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Abstract—The planar bipedal testbed MABEL contains
springs in its drivetrain for the purpose of enhancing
both energy efficiency and agility of dynamic locomotion.
While the potential energetic benefits of springs are well
documented in the literature, feedback control designs that
effectively realize this potential are lacking. In this paper,
we extend and apply the methods of virtual constraints
and hybrid zero dynamics, originally developed for rigid
robots with a single degree of underactuation, to MABEL,
a bipedal walker with a novel compliant transmission
and multiple degrees of underactuation. A time-invariant
feedback controller is designed such that the closed-loop
system respects the natural compliance of the open-loop
system and realizes exponentially stable walking gaits. Five
experiments are presented that highlight different aspects
of MABEL and the feedback design method, ranging from
basic elements such as stable walking and robustness under (@) (b)
perturbations, to energy efficiency and a walking speed of ] ] ]

1.5 m/s (3.4 mph). The experiments also compare two feed- Fig- 1. (a) MABEL, an experimental testbed for bipedal locciomt
back implementations of the virtual constraints, one based fThet rIObIOt N %I]anar'b V‘t"th _ahggolr(n pr%"'.d”;g statbltlr;zatrl]qn lr_‘r‘f t
on PD control as in (Westervelt et al., 2004), and a second ronta’ pane. ©he robot weig g ang 1s” M at the wp. Fhe

. - . robot’s drivetrain contains springs for enhanced poweciefficy. (b)
that implements a full hybrid zero dynamics controller. On  the virtual compliant legcreated by the drivetrain through a set

MABEL, the full hybrid zero dynamics controller yields  of differentials. The coordinate system used for the likag also
a much more faithful realization of the desired virtual indicated. Angles are positive in the counter clockwisedtion.

constraints and was instrumental in achieving more rapid

walking.
Index Terms—Bipedal robots, Hybrid Systems, Zero Hurst, 2008), and the identification of its dynamic model
Dynamics, Compliance. is reported in (Park et al., 2010).
Bipedal robots that are simultaneously robustly sta-
I. INTRODUCTION ble, efficient, and fast are extremely rare. The desire

. . _ _ to achieve these traits is driving the introduction of
MABEL is a novel bipedal testbed at the University, o ative mechanism designs and feedback control

of Michigan. The robot is planar, with a t0rso, tWomethods. MABEL was designed to be both a robust

legs with revolute knees, and four actuators. TWo Qfaker and a fast runner. It pushes the state of the art in
its actuators are in series with large springs for g, 4a| mechanism design and provides an opportunity
purpose of enhancing both energy efficiency and agiligy eftective control design methodology to maximize the
of locomotion. The actuatgrs are housed in the t0r§gp g efficiency, speed and stability. This paper reports
and the legs are light, placing the center of mass of e, tical and experimental results for walking on flat
robot significantly above the hips, as shown in Figurg,o ng a very important preliminary stage for running
1. A more_detalled description of the robot_ha_s beell, fiat ground and for walking on uneven ground. In
presented in (Hurst et al., 2007; Hurst and Rizzi, 2008 ticylar, a Compliant Hybrid Zero Dynamics controller
Koushil Sreenath and J. W. Grizzle are with the Control Syste (HZD) IS dESIQHed and the HZD controller is experimen-
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2002), Sony's QRIO (Geppert, 2004), and the HRENd using springs in parallel with motors in (Yang et al.,
series (Kaneko et al.,, 2002) have large feet and u2808). A combination of both methods, minimalistic
zero moment point-based controllers (Vukobratosnd actuation and compliant elements, is employed in the
Borovac, 2004) to achieve stable walking. The walkin@ornell Biped (Collins and Ruina, 2005), and the T.U.
gaits are flat-footed and the achieved energy efficien8elft bipeds TUIlip and Flame (Hobbelen et al., 2008)
is low. in order to improve efficiency. The drawbacks of these
Enhanced agility has been demonstrated on hoppéighly efficient walkers are that they cannot lift their legs
style robots (i.e., springy, prismatic leg) employingver obstacles, readily change speeds, or run.
intuitive controllers, as demonstrated in (Hodgins and The speed of a biped can be enhanced by careful
Raibert, 1990; Brown and Zeglin, 1998). These robotsechanism and control design as suggested in (Koech-
are highly underactuated, though for the most part, thding and Raibert, 1993), and demonstrated in robots such
control systems did not have to deal with stabilizatioas RunBot (Manoonpong et al., 2007).
of significant torso dynamics; indeed, if a torso was MABEL achieves stability, efficiency and speed
present, its center of mass was coincident with the hiprough a combination of the novel design of its driv-
joint (Poulakakis and Grizzle, 2009b). etrain and the analytical methods being developed to
The bipedal robot RABBIT was planar, had revoeontrol it. The robot’s drivetrain uses a set of differelstia
lute knees, and a non-trivial torso (Chevallereau et atq create avirtual prismatic legbetween the hip and
2003). It was deliberately designed to have point feéte toe such that one actuator controls the angle of
in order to inspire new analytical control approaches tihe virtual leg with respect to the torso, and another
stabilizing periodic motion in underactuated mechanicalkctuator controls its length. Moreover, the drivetrain
systems, and hence move beyond flat-footed walkirmso introduces @ompliant elementa unilateral spring
gaits. Research on RABBIT gave rise to the methogsesent in the transmission, that acts along the virtual
of virtual constraints and hybrid zero dynamics (Grizzléeg in series with the actuator controlling the leg length.
et al., 2001; Westervelt et al., 2002, 2003; Morris ané controller that properly utilizes this natural compliant
Grizzle, 2005; Westervelt et al., 2007), which providelynamics will lead to an efficient gait. Further, with the
a systematic method of designing asymptotically stabove mechanical design, it is possible to place all of the
ble walking controllers. A related approach based aactuators in the torso, thereby making the legs relatively
designing a linear feedback controller that stabilizdgyht and enabling rapid leg motion for fast gaits. More
the time-varying transverse linearization of a hybridetails on the design philosophy are available in (Grizzle
system along a periodic orbit has been developed @t al., 2009; Hurst, 2008).
(Manchester et al., 2009; Shiriaev et al., 2005, 2010; MIT's Spring Flamingo achieved stable, efficient
Song andZefran, 2006). Other types of controllers taand fast walking by employing series elastic actuators
achieve stable walking are based on machine learni(§EAs) and a virtual model controller (Pratt and Pratt,
and neuronal control, as presented in (Russ Tedrake ar@98; Pratt, 2000; Pratt et al., 2001). The virtual model
Seung, 2005) and (Manoonpong et al., 2007; Saboukontroller creates virtual components, such as springs,
et al., 2006), respectively. dashpots, etc., through carefully computed joint torques.
The efficiency of bipedal robots is being enhanced bihis enables intuitive tuning of parameters of the con-
using minimal actuation, incorporating compliance, or &oller, though no formal stability results exist. The
combination of the two. Motivated by passive dynamispring in MABEL may seem similar to that in the SEA,
walkers which exhibit stable gaits on small downwartiowever the resemblance is only superficial. The SEA
slopes, and where gravity compensates for energy losseslesigned for force control and cannot store significant
at leg impacts, researchers have devised efficient meamsounts of energy. MABEL's springs provide a revolute
of walking on flat ground by injecting minimal amountsnstantiation of a spring-loaded prismatic (pogo-stick)
of energy at key points in the gait (Collins et al.Jeg. They can easily absorb 150 J of energy (the equiva-
2005; Kuo, 2002). Another means of enhancing enerdgnt of dropping the robot from a height of 25 cm.) The
efficiency is by introducing compliant elements. Thepring in the SEA is several orders of magnitude smaller
energetic benefits of springs in legged locomotion are size, and is used primarily for filtering and sensing of
well documented (Alexander, 1990). Springs can be usegternal forces, rather than energy storage.
to store and release energy that otherwise would be lostThe presence of compliance in MABEL's transmission
as actuators do negative work, and springs can be usess led to new control challenges that cannot be met
to isolate actuators from shocks arising from leg imwith the initial theory developed for RABBIT. On the
pacts with the ground. Although these benefits are moneathematical side, compliance increases the degree of
pronounced in running, compliance can also be usedderactuation, which in turn makes it more difficult to
beneficially in walking (Geyer et al., 2006; lida et al.meet the invariance condition required for a hybrid zero
2007, 2008). Enhanced energy efficiency was shown unamics to exist. This technical difficulty was overcome
ing pneumatic artificial muscles in (Vanderborght et alin (Morris and Grizzle, 2009) with a technique called a
2008a,b; Takum et al., 2008), using springs in series witdeadbeat hybrid extension”.
motors in (Pratt and Pratt, 1998; Schaub et al., 2009),A second challenge arising from compliance is how



to use it effectively. A first attempt in (Morris and Finally, we attack the problem of achieving fast walk-
Grizzle, 2006) at designing a controller for a bipedihg. With a zero dynamics controller, we experimentally
with springs took advantage of the compliance alongaitain a top sustained walking speed ob m/s @.4
steady state walking gait, but “fought it” during tran-mph.)

sients; the compliance was effectively canceled in the The remainder of the paper is organized as fol-
HZzD (for details, see (Poulakakis and Grizzle, 2009ows. Section Il describes the general features of MA-
p. 1790)). The problem of ensuring that the feedbadEL's morphology, and presents the mathematical hy-
action preserves the compliant nature of the system evend model used for walking. Section Ill provides the
during transients was studied in (Poulakakis and Grizzlgystematic procedure based on virtual constraints that
2009b,a; Poulakakis, 2008) for the task of hopping iis used to design a suite of walking gaits. Section IV
a monopod, where the HZD itself was designed to h@esents the design of two controllers to realize the gaits

compliant. and studies the stability of the fixed points under the
o action of the proposed controllers. Section V describes
B. Contributions the experiments performed to demonstrate the validity

The key results of the paper are summarized next the designed controllers. Section VI discusses various
Firstly, a HZD-based controller is designed for walkingispects of the robot and the feedback controllers re-
such that the natural compliant dynamics is preservaéaled by the experiments. Finally, Section VII provides
in the closed-loop system (robot plus controller). Thisoncluding remarks and briefly discusses future research
ensures that the designed walking gait uses the comgilans.
ance to do negative work at impact, instead of it being
done by the actuators, thereby improving the energy Il. MABEL TESTBED

efficiency of walking. Stability analysis using the method +nis section presents details about the morphology

of Poincag is then carried out to check stability of theys MABEL, and develops the appropriate mathematical
closed-loop system. Prior to experimentally testing the, J4ais for the study of walking.
controller, simulations with various model perturbations

are performed to establish robustness of the designed o
controller. The controller is then experimentally vali- Description of MABEL
dated on MABEL. MABEL is a planar bipedal robot comprised of five
Secondly, walking gaits are designed to optimize tHanks assembled to form a torso and two legs with knees;
energetic cost of mechanical transport (Collins et alee Figure 1. The robot weighs8 kg, is1 m at the hip,
2005; Collins and Ruina, 2005). This results in a gait thaind mounted on a boom of radi@25 m. The legs are
is more than twice as efficient on the testbed than a géérminated in point feet. All actuators are located in the
that we had designed by hand and reported in (GrizAlerso, so that the legs are kept as light as possible; this
etal., 2009). The resulting cost of mechanical transportis to facilitate rapid leg swinging for running. Unlike
approximately three times more efficient than RABBITmost bipedal robots, the actuated degrees of freedom of
and 12 times better than Honda’'s ASIMO, even thougach leg do not correspond to the knee and hip angles.
MABEL does not have feet. This puts MABEL's energyinstead, for each leg, a collection of cable-differentials
efficiency within a factor of two of T.U. Delft's Denise is used to connect two motors to the hip and knee joints
and a factor of three of the Cornell Biped, none of whicin such a way that one motor controls the angle of the
can step over obstacles or run; it is also within a factetirtual leg consisting of the line connecting the hip to
of two of the MIT Spring Flamingo which can easilythe toe, and the second motor is connected in series with
step over obstacles but cannot run, and within a factarspring in order to control the length or shape of the
of three of humans, who can do all of the above. virtual leg; see Figure 2. The reader is referred to (Park
Thirdly, in preparation for future running experimentset al., 2010; Grizzle et al., 2009; Hurst, 2008) for more
we turn our attention to fast walking, where each singlgetails on the transmission.
support phase may be on the order of 300 to 350 ms.The springs in MABEL serve to isolate the reflected
Very precise control is needed for accurately implementetor inertia of the leg-shape motors from the impact
ing the virtual constraints of an HZD controller withforces at leg touchdown and to store energy in the
these gait times. All experimental implementations afompression phase of a running gait, when the support
the virtual constraints reported to date have relied dag must decelerate the downward motion of the robot’s
local PD controllers (Westervelt et al., 2004). The zercenter of mass; the energy stored in the spring can
dynamics controllers provide great tracking accuracy imen be used to redirect the center of mass upwards
theory, but are often criticized for being overly dependerior the subsequent flight phase, when both legs are
on high model accuracy, and for being too complex toff the ground. These properties (shock isolation and
implement in real-time. Here we demonstrate, for thenergy storage) enhance the energy efficiency of running
first time, an experimental implementation of a compliand reduce the overall actuator power requirements.
ant HZD controller. The tracking accuracy attained is farhis is also true for walking as we will demonstrate
better than the simple PD controllers used earlier.  experimentally. MABEL has a unilateral spring which



leg-shape Bspring Figure 2, gro, is the torso angle, andra.,, ¢mLs

motor . \} and ¢psp,, are the leg angle, leg-shape motor position,
s H =98y and Bg,:ing poOsition, respectively for the stance leg.
= «n—torso Th ; .
T e swing leg variablesjpa,,,, gmrs., andggss, , are
defined similarly. For each legy s is determined from
spring /4 O gmrs andggsp by
=
leg-angle™. | ‘ qrs = 0.0318¢uLs + 0.193¢B.p- (1)

motor S This reflects the fact that the cable differentials place

the spring in series with the motor, with the pulleys
introducing a gear ratio. The coordinatg ,py;, are

the horizontal and vertical positions of the hip in the
9high 9 shin sagittal plane. The hip position is chosen as an indepen-
dent coordinate instead of the center of mass because
it was observed that this choice significantly reduces
the number of terms in the symbolic expressions for the

Fig. 2. MABEL's powertrain (same for each leg), all housedtie t dynamics. . . . .
torso. Two motors and a spring are connected to the traditicipa The equations of motion are obtained using the

and knee joints via three differentials. On the robot, thiéeténtials method of Lagrange. The Lagrangian for the uncon-

are realized via cables and pulleys (Hurst, 2008) and notgeis. . ; . -
They are connected such that the actuated variables aredgg and strained system. : 7Q). — R is defined by

leg shape, see Figure 1, and so that the spring is in seribsthétleg
shape motor. The base of the spring is grounded to the torsthand Lo=Ke— Ve, (2)
other end is connected to th&,,,i,, differential via a cable, which

makes the springinilateral When the spring reaches its rest length . .
the pulley hits a hard stop, formed by a very stiff damper. Whés thWhere’ Ke : TQe — R andVe : Q. — R are the

happens, the leg shape motor is, for all intents and purposgdly ~ total kinetic and potential energies of the mechanism,
connected to leg shape through a gear ratio. respectively. The total kinetic energy is obtained by
summing the kinetic energy of the linkag€’™*, the

kinetic energy of the stance and swing leg transmissions,
compresses but does not extend beyond its rest lenggfivans.. ftranssw  and the kinetic energy of the boom,

This ensures that springs are present when they are usgfwom
for shock attenuation and energy storage, and absent A
when they would be a hindrance for lifting the legs from K. (¢e, de) = K" (g, Ge) + K™ (ge, 4e) +

the ground. KCEranss (go, de) + K2°™ (e, de) -

M
N
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B. Mathematical Model The Iinkage model is standard. Physically, the boom
constrains the robot to move on the surface of a sphere,

A hybrid model appropriate for a walking gait, com-and a full 3D model would be required to accurately
prised of a continuous single support phase and @fodel the robot and boom system. However, we assume
instantaneous double support phase, is developed neé motion to be planar and, as in (Westervelt, 2003,
The impact model at double support is based on (Hys: 94), only consider the effects due to mass and inertia
muzlu and Marghitu, 1994). The single support modejf the boom. This will introduce some discrepancies be-
is a pinned, planar, 5-link kinematic chain with revotween simulation and experimental results. The symbolic
lute joints and rigid links. Because the compliance igxpressions for the transmission model are available
unilateral, it will be more convenient to model it as amnline at (Grizzle, 2010b).
external force when computing the Lagrangian, instead similar notation is used for the potential energy,
of including it as part of the potential energy.

1) MABEL’s Unconstrained DynamicsThe config- Ve (go) = VI"* (go) + Viranss (q.) +
uration space@. of the unconstrained dynamics of Ytransse (g3 +V§"°”". 4)
MABEL is a simply-connected subset 8f x R?: five
DOF are associated with the links in the robot’s bodyue to its unilateral nature, the spring is not included in
two DOF are associated with the springs in series withe potential energy of the transmission; only the mass of
the two leg-shape motors, and two DOF are associatdu motors and pulleys is included. The unilateral spring
with the horizontal and vertical position of the robois considered as an external input to the system.
in the sagittal plane. A set of coordinates suitable for With the above considerations, the unconstrained
parametrization of the robot’s linkage and transmissiambot dynamics can be determined through Lagrange’s
IS e = ( LA} qmLS..; TBsp.,; QLA mLS..; GBsp,,,; €quations
qTor; pﬁip; Phip ), the subscriptst andsw refer to the d OoLs OL.

stance and swing legs respectively. As in Figure 1 and dt 8Ge  Oge =T, ®)




where, I’ is the vector of generalized forces acting on The state-space form of the stance dynamics, with the
the robot and can be written as, state vector := (¢s; 4s) € TQs, can be expressed as,
Te = Beu + Eexs (Qe) Foxi+

i @ oLl L)
Bfrichric (Qea Qe) + Bsstp (Qea Qe> , ds _Ds_le Ds_lBs (12)

where the matrices., Fext, Byric, and By, are derived =t fs(@s) + gs(2s)u,
from the principle of virtual work and define how thewhere,fs,gs are the drift and input vector fields for the
actuator torques:, the external forced,; at the leg, . Sy
. - ; stance dynamics, anfl; := C (gs, ds) ¢s + Gs (¢s) —
the joint friction forcesr;,;., and the spring torques,, BirieToin (Gor ds) — BopTop (Go. o)
enter the model, respectively. fric’ frie \ds, 4s) = Paplap \1s) Us/- .
; , : : ... 3) Stance to Stance Transition Magin impact oc-
Applying Lagrange's equations (5), with the kinetic urg when the swing leg touches theIA rourﬁ)d modeled
and potential energies defined by (3) and (4), respeﬁ:é 9 'eg 9 !

tively, results in the second-order dynamical model re as an inelastic contact between two rigid bodies.
In addition to modeling the impact of the leg with

De (¢o) Ge + Ce (¢es de) G + Go (qo) =T (7) the ground and the associated discontinuity in the gen-
eralized velocities of the robot as in (Hurmuzlu and
for the unconstrained dynamics of MABEL. Hef&. is  Marghitu, 1994), the transition map accounts for the
the inertia matrix, the matrix’. contains Coriolis and assumption that the spring on the swing leg is at its
centrifugal terms, and-. is the gravity vector. rest length, and for the relabeling of robot's coordi-
2) Dynamics of Stance:For modeling the stance nates so that only one stance model is necessary. In
phase, the stance toe is assumed to act as a paspigicular, the transition map consists of three subphases
pivot joint (no slip, no rebound and no actuation)executed in the following order: (a) standard rigid impact
Hence, the Cartesian position of the hi@;{iip,pﬁip), model (Hurmuzlu and Marghitu, 1994); (b) adjustment
is defined by the coordinates of the stance leg afd spring rest length in the new swing leg; and (c)
torso. The springs in the transmission are approp@oordinate relabeling.
ately chosen to support the entire weight of the robot, Before entering into the details, the spring is dis-
and hence are stiff. Consequently, it is assumed thetssed. To meet our modeling assumption of Section
the spring on the swing leg does not deflect, that iH;B2, the post-transition spring position on the new
gBsp,, = 0. It follows from (1) that ¢,rs,, and swing leg has to be non-deflected. This requirement
qus., are related by a gear ratig,,1s., is taken as makes the pre and post-transition position coordinates
the independent variable. With these assumptions, thet identical. Physically, the spring being non-deflected
generalized configuration variables in stance are takina well-founded assumption because as soon as weight
asqs := (qLAL; dmLS..; IBsp, ; QLA 5 dmLS.y § {Tor ) - of the robot comes off the former stance leg, the spring
The stance dynamics is obtained by applying thi@pidly relaxes and the pulleyss, comes to rest on the
above holonomic constraints to the model of Sectiopard stop. This causes a change in torque on the leg-
II-B1. The stance configuration space is therefore shape motor, and either the motor shaft or the leg shape

(6) Ty =

co-dimension three submanifold ap., i.e., Qs := needs to reposition to maintain a balance of torques in
{¢e € Qe | gBsp,, =0,pl.. =0,p,., =0}. Forlater the leg shape differentials. Because the leg shape has a
use, we denote by high reflected inertia at the motor, it is the motor that
repositions. Further, sincg s is a linear combination
ge = Y5 (gs) (8)  of gurs and ggs, per (1), we can assume the spring

and motor position change appropriately such that the

the value ofg. wheng, € Q., and by linkage positionsy;', g are still identical. Thus, the

s =TI, (qe) (9) Pre a_md post-transition linkage coordinates still remain
identical.
the value ofq. projected onta)s C Q., such that]I; o The robot physically transitions from one stance phase
T = id. to the next when the swing toe contacts the ground. It
The resulting LagrangiarCs : TQs — R can be is assumed that there is no rebound or slip at impact,
expressed as and that the old stance leg lifts off from the ground

without interaction. The external forces are represented
by impulses, and since the actuators cannot generate

and the dynamics of stance are obtained through L|g_1pulses, they are ignored during impact. Mathemati-

; . : cally, the transition then occurs when the solution of
grange’s equations, expressed in standard form as (12) intersects the co-dimension one switching manifold
Ds (QS) (js + CVs (QSa QS) QS + Gs (QS) = PS, (11)

Whereurs = Bsu + Bfrichric (qS7 qs) + Bsstp (QSa QS)
is the vector of generalized forces acting on the robot. The stance to stance transition mag, . : Ss_ys —

‘CS = Ee (Qey Qe) (10)

_ h _ . _
| {4Bspay =0.ple, =0,Ptoe,, =0}

‘SS—>S = {IS € TQ? ‘ pgoesw = 0} N (13)



TQs, is defined as 4) Hybrid Model of Walking: The hybrid model of
walking is based on the dynamics developed in Section
Al [I-B2 and transition map derived in Section II-B3. The
Ag s = , , (14) . . . . o .
Al continuous dynamics with discrete state transitions is
represented as,
where, the componentd\? .. and AY . define the L - ¢S
transition maps for the configuration variables and their X : { mj Js(@s) +7gs(ms)u T # Sooss
velocities, respectively. g = Dss(25) g € Ssorse
The transition map _for the_z velocities is derived as . GAIT DESIGN USINGZERO DYNAMICS
follows. Let Iz be the impulsive force on the foot due } ) )
to the ground-foot impact and let; be the impulsive This section presents a feedback controller for achiev-
torque on the spring due By, hitting the hard stob ing asymptoticgl_ly stable,. period_ig walking ggits_ on
Then the generalized external impulsive force acting cMABEL. In addition to orbital stability, a key objective

the system is obtained from the principle of virtual workS {0 take advantage of the spring in the robot's drivetrain
as that is placed in series with the leg-shape motor @nd

Inspired by analysis in (Poulakakis and Grizzle, 2009b,

OPtoce.y T IqBsp.,, T p. 1784) and (Poulakakis, 2008, Chap. 6) for monopedal

Foxy = <3%> Ir + (3(1@) TR (15) hoppers with compliance, this will be accomplished by
controlling variables on the motor end of the spring

We have three constraints that need to be satisfiedaaitd letting the joint end of the spring, which sees the

impact. The first condition is for the new swing leg tdarge ground reaction forces, remain passive. In this
have zero spring velocity. The second condition is for theay, the robot in closed-loop with the controller will

new stance toe to have zero velocity. The third constrairgspond to impulsive forces at impact in a manner similar
is obtained by integrating the unconstrained dynamic® a pogo stick. In particular, the closed-loop system
(7), over the duration of the instantaneous event. Thesdl use the compliance to do negative work at impact

conditions are (i.e., decelerating the center of mass and redirecting it
upward), instead of it being done by the actuators,

(21)

qgsp‘ =0 =— % iT =0, (16) thereby improving the energy efficiency of walking.
- 9ge It will be shown that the method of virtual con-
straints and hybrid zero dynamics is flexible enough to
Pr. =0 = roc, ir=o, (17) accomplish the control objectives outlined above. The
- 9qe method of Poincdr is used to verify stability of the
closed-loop system. Prior to experimentally testing the
De (¢F) dd — De (42) 4 = Fext- (18)  controller, simulations with various model perturbations

_ _ ~are performed to establish robustness of the designed
By assembling the constraints (16)-(18), and solvingontroller. The controller is then experimentally vali-
for the post-impact velocity, we can define a map, dated on MABEL.

such thatgl = T' (¢ ). Thus, the transition map for the The rest of the section is as follows: Section IlI-A

velocities is presents the virtual constraint design for walking, Sec-
, OTI oY tion 1lI-B presents the compliant zero dynamics for
q S S . . .
Al = 34 oRol'o 90 (19) MABEL, Section IlI-C mathematically formalizes the

event transitions between the subphases of the virtual
whereYy, TI; are as defined in (8), (9), am@is a linear constraints, Section IlI-D presents two cost functions for
operator representing coordinate relabeling as found aptimization and, finally, Section IlI-E presents the fixed
(Westervelt et al., 2007, p. 57). points obtained by optimization.
Next, as per earlier discussions regarding the adjust-
ment of spring rest length for the new swing leg, thA. Virtual Constraint Design for Stance
transition map for the coordinates can be expressed as Recall that virtual constraints are holonomic con-

straints on the robot's configuration variables that are
asymptotically imposed through feedback control. They
are used to synchronize the evolution of the robot’s links

xgz:%ﬂmtsﬁ; ;e'(:\i::se tlk;e _:E;ng rtr:)otlf)sr riztitig?f'stﬁm ?#é}roughout a stride in order to synthesize a gait (Wester-
9 g-shape orp velt et al., 2007). One virtual constraint is designed per
the stance leg-shape position itself is unchanged.

independent actuator.

Agﬂs =1Il;oRo TmLSSt oY, (20)

1We have checked that first doing the standard impact for thegswi  2The double support phase of human walking is spring-like & th
leg, and then doing a second impact fgs, hitting the hard stop, vertical direction and redirects the center of mass (Rebid. 62009;
with the constraint that the new stance leg end velocity ramaero, Geyer et al., 2006). The COM redirection is obtained herdaut a
gives the same result as the model presented here. double support phase.



The virtual constraints are parametrized By, a broken up into subphases: the motor-compression phase
strictly monotonic function of the joint configuration(mc), the stance-compression phase), the stance-
variables, and can be expressed in the form injection phaseq), and the stance-decompression phase

< s (sd). The details of these subphases are given later in
Y = hs (gs) = Hogs — i (05) (22)  he section. Figure 3 illustrates the evolution of each of
If a feedback can be found such thatis driven these constraints Ofurs,,, LA, qmLS,.,» aNdgror
asymptotically to zero, thedljgs — b5 (65) and thus ~ The reason behind breaking up the stance phases
the controlled variableg73q; evolve according to the into four subphases is to facilitate the design of virtual
constraintHggs = kS (65). Here, the controlled variablesconstraints that effectively make use of the compliance.
are selected to be the rotor angle of the stance leg-shdpdey idea is to hold the stance motor leg shape at a
motor, ¢nrs.,, the swing leg variablesya_., gmLs..,, constant value shortly after impact in order to allow the
and the absolute torso angje,.. From hereon, the rotor spring (which is in series with this actuator) to absorb
angle of the stance leg-shape motor is simply referred tlee impact shock entirely. Note that if the motor position
as stance motor leg shape. is held constant, then its velocity is zero and the motor

1) Deciding what to control: The torso is selected performs no mechanical work. The spring then does the
as a controlled variable instead of the stance leg angtegative work of decelerating the center of mass and
because, for MABEL, the torso represents over 65% ogdirecting it upwards; in other words, the spring stores
the mass of the robot, and hence the position of the tordwe impact energy and returns it later to the gait instead
heavily influences the gait. The stance motor leg shap#, the actuator doing negative work and dissipating it
dmLs.,, IS chosen instead of the stance leg shape,, as heat. This effectively preserves the natural compliant
so that the joint side of the spring remains passive, dynamics of the system and prevents the actuator from
discussed above. Mathematically, with this choice, tHeghting the spring.
spring variable will become a part of the zero dynamics, Another key subphase involves the torso. Because it
thereby rendering the zero dynamics compliant. Froim heavy, we have observed that making the pre-impact
(1), if gmrs., is held constant, theay,s, responds to the torso velocity close to zero at the end of the gait helps
spring torque throughss,,_, . On the other hand, if.s,,  in avoiding excessive forward pitching of the torso just
were selected as a controlled variable, then the actuasdter swing leg impact. This is achieved by designing
is forced to cancel the spring dynamics. the torso virtual constraint such that, before impact, the

The swing leg virtual constraints are similar to theorso position is constant and its velocity is zero; see
controlled variables on RABBIT, a robot without com-phasesd in Figure 3.
pliance. This is because under the assumption that theRemark 1: The choice of the variables to be con-
swing spring is at its rest position throughout stanceolled in the virtual constraints makes the zero dynamics
@Bsp,, = 0, which from (1) shows that the motor legcompliant. The choice of the evolution of the virtual
shapegmis., , is related to the leg shapg,s.,, , through constraints facilitates efficient use of the compliance.

sw!

a gear ratio. In our design of the virtual constraints for MABEL,
In summary, the controlled variables are we use the framework for virtual constraints with sub-
LS. phases develope.d in Appendix A, with the index set for
. LA the subphases given by
Hyge = | 24 ) (23) |
nc;To:w P = {mc, sc, si, sd}, (26)

The desired evolution of each of the controlled variableand with the index set for the virtual constraints given
are denoted by | o , A, Al ¢ , andhd,, respec- by
tively, and assembled as V := {mLSg, LAy, mLSgy, Tor}. (27)

IgL&t (( )) Further, we choose/ = 5 in (52), and imposeC!
BS (0s) = |, A 6 (24) continuity between successive subphases. This ensures
hinrs.,, (0s) continuity of position and velocity at the boundary of
h., (65) . : .
"Tor two phases of a virtual constraint. However, acceleration,
For MABEL, we choosef; to be the absolute angleand consequently, the actuator torques, are allowed to be
formed by the virtual compliant leg relative to thediscontinuous at phase boundaries.

ground, i.e., 3) Stance motor leg-shape virtual constrainthe
(25) desired evolution of the stance motor leg-shape position,
hi s, is as follows. During the motor-compression
2) Specification of the constraint¥irtual constraints phase the velocity of the motor leg-shape immediately
for the stance phase of MABEL are inspired by thafter |mpact,qmLS , is usually nonzero and is smoothly
constraints designed for Thumper in (Poulakakis argtought to zero by the end of the motor-compression
Grizzle, 2009a; Poulakakis, 2008). The stance phasepisase, |eqmLSt 0.

95 (qs) =T — {qLA.; — {qTor-



without the actuator performing unnecessary negative
work on the leg shapey,s_, .

The stance-injection phase starts with the spring just
decompressed ‘SJ;M. The actuator then rapidly repo-
sitions the motor shaft to a new desired positigiy, g -
Under nominal conditions, this straightens the leg during
mid-stance for ground clearance of the swing leg. Under
large perturbations, this motion will cause the actuator
to inject (or remove) energy through compression (or
decompression) of the spring by rapidly repositioning
the motor end of the compliance.

Following the stance-injection phase, the motor shaft
is maintained at the position; ;s throughout the
stance-decompression phase, waiting for the spring to
decompress again in preparation for leg touchdown.

The virtual constraints for the stance motor leg shape
are depicted in Figure 3. The thick solid line is the
virtual constraint, and the thin line is the localthat
parametrizes the local &sier polynomial. The figure
also shows the virtual constraints for the other controlled
variables. Appendix A provides further details regarding
choosing the the &ier polynomial coefficients for each
subphase.

4) Torso virtual constraint: The desired evolution
of the torso angle,h?, , does not need to be as
finely specified; it's evolution will be primarily left
to optimization, which will be discussed in Section
[1I-D. The motor-compression, stance-compression, and
stance-injection phases, are combined into a single
phase. This phase serves as a transient phase that
drives the torso in a smooth manner from the initial
configuration, (¢3!, ¢5/.), to the final configuration,
(¢%or @vor = 0), in preparation for impact.

During the stance-decompression phase, the torso is

s+
dror

’ 1 ‘ ‘ | | held constant in preparation for impact. Simulations with
e = 3 - the model and experiments with a simpler PD controller
detailed in (Grizzle et al., 2009) showed that achieving
a nearly zero pre-impact velocity tends to prevent the
thick solid lines illustrate the evolution of each of thetwal constraints heavy torso from excessively pitching after impact.

as a function offs. Each virtual constraint is broken into subphases 5) Swing leg virtual constraintsThe desired evolu-

Fig. 3. The general shape of the stance phase virtual cartstrihe

(me, sc, s, sd) and each subphase is locally expressed bYaorder .. ; d
Bézier polynomial. The thin lines show the evolution of copading tion of the swing Ieg anglellLAs » and motor Ieg shape

local s that parametrizes the localéBier curve and goes from pOSitionvhﬁlLSw are the simplest of all of the constraints
to 1. The subphases can be combined as, for instance, in the toig no subphases are used. A single virtual constraint on
b onstiant, i umps e frst e subphaseetiog an¢_swiing leg angle is designed to bring the leg forward,
all four phases. The thick dashed lines are correction polyals preparing it for impact with a desired step length. The
introduced to create hybrid invariance of the zero dynamiu$ are  constraint on swing motor leg shape is responsible for
discussed in Section IV. lifting the swing leg from the ground, avoiding foot
scuffing during the gait, and extending the leg before
impact. These two constraints are similar to RABBIT
Throughout the stance-compression phase, the Ig¢@vestervelt et al., 2004).
shape motor position is kept at a constant angfig - 6) Discussion:The use of subphases in the evolution
With the motor position locked, the bending of theof the stance motor leg shape and torso introduces
stance knee compresses the spring. The phase lasts @uditional independent parameters to be specified in the
dBsp,, = qsg;% with ¢psp < 0, the point at which the constraint design. One benefit is that it approximately
spring decompresses to a value near the nominal spritigcouples the evolution of these angles from one phase
compression at mid-stance, a typical value being fite another; changing the evolution in one phase does not
degrees. This ensures that the impact kinetic energysisongly affect the other as long as the boundary condi-
first stored in the spring and then returned to the gdibn is maintained. This facilitates intuitively specifyg



the initial shape of the virtual constraints and make&chieving the virtual constraints by zeroing the corre-
the optimization task easier. For a list of independesponding outputs reduces the dimension of the system
parameters to be found by optimization, refer to Tabley restricting its dynamics to the submanifold,
IV in Appendix B. embedded in the continuous-time state spack. 2.,

For later use, we can organize the virtual constrainis called the zero dynamics manifold and the restriction
for each phase separately. For each P, we can define dynamicsz = 7|z, (2) is called the zero dynamics.

the output, From Lagrangian dynamics (the derivation is standard
(Westervelt et al., 2007, Chap. 5) and skipped for sake
— — P __KP
Up = hp (a5, 0p) = Hy (a5) = hg (05, 00), (28) brevity), a valid set of coordinates of,, is
and,
d.,p 93
i;mlfjssr ((5“)) &1 4Bsp
B (s, 0) = | e | (29) 2= 2] = | ac. | 35
e hfﬁgssw (65) S Dinom, (35)
th)r (9s> €4 %
The Bézier coefficients for each phase can be organized ) ) _QTOY )
as, This set of coordinates explicitly contains thp,ing
s, variable, which illustrates clearly that the zero dynamics
o is compliant:
a, = apLAsw . (30)
mLSgw . L0
D fsYs
Qg §1 Lfs qBsp .
Remark 2: Both the local virtual constraink!, and i, = S| = oLs 4 . |- (36)
the local selection of the controlled variablég can & ey, P
be modified for each subphase resulting in (28). Here 3 %
Tor

we only change the parameters used in theziér

polynomialsa? and leaveH! = H; as defined in (23), N

and h? = b3, as defined in (24), for each phages P.  C. Event Transitions
The division of the stance phase into subphases when

B. Stance Zero Dynamics specifying the virtual constraints in Section Ill-A neces-

o . itates th ification of the transition m tween
The organization of the stance phase into four suﬁ] es the specification of the transition maps betwee

phases creates four continuous dynamics and discre
transitions between them. As discussed in Section IlI-Al . :
. ifbld by concatenating the solutions of the parameter-

for each phase@ < P, an output functiorny, has been ;

. . . ; , d%pendent hybrid systems for each subphase
associated with the continuous stance dynamics define
in (12). The zero dynamics is defined as the maximal . € Z
. . . . . p Qp
internal dynamics of the system that is compatible with = £ ()
the output being identically zero (Isidori, 1995). Differ- 3, P e A
entiating the output twice with respect to time results Sprq = {wp € Za, | Hpsq (2p) = 0}
in Ty = By (37) -

'8 subphases. In preparation for the next section, we
odel the hybrid dynamics on the zero dynamics man-

d*y, = L2 hy, (2, 0p) + Lo L. by (g5, ) u,  (31) The model captures the continuous-time dynamics
dt? foTp e T ge e A of the system in phase < P and the discrete
whereL, L;.h, (qs, ), the decoupling matrix, has full transition to phaseq < P, with the only valid
rank. Under the conditions of (Westervelt et al., 200Thoice of transitions for walking beingp,q) <

Lemma 51), {(mc, SC) ) (SC, SZ) ’ (Sla Sd) P (Sda mc)}
X (L L.k 1 The switching surfacess, ,,, for the transitions for
u” (s, 0p) = = (Lg, Ly, by (45, ) (32) walking are defined by the zero level sets of the corre-
L7 hy (s, 00) sponding threshold functiond,, ,, : TQs — R, which

is the unique control input that renders the smooth four€ given below,

dimensional embedded submanifold Hieosse 1= 05 — 0

Zap = {.Z’s € TQs | hP (q57a17) =0, Heoysi = ABsp,, — 5°
B (33) o (37)
Ly hy (s, ap) = 0} Hsj_ysq := 05 — 0
invariant under the stance dynamics (12); that is, for Hsi sme = Pioe,., -

everyz € 2, , " .
y ¥ The transition mapsp, ., : S, — T'Qs, provide the

Iy (2) = fs(2) +gs (2)u" €T, Z,,. (34) initial conditions for the ensuing phagec P, and are
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a step of squared torque divided by distance traveled,

Tr
I 0) = ey [ )P, @9

toesw

motor-compression
Amesse

where T; is the step duration ang.. is the step
length. Minimizing this cost function tends to reduce
peak torque demands and minimizes the electrical energy
consumed per step.

Next we use a cost function that quantifies the me-
chanical energy consumed. The specific mechanical cost
of transport,c,,; is introduced in (Collins et al., 2005;
Ssisssi Collins and Ruina, 2005) as means of quantifying energy
consumed for bipedal locomotion,,; is the energy
consumed per unit weight per unit distance traveled and
can be defined as a cost function,

Tr 4
) Jo ' 2o Ei(t)dt
J(' = = )
given below, e Mod

where M is the mass of the robot, is the acceleration
(38) due to gravity,d is the distance traveled, and

U; t .i t (7 t .i t 0
Astome 1= Bssy B () :{ 0 e ui Et% Z Et% ;0 (41)
whereid is the identity map and\s_,; is defined in (14). Mechanical power can be either positive (energy is
The event transitions are indicated in Figure 4. To finthjected) or negative (energy is absorbed). Some au-

a set of values for the independent parameters of theors, (Hobbelen and Wisse, 2008), consider the absolute
constraint design specified in Section IlI-A, we employnechanical power while defining ths,., whereas the
the above hybrid system and formulate the problem definition in (40), (41) does not take into account any
a constrained optimization. negative work that is performed by the actuators, the

idea being that if the actuators were redesigned, energy

could be absorbed mechanically through a friction brake
D. Gait Design Through Optimization or electronically through regenerative breaking.

stance-compression stance-decompressio

stance-injection

Fig. 4. The hybrid system for stance with continuous-timesglsa
and discrete event transitions.

(40)
Ameosse := 1d
Asessi 1= id
Asiysd = id

A periodic walking gait is designed by selecting the _ _
free parameters in the virtual constraints. As in (Westele- Fixed Point for Walking

velt et al., 2003, 2007), this is most easily done by posing This section presents a nominal fixed pointid§ m/s
an optimization problem, such as minimum energy pejbtained by applying the optimization procedure outlined
step length, subject to constraints to meet periodicityy Section 1ll-D to the virtual constraints of Section
workspace and actuator limitations, and desired walking-A, and with the cost function (39). Figure 5 illustrates
speed. The equations of the compliant zero dynamighe nominal evolution of the virtual constraints and other
which are of reduced dimension compared to the full dyonfiguration variables for one step. It is seen that the
namics, are employed in the optimization for efficiencgtance motor leg shape is held constant for the first part
of computation. of the gait right after impact, and both the stance motor
The nonlinear constrained optimization routingeg shape and the torso are held constant towards the
fmncon of MATLAB’s Optimization Toolbox is final part of the gait. Interestingly, the torso moves less
used to perform the numerical search for desiraflan two degrees throughout the step.
gaits. The quantities involved in optimization are the Figure 6 illustrates the evolution of the leg shape
scalar cost function to be minimized, the vector of and the stanc@®,i,, variables. Notice that the spring
equality constraints, EQ, and the vector of inequalityompresses to its peak value, and the — si tran-
constraints, INEQ. The optimization algorithm, equalitgition is triggered as the spring decompresses to five
and inequality conditions are given in Appendix B andegrees. The injection of energy in thephase causes
the list of optimization parameters is specified in Tablghe spring to compress again. Figure 7 illustrates the
V. actuator torques used to realize the gait. These torques
Several popular cost functions for bipedal gait desigare small in comparison to the peak torque capacities of
are given in (Westervelt et al., 2007, Sec. 6.3.3). Herthe actuators30 Nm atu,,;,o and55 Nm atu,,r.s. The
two cost criteria are used in in the optimization procestorques are discontinuous at phase boundaries, as noted
First we use a nominal cost function, as used in RABBI&arlier, due to the choice of the virtual constraints being
in (Westervelt et al., 2004), consisting of the integralroveC! at phase boundaries. Figure 8 illustrates the evolution



11

210 T T
200}

o

g 190

1801

600 T T T T T T

100 L L

m— LS,
umLS,,,

I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Time (s)

o5t — Fig. 7. Actuator torques corresponding to the nominal fixethtpo
-10F =] Note that the torques are discontinuous at subphase boesdedue
105 o o = o o o 0’; 5,  to the choice ofc! continuity of the virtual constraints at subphase

Time (5) boundaries as per Appendix A-A.
Fig. 5. Evolution of the virtual constraints and configuvativariables

for a nominal fixed point (periodic walking gait) at a speed(0of 4
m/s and step lengtl).575 m. The dots on the stance motor leg- |
shape virtual constraint illustrate the location of tréinsi between
consecutive subphases.

s SWiNg Heigh|

§ 2 1
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118

109
of the swing leg height and the vertical position of th_ ws
center of mass (COM) of the robot. The COM move T
downward immediately after impact, before reversin
course and following a roughly parabolic path. Suc
a trajectory more closely resembles that of a human | . e heiaht and | '

; i drig. 8. Evolution of swing leg height and vertical center ofs®a

(.Lee and l.:a.rley’ 1998) than thaF .Of a robot with r|g| OM) of the robot for the nominal fixed point. The COM trajegto
links and rigid gearing. The specific cost of mechanic@ore closely resembles that of a human gait than of a robot with
transport for this nominal gait is;,,; = 0.0452. The rigid links since the COM moves downward immediately after intpac
Corresponding power plOt is very similar to the powetpefore reversing course and following a roughly parabotithp

plot for the next designed gait and is not shown.

A second walking gait was designed, this time using
cost function (40), which optimizes for the specific cost
of mechanical transport. The optimization terminated
with a value ofc,,,; = 0.0385 which is over10% lower

than that for the nominal gait. For this fixed point, Figure 114 feedback presented in (32) renders the zero dy-
9 compares the total power provided by the stance 169 mics manifold invariant under the stance phase dynam-
shape motpr to the total power at stance leg shape,_whﬁ{g_ It is used in the optimization process of gait design
the latter is the sum of the actuator and complianGg qer to evaluate the torques along a solution of the
power. Itis clear that the spring is doing the vast majority,, je| respecting the virtual constraints. The feedback
of the negative work that is necessary on the stance I?g2) does not however render the solution stable or
attractive in any way. In the following, two controllers

105 I I I I
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8

Time (s)

IV. CLOSED-LOOPDESIGN AND STABILITY
ANALYSIS

7 200 T
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Fig. 9. Power plot of a fixed point obtained by optimization 40Y,

specific cost of mechanical transport. The thick line illats the total
instantaneous power at the leg shape from the actuator anspting,
and the thin line illustrates the instantaneous power atiébeshape
Fig. 6.  Evolution of the leg shape and stariBg,ing variables from the motor alone. The difference is the energy that is dsarel
corresponding to the nominal fixed point. The dot onBg.ing plot  that would otherwise have to be provided by the actuatorefgpring
illustrates the location of thec to si event transition and correspondswere absent. This plot shows the significant energy econorinypsicts
t0 gBsp,, = 5°. due to the presence of the compliance in the transmission.

0 I I I I
0 0.1 0.2 0.3 0.4 05 0.6 0.7 08
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based on the classic input-output linearizing controlleB. Hybrid Invariance

1 The above controllers are not hybrid invariant. It
was discovered in (Morris and Grizzle, 2006, 2009)
<Kp,Py + KP»D,y-) (42) that, in the presence of compliance, while the feedback
€? € ’ controller (42) will render the zero dynamics manifold of
a given phase invariant under the continuous dynamics,
it will not necessarily render it invariant under the
transition maps, that is, at transitions from one phase
A. A PD + Feedforward Controller to apother, invariancg is Iqst. '_I'he loss of invariance
manifests itself as an impulsive disturbance to the control
With an eye toward experimental implementation, weaw at each transition off the periodic orbit. These per-
look at successful controllers that have been employedttrbations do not prevent asymptotic stability from being
enforce virtual constraints in experiments. For RABBITachieved, but they do cause the actuators to do more
it was possible to implement the virtual constraintgiork. The reference (Morris and Grizzle, 2009) proposed
through a simple PD controller (Westervelt et al., 2004x supplemental event-based controller that eliminatss thi
per issue and, in fact, createshgbrid zero dynamic$or the
u=—Kpy— Kpy closed-loop system, that is, the zero dynamics manifold
is invariant under the continuous dynamics as well as
for y given by (22), andy computed numerically. On the transition maps.
MABEL, such a controller (employed in experiments in For the related robot, Thumper, (Poulakakis, 2008;
(Grizzle et al., 2009)) resulted in virtual constraintsttha&Poulakakis and Grizzle, 2009a) propose an event-based
were not accurately achieved due to large tracking errorgntrol at each phase transition. This is not practical
and attempts at reducing the errors with high controlldévere, however, because we have certain phases with
gains were unsuccessful. See Section VI-F for discussiertremely small duration (thenc phase for instance).
of this point. Instead, we create a hybrid zero dynamics by updating
To address this, the vector of nominal control torquegarameters only at the impact event (swing leg contacts
u* from (32) is incorporated as a feedforward term ithe ground).
the PD controller. In particular, along the nominal orbit, Following (Morris and Grizzle, 2009; Grizzle et al.,
for each of the actuated variables ¢ M and for 2008), the virtual constraints are modified stride to stride
each of the phases € P, u* is regressed againgt SO that they are compatible with the initial state of the
with 5" order Bezier polynomials to obtain theé&ier robot at the beginning of each step. The new output for
coefficients3;” and resulting in the controller the feedback control design is,

u=u" (s, O‘p) — Lg Ly hy (g, ap)_

wherep € {me, s, si, sd}, are discussed.

* . . = hs S, S+’ S+
Ueap = u” (05, Bs) — Kpy — Kpy, (43) ! S(q Y ) s (g st st (45)
. . . . ) :Hoqs*hd (ag)fhc (957y Y )
where, is as defined in (22); still computed numeri- The output consists of the previous output, (22), and an

cally, and3; = (*BP ) additional correction term that depends on the previous

The stability of the fixed-points with the proposed, , t evaluated at the beginning of the step, specifically,
closed-loop controller (43) can be tested numencaIIg/H — High — hs (63), andg™t = Hidr — Oha(8:) 5+
— *40%s d\Ys )1 — +10%s s *

using a Poincdr mapP : S — S with the switching o 99

tace taken to be th itchi ; tdhes S values ofy**, and y*+ are determined at the
surtace taken to be the switching surtace atsnes beginning of each step and held constant throughout the
event transition, i.e.S = Ssi_.sq, and

step. The functiori? is taken here as

P (z5) = ¢ (Tr 0 Asiysi (75) , Asissa (25)),  (44) 0
s hc (05)
where, ¢ (t, ) denotes the maximal solution of (12), he (0s) = cLﬁ‘SSW K (46)
with initial condition z, at time o = 0 and withu as he.- (05

defined in (43). Finally]; is the time-to-impact function )
defined in the usual way (Westervelt et al., 2007, p. 94yith eachhg (6s), v € V\{mLS} taken to be twice
Using the Poincdr return map (44), we can numeri-continuously differentiable functions @f such that,

cally calculate the eigenvalues of its linearization about ¢ (0, y"", 5°T) s+
v Sy 9

the fixed-point. The analysis shows that the walking gait | ;. N ‘ ot

obtained by optimizing (39) and with the closed-loop 20, (65°) o5

controller (43) is exponentially stable with a dominant | A¢ (65, y°,9°T) =0, % <Oy <O

eigenvalue 00).6921. 47
Similarly, the gait obtained from optimizing (40) isWith A designed this way, the initial errors of the output

also exponentially stable, with a dominant eigenvalue ahd its derivative are smoothly joined to the original

0.8194. virtual constraint at the middle of the first phase of

Il
<. <
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the corresponding virtual constraint. By the choice dafcenarios. Figure 10 depicts the experimental setup. To
GE‘ZW,@;‘CL_SSW and 67 (defined in Section IlI-A), the illustrate the power and limitations of the proposed
joining of the swing leg virtual constraints occurs at thenethods, five experiments are presented. First, the ro-
middle of the step, while the joining for the torso virtuabustness and efficiency of walking motions, resulting
constraint occurs earlier, at the middle of the combinddom enforcing the virtual constraints of Section Il
phaseancscs. This is illustrated in Figure 3 with thick through a feedforward plus PD controller developed in
dashed lines. Section IV-A, is evaluated. Then, to achieve fast walking
As noted in the definition ofh? in (46), we have motions, the full compliant HZD controller developed in
selectedhy,; s . = 0 since themc phase is too short Section IV-B is implemented.
to handle significant transients without large actuator

toraues. and further we want to enforce the virtu For each experiment, the controller was first coded in
ques, a . aé++ and evaluated on a detailed simulation model of the
constraint in thesc phase to be constant in order to effec-

robot that included encoder quantization and numerical

tively use the compliance. To overcome this, we propose.. .. : .
. o estimation of velocity variables from encoder measure-
an event-based control action specific for thé.Sg

. ; . ments. The controller was tested under various model
Sc St
virtual constraint that updates]; s ,ays  , Oy, at

- > perturbations, such as errors in the torso mass, spring
the bggmnmg of eaph step sugh that duringrtiephase, stiffness, torso center of mass position, and deviations
the virtual constraint only drives the motor leg shap

f initial conditions. These simulations are not discussed

velocny_ to zero, and during thec phase, the virtual het\re for the sake of brevity. The simulation model was
constraint keeps the motor shaft locked at a consta&

o . . o . Hen replaced with the physical robot. The experimental
Egﬁg{?;iﬁ{\lg:n%r::”h?)ightiseen(jgorﬁ;g;evir:gggllff:n\s”trrgilprOtOCOI is identical to the one used in (Westervelt et al.,
Y] t2004, Sect. 4). The experiments varied in duration from

This correction term is also illustrated in Figure 3 With78 steps to 265 steps, and were ended in each case by the

thick dashed lines. experimenter stopping the robot and killing the power
Under the new control law defined by (45), the be- P ppIng 9 P '

havior of the robot is completely defined by the event The results of the experiments are presented in Figures
transition maps and the swing phase zero dynamids]-19. In order to facilitate comparisons, Figures 11-13
with 75 replaced byh$ + hS. The stability of the assemble results from Exp. 1, 4 and 5; the remaining
fixed-point z* can now be tested numerically using digures pertain to individual experiments. In the experi-
restricted Poinc& mapp : SN Z — SN Z where ments, the left leg refers to the inner leg, which is closer
Z = {zs € TQs | ye(gs) = 0,9.(gs) = 0}, the to the center boom, and the right leg refers to the outer
switching surface is taken to be the switching surfadeg, which is farther from the center boom. All walking
at thesi — sd event transition, i.e.§ = Sg; s, and speeds are measured with respect to the center point of
p(s) = 6 (Th 0 Ag st (22) , Agsea (22)) . (48) the hip between the two legs. Videos of the experiments

are available on YouTube (Grizzle, 2010a).
where, ¢ (t,z) denotes the maximal solution of (12),
with initial condition zy at time ¢g 0 and u as
defined in (42). Hybrid invariance is achieved becaus safety cable
the transition map for these events;; s, is the identity
map, andAg; s (Ssinsd N Z) C Ssissa N Z.

Using the restricted Poincareturn map (48), we can
numerically calculate the eigenvalues of its linearizatio
about the fixed-point. For the gait obtained by optimizin
(39), we obtain the eigenvalues

Power Supply
Spring

Central

Column
5 0.7258 Ll
eig ( d (xs)) — | 2.6380e—5 (49)
Oz
—1.8001e — 6 ,
Real-Time
From (Morris and Grizzle, 2009, Cor. 2), the feedbac  Computer

(42) and (45) renders the periodic orbit of the closec
loop system exponentially stable fom (42) sufficiently
small, andK p, Kp such that\? + Kp\ + Kp = 0 is
Hurwitz.

The orbit obtained from optimizing (40) is also expo
nentially stable, with a dominant eigenval0g065.

Distribution
Box

SlipRing

V. EXPERIMENTS Fig. 10. Experimental setup of the bipedal testbed MABEL.
This section documents experimental implementations

of the controllers of Section IV in various walking
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A. Exp. 1: Nominal Walking at a Fixed Speed

200

g
g 1901

This experiment approximately implements the virtual
constraints depicted in Figure 5 with the feedforwarc
plus PD controller given in (43). It was noticed in early 3
experiments that the transition from tee phase to the ™
s phase given by (37) did not always occur. The sprincg .|
was not decompressing to thé trigger point, and was
probably due to the initial few steps being far away 1o
from the nominal orbit, and also because of inability
of the controller to accurately track the stance motor @
leg shape virtual constraint. To ensure that the transitio =
from thesc phase to thai phase always occurred in the  zof
experiments, the switching surface for this transition is¥ wof
modified to have a guard around the nominal value 0 1o
0., such that the transition is guaranteed to occur fo g
0s € (0. — 7,05 + 7], with v being a small positive st

180

Time (s)

S

quantity. The modified switching surface is gl 1
S:CJIESZ = (SSc—)Si N {l‘s € T’C)5 | 95 S %6 a.‘s s‘a 9.‘2 Q‘AT ()916 9.‘3 1‘0 16.2 104
(0;’ -7 9; + ’ﬂ }) U (50) (b)

xs €T 0s = 0, +
{ s @ | s s Py} Fig. 11. Tracking for the swing-leg virtual constraints fa) PD +
Feedforward controller in Exp. 1, and (b) Decentralizedzymamics

hi ller led ful IKi il ontroller in Exp. 5. The tracking for PD + Feedforward cotiar
This controller led to successful walking, as illustratefl quite good, whereas the tracking for decentralized zgrwashics

in Figures 11 through 15. The evolution of the desirecbntroller is worse right after impact and recovers quite| vaelar
and achieved virtual constraints is depicted for the swidgpract.

leg variables in Figure 11(a) and for the torso and stance

leg motor positions in Figure 12(a). The nominal track-

ing in the Swing |eg is Very good’ whereas Considerab% EXp 2: Demonstration of Robustness to Perturbations

errors occur in the torso and stance leg motor position. 14 tast the robustness of the controller used in Exp. 1,
This is consistent with the fact that the swing leg i§yternal, short duration forces are applied at the hip
unloaded and lightweight, and hence much easier 19 \arious instants of time. The results are depicted
control. The torques are given in Figure 13(a). in Figure 16. Initially, the robot is pushed forward by
Figure 14 depicts the evolution of the torso anglghe experimenter, causing the robot to speed up by
and the evolution of3,;i,. for the left and right legs roughly45%. During the subsequent ten steps, the speed
in stance, respectively, over 52 of the 78 steps in thgowly converges back to the nominal. Next, a retarding
experiment. Each of these is compared to the nomingkce is applied, causing the robot to slow down by
fixed point. There is a pronounced asymmetry in th&ughly45%. Over the next three steps, the robot’s speed
robot, as was noted in (Grizzle et al., 2009). Thifas essentially returned to the unperturbed value. This
asymmetry is due to the boom radius not being largg&periment demonstrates the robustness of the robot in
enough and is currently not included as part of the modejosed loop with the feedback controller given by (43)
It is also evident that the experimental gait is faster thag external disturbances and illustrates an asymmetry in
the designed value: the nominal fixed point0i8 m/s, the rejection of the speed perturbation. A simulation of
whereas the average experimental speed is approximaigky model was carried out to estimate the force applied.
1.0 m/s. One possible reason for the speed discrepangyconstant force over the second half of the gait was
is the impact model; see (Westervelt et al., 2004, p. 56@ssumed to be applied at the end of the boom. In order to
This is discussed in Section VI. Another possible reas@ithieve similar speed gains and speed drops, the required
is the large errors in tracking the virtual constraints. Afprce from simulation is around8 N in the forward
will be seen, controllers in subsequent experiments willirection, and around’l N in the reverse direction,
reduce these errors and the walking speed will be closekpectively.
to that of the fixed point. When the robot is pushed forward (external energy
Finally, Figure 15 illustrates the evolution of thels injected into the system), the speed of the robot
Bgpring-pulley for the stance and swing legs. Notice thahcreases, and the robot takes a large number of steps
the sc — si transition does not occur at five degrees a@e recover. One would expect that, due to the increased
on the nominal orbit, and that in the swing phalg..i,, Speed, larger amounts of energy would be dissipated
is not fixed at zero as assumed in the model. at impacts after the forward push perturbation. This
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Fig. 12. Tracking for the stance-leg virtual constraints fa) PD
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Fig. 13.  Motor torques for (a) PD + Feedforward controller in

+ Feedforward controller in Exp. 1, (b) Compliant zero dynamicExp. 1, (b) Compliant zero dynamics controller in Exp. 4, anyl (c

controller in Exp. 4, and (c) Decentralized zero dynamicstrodlier in
Exp. 5. The PD + Feedforward controller produces signifiteatking

Decentralized zero dynamics controller in Exp. 5. The tosqtm
the PD + Feedforward controller are noisy, but are comparable

errors. The tracking fidelity is much improved using the commtlia magnitude to the nominal predicted values presented in Figuide

zero dynamics controller. However, there are significanillafons

torques for the compliant zero dynamics controller appear rmaisy’

in tracking the motor leg shape, corresponding to a peak tiamia and experience significant saturation (saturation limitsenset to6
of approximately 1.3° in grs. The decentralized zero dynamicsNm on leg angle motors antld Nm on leg-shape motors). For the

controller improves the tracking even further, with the tatons
nearly eliminated.

decentralized zero dynamics controller, the leg angle motgues are
far less ‘noisy’ than those for the compliant zero dynamicstradier,

while the leg shape motor torques are still a little ‘noisyit btill much
reduced when compared to the compliant zero dynamics comtrolle

would cause the robot to converge to its nominal motion

faster. However, this is not the case in the experiment,enteol experimentally using the feedforward olus PD
indicating that the energy loss at impact is fairly small" P y 9 P

Thus a large number of steps are needed to dissipgf)@tr_oge(;?éf')' -(I;he dg3|g|ned|kf_|xed ponljt g)%s a/ cost of
the extra energy injected into the system by the pus%?blt:__ ' 17 c?n . rtIortr;]lna wa |ng|1 :[sp?e th. mz d
This is also what we see in simulation in Section VI-B, " '94r€ epicts the power plots for the nside an

This indicates that the compliance plays an importaﬂflts'de legs obtained b.y averaging .the experimental Qata
ver 77 steps. The realized energetic cost of mechanical

role in the impacts. For pushes in the opposite direction, -
b P bp 0.14%. For comparison purposes,

iti i i ini ; t isc,; =
additional energy is quickly injected into the system b anspor mt
the actuators. glgure 18 shows the power plot for the hand-tuned

virtual constraints reported in (Grizzle et al., 2009). It

C. Exp. 3: Efficient Walking 3This is around10% lower than the realized energetic cost of
. . . L ... mechanical transport for Exp. 1, which was,: = 0.15. The
The fixed point obtained by optimizing for the specifiGiesigned values of the energetic cost of mechanical trangmothe

energetic cost of mechanical transport (40) is impleerresponding fixed points also differ by the same amount.



16

Fixed Point 12r o 7
Right Stance
Left Stance

0.8 4

Fixed Point
Right Stance
m— | eft Stance

Step Speed

1 1 1
0.1 0.2 03 0.4 05 0.6 0.7 0.8
Time (s)

0.4 +

Fig. 14. This figure compares the evolutiongf, for the left and

right legs in stance for Exp. 1 and the evolution of the torsegr 02

52 steps, and compares them with the corresponding valuethdor

nominal fixed point. The step times for the left and right legsyyva

with the robot walking faster when the right (i.e., insidey lis stance, 0

and both step times are shorter than the fixed point. This ideati

when we compare the average walking speed in the experirhént,

m/s, with the designed fixed point walking speeddd m/s. Possible Fig. 16. Speed at each step for Exp. 2. An external distubamthe

reasons for this discrepancy are discussed in the text. i in the 50 of 4 forward push is applied on step 9 (thick line), anel speed

gsp Plot, right after impact, in the experiments the Spring CONEESS ¢ the sybsequent ten steps is faster than the nominal. Annexte

more slowly than in the fixed point. This is possibly due to a-Nonyigyyrpance in the form of a backward push is applied on s@p 3

instantaneous double support phase in the experiments. (thick line), and the speed of the subsequent three stepewsIsthan
the nominal. In both cases nominal speed is recovered. Ititegls

2 it takes more steps for the robot to lose energy and slow dotirera

than for the robot to gain energy and speed up. This indi¢htgsrery

little energy is lost at impact.

5 10 15 20 25 30 35 40 45 50 55
Step No.

-5 L L L I
205 21 215 22 225 23
Time (s)

-500

Power (W)

-1000

Fig. 15. Stance and swin,.ine €volution for nominal experiment.

The asterisks indicate the locations of the transitionsfsubphasec

to subphassi. This transition occurs before thg., = 5° event due °
to the presence of the additional guards in the experimes®, [t is
also seen that the swingsp ing angle is not aD° as assumed in the
model. This deviation is significant right after impact, bupears to ;
quickly die out to a small value for the remaining part of thet.gai 0 10 20 30 [ 50 60 70

% Gait

-500

Power (W)

-1000

Fig. 17. Power plot of Exp. 3 implementing a fixed point obtaibgd
is clear that the new control design makes more efficiePtimizing forcm (40). The plots are obtained by averaging the power
. . . over 77 steps 89 steps with the left leg as stance aB& steps with
use of the compliance available in the open-loop plage right as stance). The vertical lines indicate mean phassition
than the controllers previously designed. instants. Most of the negative work is done by the complianstead
The experimentally realized:,,; is approximately ©°f the actuator.
three times the designed value. This is discussed in

Section VI-C. We thus stepped away momentarily from the problem

of fast walking and concentrated on achieving a higher
fidelity implementation of the virtual constraints. We
decided to use the full /O linearizing controller (42),
This section focuses on achieving greater fidelity iith correction polynomials as in (45). Although zero
the tracking of the virtual constraints. dynamics based controllers are great in theory, all experi-
Background An important goal of MABEL is run- mental implementations to date had been with simple PD
ning. As an intermediate goal, we have started looking @bntrollers (Westervelt et al., 2004; Morris et al., 2006).
fast walking. We consequently designed new fixed poingero dynamics controllers are often criticized for being
using the methods of Sections Il and IlI-D, for walkingoverly dependent on the model being accurate, and for
at 1.0 and 1.2 m/s, and implemented them using théyeing too complex to implement in real time.
controller structure of (43). Experiments were unsuccess-Results We report, for the first time, an experimen-
ful, even when the transition controller of (Westerveltal implementatiof of the full compliant hybrid zero
et al.,, 2007, Chap. 7) was added. The experimental dakmamics controller to successfully achieve walking on
showed poor tracking of the torso and stance motor leg
shape virtual constraints and led us to conclude that moré© enable computing all terms of the zero dynamics based con-
. . . troller within a1ms sample time, an extremely efficient matrix library
precise control was needed in order to achieve th

: €5%sed on C++ expression templates (Veldhuizen, 1995; Atkranou,
higher speeds. 2001) was used.

D. Exp. 4: Compliant Zero Dynamics Controller
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Fig. 19. Bgpring evolution for the compliant zero dynamics controller
i i i in Exp. 4. The asterisks indicate location of transitionnirdhe
PO o g %010 stance-compressiond) to the stance-decompressiosi) phase. The

transitions appear to be closer to the nominal valuejgf, = 5°
when compared to the PD controller, Figure 15.

Fig. 18. Power plot for the hand-tuned virtual constraingseziment
reported in (Grizzle et al., 2009). The plots are obtainegsraging
the power oveB2 steps. Immediately after impact and during the first
10% of the gait, we can see the motor actually fights the spring. | . ;
the rest of the gait, the motors do almost all the work. E. Exp. 5: Fast Walking

We return to the problem of achieving fast walking. A

decentralizedzero dynamics controller is implemented
using the virtual constraints of Exp. 1. This is simply
Gthe zero dynamics controller as implemented in Exp. 4,

MABEL. The virtual constraints of Exp. 1 are use with the off-diagonal elements of the decoupling matrix,

here. The tracking accuracy obtained is far better th .
the feedforward plus PD controller used previously. Th,egstSh’ set to zero. This was observed to reduce the

. . : cross-talk’ in the control signal due to errors in one
compliant zero dynamics controller, (32), (42), with the ) )
i . S output being transferred to another. Figures 11(b) and
correction terms, (45), and with the modified event trar- . . : ) X
o : . 2(c) illustrate the virtual constraint tracking achieved
sition surface, (50), is deployed. The output coordinatés . . .
. : . Wwith the decentralized zero dynamics controller. Figure

are normalized to approximately the same magnitu

for better conditioning of the decoupling matrix. Unlike 3 compares the torques obtained under the effect Of the
in Section V-A, u* is computed from the dynamicspresemed controllers. The torques for the decentralized

. ) ) ; . zero dynamics controller are less noisy when compared
directly and is not approximated. (Recall that in Sectio . .
N . : . 0 the torques for the compliant zero dynamics controller.
IV-A, u* was regressed againgf to obtain a Ezier

olynomial u* (6. 3.). This approximated.* along the With this controller, MABEL started walking at
polyno oSS pp . 9 € " aroundl.15 m/s. The torso was gradually leaned forward
periodic orbit as a function df; but provides no velocity

correction.) to increafse the s_peed. A top walking §peed.6f2 m/s
' was achieved with a sustained walking speed1df
The tracking of the swing virtual constraints is at leastn/s .4 mph.) This made MABEL “the fastest walking
as good as that obtained in Figure 11(a) with the PBiped of any size” in the world on October 31, 2009, and
controller and is not shown. Figures 12(a) and 12(ihe record was held until April 22, 2010, when PETMAN
compare the tracking afr,, andgn1s., under the effect reclaimed the speed record with &7 m/s walking gait;
of the PD and the compliant zero dynamics controllerte video was posted to YouTube (Grizzle, 2010a).
respectively. The tracking is greatly improved, where the Section VI-D compares the walking speed of several
error ongr,, reduced from a peak &f1° to 2.4°, with a  bipedal robots.
reduction in root mean square error (RMSE) from4°
to 0.89°. Similarly, the error oy, reduced from a V1. DISCUSSION OF THEEXPERIMENTS
peak 0f59.1° to 39.5°, with a reduction in RMSE from
29.82° to 0.28° (when scaled by a gear ratio 81.42,
this translates to a reduction in error fors, from a
peak of1.9° to 1.3°, with a reduction in RMSE from
0.95° to 0.009°.) A. Asymmetry
The model used in the feedback designs has assumed
a planar robot; in particular, this is predicated on the
bot's dynamics being identical when the left leg is in
ance or the right leg is in stance. The data shows clearly
at this is false. The robot itself is nearly symmetric.
he asymmetry arises from the boom used to constrain
the robot to the sagittal plane. The facility housing the
The average walking speed for this experiment i®bot only permits a boom of length.25 m from the
0.9 m/s. This is closer to the designed walking speetknter of the floor to the center of the robot. The width of
than in Exp. 1. The reduction in errors in the virtuaMABEL's hips is 0.24 m, which is approximatelyl 0%
constraint improves the correlation between the desirefl the boom. For comparison, RABBIT has a boom of
and realized walking speeds. length 1.7 m, with a hip width of0.074 m, which is

This section discusses various aspects of the robot and
the feedback controllers revealed by the experiments.

Figure 19 illustrates the stance and swiBg,ing
values over a few steps. Notice that #ae— si transition
occurs more closely to the designed value. Figure 13
depicts the control torques at the actuators. These
noisier than with the PD control torques. This issue wi
be resolved in the next section.
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. TABLE |
approximately4% of the boom. The robot plus boom EFFECT OFIMPACT MAP SCALING ON WALKING SPEED

may need to be modeled as a 3D system.

Impact map scaling factorn  Steady-state walking speed

It was noted that the experimental walking speed for 1.0 0.80 m/s
Exp. 1 in Section V-A wadg..0 m/s. The average speed 8-33 8-32 m;S
with the left (inngr) leg as stance 598 m/s while the 097 0.98 m/z
average speed with the right (outer) leg as standeld 0.966 1.00 m/s
m/s. The ratio of left and right stance speeds is nearly 0.96 1.04 m/s

equal to the ratio of distance of left and right legs to the
center column. " ‘

m— | cft Stance
B. Impact Model =~ 10f I
0 4
For legged robots, the accuracy of the model ¢ [ [rosacd ‘ ‘ ‘ ‘
qTor

the leg end (foot) impact with the walking surface is

Right Stance]

difficult to ascertain and to improve. The vast majority - ’ //..

of researchers adopt an instantaneous double suppé -+ NG —
model, and use (Hurmuzlu and Marghitu, 1994) tc _— i g Stance

build the corresponding mathematical model. Several ri ™% 01 02 03 0 os 0s o1

Time (s)

searchers have used or proposed compliant ground mod-

els (Westervelt et al., 2007, p. 278), (Plestan et al., 2008g. 20. This figure shows the plots of th&ping and the Torso

Canudas de Wit et al.. 1995: Freeman and Orin 199‘.fparately for the left and right legs as stance for Exp. lcamdpares
. ’ ' th imulati f th inal fixed poi ith i li

Bruneau and Ouezdou, 1997, 1999; Pascal, 1994; Wgtoﬁ,f'r:“‘gf‘;g%'_‘ of the nominal fixed point with an impact scglin

et al., 1994, 1993), (Roussel, 1998, Chap. 5) yielding a

double support phase of nonzero duration. Results exist

in the literature in which rigid impact models have als?iuring the sc and sd phases, a consequence of the

begn used to obtai.n non—tr.ivial double support phas,ﬁ?ability of the actuator to function as an ideal brake.
(Miossec and Aoustin, 2005; Roussel et al., 1998). Whilg,yever, this is not the case. Detailed examination

the compliant models seem more physically realistic, tr]ﬁ the mechanical work performed in the and sd

uncertainty present in the parameters of such modeJfiases reveals that the stance motor leg-shape already

does not necessarily yield a more accurate result, andyfoq jittie work in the experiment. Introducing a brake
certainly does add considerable complexity to the model o experimental setup would then have little effect

via numerical stiffness and / or non-Lipschitz continuou-r?] improving thec,,; value. After several simulations
mi . il

dynﬁmlgs. line is th h . h . perturbing different parts of the model, such as in-
The bottom line is that when comparing theoreticgl.o qing friction and introducing cable stretch, we have
predictions to experiments, the impact model should bgsereq that both friction and cable stretch contribute

considered as one possible source of error. In all Qfgnificantly to increase the specific cost of mechanical
the experiments reported here, the robot walked fas gnsport

than predicted by the dynamic model. The referenceTabIe Il illustrates the (mechanical) energy efficiency

(Westervelt et al., 2004, Fig. 9) suggested that this cou(l)q several bipedal robots, and is sorteddy. Although

be accounted for by scaling the post-impact velocit . . .
predicted by (19). The scaling is performed here i%e experimentally obtained,,, value for MABEL is

such a way that the post-impact velocity still respec{mt as good as the designed value, it is 12 times better

. . . |s"|an that of Honda’'s ASIMO, oveR.75 times better
the.constramts (16.)’.97).’ (18.)4 The Impact sca!mg 'ﬁﬁan RABBIT and twice better than the hand-tuned
achieved by replacing;” with n4: in these constraints,

wheren is an impact scaling factor. Table | shows variou)slirtual constraints based controller on MABEL. This
"l P 9 ’ uts MABEL's energy efficiency within a factor of two

steady-state walking speeds for different values of tlﬁ% T.U. Delft's Denise and a factor of three of the Cornell

impact scaling factor. It is notable that for the SimUIatiO%iped none of which can step over obstacles of run: it is

to match the experimental walking speed, we r€AU%iso within a factor of two of the MIT Spring Flamingo

n= 0.966, a change of less thEﬁ.io to the '|mpact map. v¥hich can easily step over obstacles but cannot run, and
Figure 20 compares the nominal walking experiment. -
within a factor of three of humans, who can do all of

with a simulation with this impact scaling factor.
the above..

C. Exp. 3: Efficient Walking

A_s mentiqned in Section V-C, t_he experimeljtall)b_ Exp. 5: Fast Walking
realizedec,,; is approximately three times the designed
value. In order to compare MABEL's walking performance
One may suppose that this discrepancy is due to théth other bipedal robot designs and control methods,
existence of non-negligible motion of the motor shaftable Ill lists robot parameters, peak walking speed,
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TABLE Il
EFFICIENCY NUMBERS FOR VARIOUS BIPEDAL ROBOTS AND 2k
VARIOUS CONTROLLERS ONMABEL.

Robot Cmt g

Honda’s ASIMO 1.60 2

RABBIT (Westervelt, 2003, Sec. 6.5.1) 0.38

MABEL - Hand designed VC (Grizzle et al., 2009) 0.29 [ ; ; ; ; ; ; ;

MABEL - 0.8 m/s FP, HZD Ctrl (Exp. 4) 0.18 524 526 52.8 53 T"ia;z(s) 53.4 53.6 53.8 54

MABEL - 0.8 m/s FP (Exp. 1) 0.15

MABEL - ¢t = 0.0385 FP (Exp. 3) 0.14 Fig. 21. Cable stretch as measureddpys — gmr.a/23.53 for the

T.U. Delft's Denisé (Collins and Ruina, 2005) 0.08 right (outer) leg over two consecutive swing and stance ghés the

MIT’s Spring Flamingo (Collins and Ruina, 2005) 0.07 fast walking experiment, Exp. 5. Negative cable stretcheslare not

Cornell Biped (Collins et al., 2005) 0.055 to be interpreted as cable compression. Cable differengajgire two

McGeer’s Dynamite (Collins and Ruina, 2005) 0.04 sets of cables to ‘pull’ in either direction. The negativéleastretch
*3D, autonomous and untethered. values in the figure refer to cable stretch in the second cable

and the dimensionless Veloc'?tyThe table is sorted to the robot’s |inkage througﬁo -1 gear ratios] and it
by peak speed. Of note is the bipedal robot RunB@firned out that a high-gain PD implementation resulted
(Manoonpong et al., 2007; Geng et al., 2006), which i sufficiently accurate realization of the virtual con-
the fastest walker measured by dimensionless veloCHyaints. However, on MABEL, this simple controller was
and leg lengths per second. MABEL was the fastefadequate for fast gaits, motivating the implementation
walker in terms of absolute speed from October 31, 20Q an input-output linearizing controller. We believe
until April 22, 2010, when PETMAN took the record. that three things limited our ability to increase the PD
Notice that MABEL and it's predecessor, RABBIT,gains in (43) sufficiently high to realize the constraints:
are the only ones in this list without ankles and feefower gear ratios in the drivetrainencoder ‘noise’ when
It has been suggested in (Lee and Piazza, 2009) thatimating derivatives; and the additional compliance

ankles and even toes, in humans, are very useful 4@ising from the cable stretch discussed above.
provide a push-off to increase speed. The effect of push-

off in bipedal robots is studied in (Kuo, 2002) and is

established as an energy efficient way to increase speed. VII. CONCLUSION
MABEL contains springs in its drivetrain for the
E. Cable Stretch purposes of enhancing energy efficiency and agility of

The differentials in MABEL's drivetrain, c.f. Figure 2, dynamic locomotion. This paper has presented a novel
are realized by a series of cables and pulleys. The read@glytical design method to realize the potential of the
is referred to (Hurst, 2008; Park et al., 2010) for detail§PriNgs. An extensive set of experiments was performed
The robot was designed under the assumption that ﬁ%nlustra.te and confirm important aspects of the feed-
cables undergo zero deformation, and this assumptiBAck design.
has been used in developing the dynamic model of theA HZD-based controller was designed to achieve
robot that we used for control design. In the experiment@Symptotically stable walking while recruiting the com-
it has been observed that there is significant cabfiance in the robot's drivetrain to perform most of
stretch. A representative plot of the cable stretch in tBe negative work required to decelerate the downward
leg angle is shown in Figure 21, where the variabl@otion of the robot's center of mass after impact, instead
qLA + gmra/23.53 is plotted in degrees. If the cablesof the actuators. This not only improved the energy

were rigid, this variable would be identically z&ro ~ efficiency of walking, but also made the gait more
natural looking. Stability analysis of the walking gait

was performed using the method of Poiricar
. ] The analytically derived control law was experimen-
The theorems supporting the method of virtual congy validated on MABEL. The controller was demon-
straints are easier to prove when an input-output linearige 5164 10 be robust to external disturbances as well as
ing controller such as (42) is used (Morris and Grizzlgq, gjgnificant differences between the design model and
2009; Westervelt et al., 2007; Poulakakis and Grizzlgye actual robot. In particular, the cables used to realize
2009b). In practice, the benefits are achieved by agye gifferentials in the robot's drivertrain exhibited eon
controller that realizes the constrainitsq:) = Higs —  siderable stretch in the experiments, none of which was
ha (6) with “sufficient accuracy”. This can be formal-qonsidered in the design model. Due to the observations
|zgd using high-gain feedback via singular perturbation§sde as part of these experiments, a more accurate
(Viola, 2008). On RABBIT the actuators were connectefqde| incorporating cable stretch has been presented in
[Park et al., 2010).

F. Zeroing the Virtual Constraints

5The dimensionless velocity serves as a speed metric and iedefi
as the square root of the Froude number, with the Froude nurefoey b
the ratio of the centrifugal force due to motion about the faod the "MABEL has a gear ratio 0£3.53 : 1 and31.42 : 1 for leg angle
weight of the robot (Vaughan and O’Malley, 2005). and leg-shape coordinates respectively. For comparisiéBBRT has
SEncoders are present to directly measure ligih and gu1.4. a gear ratio o650 : 1 at both the knees and hips.
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TABLE Il
TOP WALKING SPEEDS OF BIPEDAL ROBOTSTHIS TABLE IS MOTIVATED BY (MANOONPONG ET AL, 2007, RGURE 1).

RunBot RABBIT

Spring Flamingo MABEL PETMAN Olympic Record
Mass (Kg) 0.53 32.00 14.20 65.00 - ~ 70.00
Leg Length (m) 0.23 0.80 0.90 1.00 - 09~ 1.15
Peak Speed (m/s) 0.80 1.20 1.25 1.50 1.97 4.60
Dimensionless Velocity 0.53 0.43 0.42 0.48 - 1l4=~1.5

A walking gait was designed to optimize for thefor his assistance in setting up the initial embedded
energetic cost of mechanical transpesf,, and then computing environment, in addition to his contributions
experimentally evaluated on MABEL. Even though MA+o the theoretical underpinnings of our work, as cited in
BEL has no feet, the experimentally realized, is 12 the text. Last but not least, we are deeply indebted to J.
times better than that of ASIMO, approximately thrice aslurst for designing MABEL. We hope that this paper
good as RABBIT, and twice as good as a hand-designkds confirmed many of his expectations for the robot.
virtual-constraint-based controller that we had previpus
implemented on MABEL. This puts MABEL's energy
efficiency within a factor of two of T.U. Delft's Denise,
and a factor of three of the Cornell Biped, which arélexander, R. (1990). Three uses for springs in legged
specifically designed mechanically for efficient walking. locomotion. The International Journal of Robotics
This demonstrates the interplay of mechanical design andResearch9(2):53-61.
control design in achieving higher efficiency. Alexandrescu, A. (2001 Modern C++ Design: Generic

For the first time, a real-time implementation of a Programming and Design Patterns Appliefiddison-
complete hybrid zero dynamics based controller has been/Vesley, Boston, MA.
demonstrated in experiments. The tracking accuracy &OWn, B. and Zeglin, G. (1998). The bow leg hopping
tained is far better than that of simple PD controllers robot. INIEEE International Conference on Robotics
used in prior experiments on RABBIT and MABEL. and Automation .
This removed the restriction of hybrid zero dynamic§runeau, O. and Ouezdou, F. B. (1997). Compliant
to theory or simulation, and establishes hybrid zero contact of walking robot feet. IRroc. of third ECPD
dynamics based controllers in the experimental domain./ntérnational Conference on Advanced Robotics, In-

A controller was implemented on MABEL that real- telligent Automation and Active SystenmBremen,
ized a sustained walking speed bfs m/s @.4 mph). Germany. _
This made MABEL “the fastest robotic bipedal walkeBruneau, O. and Ouezdou, F. B. (1999).  Dis-
of any siz& as of October 31, 2009, and the record was tributed ground/walking robot interactionRobotica
held until April 22, 2010. 17(3):313-323. o

This work has experimentally demonstrated a nové&janudas de Wit, C., Olsson, H., Astrom, K., and Lischin-
control design that preserves natural dynamics and hasky: P- (1995). A new model for control of systems
established MABEL as a successful stable, efficient with friction. IEEE Transactions on Automatic Con-
and fast walker. This sets a very important preliminar trol, 40(3):419-425. )
stage for running on flat ground and for walking orf-hevallereau, C., Abba, G., Aoustin, Y., Plestan, F,
uneven ground. Future research will be directed towardsWestervelt, E. R., de Wit, C. C., and Grizzle, J. W.

obtaining analytical and experimental results in these (2003). Rabbit: a testbed for advanced control theory.
areas. IEEE Control Systems Magazin23(5):57—-79.

Collins, S., Ruina, A., Tedrake, R., and Wisse, M.
(2005). Efficient bipedal robots based on passive-
Acknowledgments dynamic walkers Science 307:1082—1085.

We wish to thank G. Buche for his many contri-Collins, S. H. and Ruina, A. (2005). A bipedal walking
butions to the design of the electronics, power supply robot with efficient and human-like gait. iEEE In-
and safety interlock systems. His prior experience with ternational Conference on Robotics and Automation
RABBIT was instrumental in us arriving at a much safer pages 1983-1988, Barcelona, Spain.
and more functional test facility. J. Koncsol is thanke#&reeman, P. S. and Orin, D. E. (1991). Efficient dynamic
for his selfless dedication to our project. His weekly simulation of a quadruped using a decoupled tree-
visits to the laboratory and the generous sharing of structure approach. The International Journal of
his engineering experience contributed invaluably to the Robotics Researci0(6):619-627.
experiments reported here. B. Morris is acknowledgegd@eng, T., Porr, B., and fgotter, F. (2006). Fast biped
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Yang, T., Westervelt, E. R., Schmiedeler, J. P., and Boch—
brander, R. A. (2008). Deisgn and control of a planar’ .
bipedal robot ernie with parallel knee compliance. !N the motor-compresssion phase, the motor leg-

Stance Motor Leg-shape Virtual Constraint

Autonomous Robqt25(4):317-330. shape position is given by a &ier polynomial
parametrized by s7 ¢ , with coefficients o

me+ = s+ gme— — me— _

APPENDIXA and o5 = 0°T.000g = 0™. The bound

st

ary conditions(gyit = ¢ig . dmis., = s, ). and
me— sc -me— : :

_ ] _ (dmis., = @¥1s., > dmis,, = 0) specify the starting and
This section develops a framework for virtual cong,e ending two coefficients, and the middle coefficients

straints with subphases and provides details on hQye free to be chosen as part of the control design ,and

the Bezier polynomials for the stance subphases afgs chosen to smoothly transition betweglf, and
obtained. LSt

BEZIER POLYNOMIALS FOR SUBPHASES

ImLs..-
In the stance-compression phase, the motor leg-shape
A. Framework for Virtual Constraints with Subphases position is given by a Bzier polynomial parametrized

Let P be an index set representing the subphases ®f siis,, With coefficientsat; ¢ =~ all equal togy g
the virtual constraints, and lete P denote a particular @nd 5 = 67,05 = 6%
subphase. Similarly, let be an index set representing In the stance-injection phase, the motor leg-
the virtual constraints, and lete V denote a particular shape position is given by a &Bier polynomial
virtual constraint. In each subphase, the virtual constraiparametrized by, 3, , with coefficients o g
will be an M*" order Bezier polynomial parametrized byand 657g = 6%, 651 = 6%, The
05, where, 0%+, 65~ are the starting and ending valuesoundary ~ conditions (g5, = a%s..s dmts., = 0),
of 05 respectively within phasg of virtual constrainty. (qulgsst = qigsst,qf;gsﬁ = 0){ specify the starting and
Itis convenient to normalize eadh to [0, 1] by defining ending two parameters afy; s =~ with the rest being

p+ free parameters to be chosen as part of control design.
es - 9@ .

sb = T (51) In the stance-decompression phase, the motor leg-

v shape position is given by a &Rier polynomial
where 6; goes from@?™ to 65~ during phasep € P. parametrized bys¥ ¢ , with coefficients o ¢  all
Then, if o?, is the vector of Bzier coefficients, then the equal tog¥; 5 , and amﬁrs = gsdt, efrffL—S =05,
desired evolution of the virtual constraintfor phasep Thus, paraSFneters of g”'&ff{Ls are gi,aname to be
st

can be expressed as chosen as part of control design. For notation purposes,

. . .Si
M! we defineay,rs,, == YnLS,,

M
d,p _ P pk (1 _ M~k
hv (99) - Zav (k) k" (M _ k)!sv (1 Sv) . .
k=0 (52) C. Torso Virtual Constraint

To ensureZ” continuity between successive subphases The motor-compression, stance-compression, and
p1,p2 € P, a standard property of&ier curves spec- stance-injection phases, are combined into a single phase
ifies how the lastk + 1 parameters ofa?! and the by settingdTe = 051 = 05" = 05+, OF = 05, =
first k+1 parameters ofi> must be related (Westerveltds,, = 65—, and oS, = o, = o, = g,
et al., 2007, p. 139). Next, it can be convenient tdhus the torso evolution in this combined phase is
treat successive subphagasp-, defined over domains given by a Eezier polynomial parametrized By ., with
(0Pt gpr—], [GP2T 9P2~] respectively, as a single com-coefficientsa,,.

bined phasep;p, with domain [#P1F ¢P2~]. This is The desired torso evolution in the stance-
particularly useful for virtual constraints that do notlecompression phase is given by azier polynomial
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. . .. sd TABLE IV
parametrlzed bWT , with coefficientsa,,, all equal  Tye st oF INDEPENDENT PARAMETERS TO BE DETERMINED BY
to ¢7,,,» and 0%;' 93d+ 9%; 05—, OPTIMIZATION. THE CHOICE OF THESE PARAMETERS IS
NON-UNIQUE, AND DEPENDS ON THE ALGORITHM AND
CONSTRAINTS EMPLOYED IN OPTIMIZATION

D. Swing Leg Virtual Constraints Optimization Parameters

For the swing virtual constraints, all subphases are R . . ¢ R
combined into one by setti's" =670 =677 = > IBspa fAcw mLSow Aor
95d+ _ 05+ emC— _ 036— o bSZ— Eév — Dgs— 95 ’qup t’qLADW’quSSW € R

- *LA*LA*LA* ast, ..., € R

and OfA,, = Q%A = Ofa,, = A, = Qpa,,-
Thus the evolution of the swing leg angle is given
by a Bezier polynomial parametrized by, , with non-zero post-impact motor leg shape velocity to
coefficientsay - In @ completely similar manner, the zero, and the last0% of the gait to hold the torso
swing motor leg shape is parameterizeddy; s - constant in preparation for impact.

The Bezier coefficients that are not specified above g Selecta, o Calculatea?, o

) ) 5 s,07 S

are free parameters in the virtual constraints, and are = gatisfy the post-impact conditions, and calculate

;pecnﬁed by control design. These parameters can be put a yr_1, oy to satisfy the pre-impact conditions.

In a vector as, SetalS's 5, ..., oM. 1, 0 get a smooth
OmLs., transition between; [ and¢¥g .

6) Integrate the stance dynamics for the motor-

a, = | MLAw | (53) : .

Qprs.., correction phase.n., and the stance-compression

Qrror phase,>s., until the spring undergoes maximum

compression and reaches a decompressed value of
APPENDIXB five degrees. Set this value &f asf~. Integrate
OPTIMIZATION DETAILS the stance dynamics through the stance-injection,
Equality and inequality constraints are used during ozks;talszq stance-decompressioblss, phases to
<.

the optimization process to ensure that the closed-
loop system yields a desired behavior. These constraints )
could be limits on peak actuator torques, joint space
constraints, unilateral ground contact forces, speed of
walking, ground clearance, etc. Further, the general
form of the virtual constraints chosen in Section Ill-A  Equality constraints, EQ

is assumed to be satisfied on the periodic orbit. This ... o<cociated with finding a fixed poitit:~ —
enables integrating the stance zero dynamics over the z=*|| = 0. s

reduced-order closed-loop system dynamics (establlshed Toe position of the swing leg at the end of the step

Evaluate the cost functiod equality constraints
EQ, inequality constraintsNEQ.

8) lIterate the above steps uniils minimized and the
equality and inequality constraints are satisfied.

in Section III-C) thereby reducing the computation time v —0
significantly. The details of the optimization algorithm toesw T
are described below. Inequality constraints, INEQ
Algorithm « Magnitude of the minimum normal force at the
1) Select ™, qpg, .+ dia.,» dmls., dTor- DEIEIMINE stance leg to be positivepin (F2) > 0.
qrpa., Using (25) DetermmquS by a Newton- o Maximum of magnitude of coefficient of friction
Rhapson search to satisfy,.* = 0 as this less than onejmax (F /FY) | < 0.6.
ensures that the impact conditiop;* € S, ., » Walking speed greater thah7 m/s.
is met. o Swing leg toe profile to be above the ground
2) Select 6;*, G5+ GiAns Gmis.. Choose throughout the stance phase.
dnis., 0, ¢ro. = 0 to satisfy the virtual  ° Swing leg angle not to exce&x0°.
constraints described in section Ill-A. Determine * Stance leg angle not less tha#0°.
dp 4., using (25). « Range of travel of torso less thaf.

3) Using the stance-to-stance transition function,
Aq_s, Obtainz ™ = (¢ *;¢f*), the state corre-
sponding to the beginning of the subsequent stance
phase.

4) Calculate 1*, 1* using (25). Setd* =
0F* + 0.05(67* —0f*), and 6F = 60" +
0.7 (05 * — 65*) corresponding t6% and70% of
the stance phase respectively, and g&ts =
Grrs., T s9n (dhars, ) maz (20°, |gprs, |). This
facilitates the use of the first% of the galt to drive



