QDPLFV LQ�
YDULDQW XQGHU WKH LPSDFW PDS� ZKLFK UHVXOWV LQ WKH
K\EULG ]HUR G\QDPLFV�
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7KH IROORZLQJ FDQ EH VKRZQ�
q DORQJ DOO VROXWLRQV RI ����� WKH RXWSXW K LV LGHQWLFDOO\
]HUR� DQG KHQFH WKLV LV D YDOLG ]HUR G\QDPLFV IRU WKH
K\EULG PRGHO�
q 6 ? = LV GLmHRPRUSKLF WR ,5�
q WKH IXQFWLRQ t �VHH� ++��� ZKHQ HYDOXDWHG DORQJ DQ\
KDOI�VWHS RI WKH ]HUR G\QDPLFV� LV D VWULFWO\ PRQRWRQLF
IXQFWLRQ RI WLPH DQG WKXV DFKLHYHV LWV PD[LPXP DQG
PLQLPXP YDOXHV DW WKH HQG SRLQWV�
q WKH H[WUHPD RI t�T� RYHU D KDOI VWHS DUH tb � t�Tb� �
DQG t� � t�c�Tb� � ���� �VHH� ++�� DQG WKXV� ZLWKRXW
ORVV RI JHQHUDOLW\� LW FDQ EH DVVXPHG WKDW t� � tb�
WKDW LV� WKDW DORQJ DQ\ KDOI�VWHS RI WKH K\EULG ]HUR
G\QDPLFV� t LV PRQRWRQLFDOO\ LQFUHDVLQJ�
,Q DSSURSULDWH ORFDO FRRUGLQDWHV��z�� z��� WKH ]HUR

G\QDPLFV KDYH WKH IRUP

Bz�  m�z��z�
Bz�  n�z��

����
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ZKHUH p]HUR LV D FRQVWDQW WKDW PD\ EH FRPSXWHG GL�
UHFWO\ IURP WKH LPSDFW PDS� c� DQG WKH RXWSXW� K� ,Q

�z�  t�T� DQG z� KDV WKH LQWHUSUHWDWLRQ RI DQJXODU PRPHQ�
WXP�



WKHVH FRRUGLQDWHV� WKH 3RLQFDUuH PDS RI WKH K\EULG ]HUR
G\QDPLFV FDQ EH H[SOLFLWO\ FRPSXWHG� ZKLFK OHDGV WR
D QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQ IRU WKH H[LVWHQFH
RI DQ DV\PSWRWLFDOO\ VWDEOH� SHULRGLF RUELW�
7+(25(0 �� �3RLQFDUuH $QDO\VLV RI WKH +\�

EULG =HUR '\QDPLFV >�@� $VVXPH WKDW D VPRRWK
RXWSXW IXQFWLRQ� K� RQ ��� VDWLVnHV &+�� ++�� ++�
DQG ++�� )RU t� � z� � tb� GHnQH
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7KH K\EULG ]HUR G\QDPLFV DGPLW DQ DV\PSWRWLFDOO\
VWDEOH� SHULRGLF RUELW LI� DQG RQO\ LI� WKH IROORZLQJ WZR
FRQGLWLRQV KROG�
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ZKHUH Y VDWLVnHV &+��&+�� DQ DV\PSWRWLFDOO\ VWDEOH�
SHULRGLF RUELW RI WKH K\EULG ]HUR G\QDPLFV LV DOVR DQ
DV\PSWRWLFDOO\ VWDEOH� SHULRGLF RUELW RI WKH IXOO�RUGHU
K\EULG PRGHO� ���� (

7KLV UHVXOW SURYLGHV D SRZHUIXO PHWKRG IRU DQDO\]�
LQJ DQG GHVLJQLQJ DV\PSWRWLFDOO\ VWDEOH ZDONLQJ PR�
WLRQV� ,Q >�@� %uH]LHU SRO\QRPLDOV DUH XVHG WR SDUDPH�
WHUL]H WKH RXWSXW ���� \LHOGLQJ
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ZKHUH D LV D YHFWRU RI UHDO FRHpFLHQWV� 7KH %uH]LHU
SRO\QRPLDOV PDNH LW YHU\ HDV\ WR VDWLVI\ WKH LQYDUL�
DQFH FRQGLWLRQ� ++�� $ORQJ VROXWLRQV RI WKH ]HUR G\�
QDPLFV� WKH IHHGEDFN ���� UHGXFHV WR ���� DQG WKXV LV
LQGHSHQGHQW RI WKH FKRLFH RI Y� $ FRVW IXQFWLRQ RI WKH
IRUP

-�D� � 
�

SK� �7
b�

= 7b

�

MMXe�W�MM�GW� ����

LV SRVHG� ZKHUH 7b LV WKH WLPH IRU D KDOI�VWHS� SK� �7
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FRUUHVSRQGV WR VWHS OHQJWK� DQG Xe�W� LV WKH UHVXOW RI
HYDOXDWLQJ ���� DORQJ D VROXWLRQ RI WKH K\EULG ]HUR G\�
QDPLFV� $ VHTXHQWLDO� TXDGUDWLF SURJUDPPLQJ SDFN�
DJH LV XVHG WR PLQLPL]H -�D� ZLWK UHVSHFW WR D� VXEMHFW
WR D QXPEHU RI FRQVWUDLQWV�
q SHULRGLFLW\ RI WKH RUELW�
q WKH VWDELOLW\ FRQGLWLRQV �D� DQG �E� RI 7KHRUHP ��
q WKH GHVLUHG ZDONLQJ UDWH�
q PLQLPXP QRUPDO JURXQG UHDFWLRQ IRUFH�
q PD[LPXP UDWLR RI WDQJHQWLDO WR QRUPDO JURXQG UH�
DFWLRQ IRUFHV H[SHULHQFHG E\ WKH VWDQFH OHJ HQG �L�H��
PD[LPXP DOORZHG VWDWLF IULFWLRQ FRHpFLHQW��

q PD[LPXP GHoHFWLRQ RI VWDQFH OHJ DQG VZLQJ OHJ
NQHHV� HWF�
:KHQHYHU WKH RSWLPL]DWLRQ SUREOHP KDV D IHDVLEOH

VROXWLRQ� WKH UHVXOW LV DQ DV\PSWRWLFDOO\ VWDEOH� FORVHG�
ORRS V\VWHP WKDW PHHWV QDWXUDO NLQHPDWLF DQG G\�
QDPLF FRQVWUDLQWV� 7HFKQLFDOO\� RQFH WKH RSWLPL]DWLRQ
LV FRPSOHWHG� RQH PXVW YHULI\ WKDW DOO RI WKH FRQGLWLRQV
RI 7KHRUHP � DUH PHW� $W OHDVW RQ WKH nYH�OLQN ELSHG�
WKLV KDV SURYHQ WR EH VWUDLJKWIRUZDUG� 7KH PRVW FULW�
LFDO FRQGLWLRQ� &+��D� WKH LQYHUWLELOLW\ RI WKH GHFRX�
SOLQJ PDWUL[� LV HVVHQWLDOO\ JXDUDQWHHG ZKHQHYHU -�D�
LV nQLWH� VLQFH VLQJXODULWLHV LQ /J/IK ZLOO QRUPDOO\ UH�
VXOW LQ Xe�W� WDNLQJ RQ XQERXQGHG YDOXHV� KRZHYHU�
D VLPSO\ FRQQHFWHG� RSHQ VHW DERXW WKH SHULRGLF RU�
ELW ZKHUH WKH GHFRXSOLQJ PDWUL[ LV LQYHUWLEOH FDQ EH
H[SOLFLWO\ FRPSXWHG E\ D PHWKRG GHYHORSHG LQ >�@�
$V D QXPHULFDO H[DPSOH >�@� FRQVLGHU RQFH DJDLQ WKH

ELSHG RI )LJXUH �� 7DEOH , VXPPDUL]HV WKH UHVXOW RI
RSWLPL]LQJ IRU D GHVLUHG UDWH RI ����P V� 7KH ZDONLQJ
PRWLRQ LV DV\PSWRWLFDOO\ VWDEOH VLQFH p�]HUR � � DQG
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2SWLPL]DWLRQ UHVXOWV

$FNQRZOHGJPHQW
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DFWLRQV RQ 5RERWLFV DQG $XWRPDWLRQ� DYDLODEOH DW
KWWS���ZZZ�HHFV�XPLFK�HGX�zJUL]]OH
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,)$&������ %DUHFORQD� 6SDLQ� -XO\� ����� DYDLODEOH DW
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