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This technical report provides detailed derivations of the of the equations presented in [1].

It is not

self-contained and therefore should be read alongside [1]. References in red refer to equations in the main
paper [1].
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1 Forward Kinematics Factor Derivations

1.1 Factorization of Joint Offsets

Lemma 1 (Relative rotation between two frames). Let 3 € RY be a vector of joint angle offsets. The
relative rotation between frames i and j can be factored into the nominal rotation and an offset rotation:

Ajj(a+8)=A4;(a) 1:[ Exp (A-Ilf—+1,j(a)ﬁz) (A1)

k=1
Proof. Successive rotations about the same axis commute, therefore for any particular joint:
Exp((ev, +8,)") = Exp(a)Exp(8],) (A.2)

This property together with adjoint representation of SO(3) allow the relative rotation between frames i and
7 can be factored into the nominal rotation and an offset rotation:

Jj—1

Ajj(a+B) =] AExp((ar + B,)")
ki
-1

= [[ AxExp(a)Exp(B]) (A3)

k=1

. il
eq‘:(‘s) Aij(o‘) H Exp (A-I!:--Q»l,‘j(a)ﬁL)

k=1

1.2 Measurement Model

This section provides the complete derivations behind the forward kinematic factor equations presented in
Section IV. Starting with Eq. (16), we can write the forward kinematics equations at time ¢ as:

R'C = fp(a —n")
R'(d-p)= f,(&—n)

In order to create a factor from these measurements, we need to isolate the noise terms.

(A4)

Lemma 2 (FK factor orientation noise isolation). Using (11), (13), and (3), the rotation term and the
noise quantity § fr can be derived as

R'C= fp(a-n")
= fa(@) [T Bxp (— AT w1 (@)05") 2 fr(@)Exp(=0 fr) (A5)

N-1
0 fr = —Log <H Exp (ALLNH(&)”?T))

k=1
Nt (A.6)
~ Y Afana(@)ng
k=1
Through repeated first order approximation, the noise quantity 6 fr is approximately zero mean and Gaussian.

Proof.

= "Ay(@—n")Ay (A7)
N-1 ’

=Av(@) [ T Ex (—ALl,N(d)n;:*)] Ay



Once the product is expanded out, the adjoint property, Eq. (3), can be repeatedly used to move A p left:
R'C = A, y(&) |Exp (—A] y(@)nst) - Exp (—A} AN, ) Exp (—AN y(@)n% )| A
v (@) [Exp 2,N(a)771 Xp Nfl,N(a)T]N72 Xp N,N(a) N-1 N
.(3) - - o - -
e A y(&) {EXP (—A{N(a)mT) -+ Exp (_A;I—V—17N(a)n(]lVT—2> A yExp (—AJTVAJTV,N(O‘)"?%T_l)}

eq.(3)

LA (@) [Bxp (~ALy(@mst) - AyExp (—ARAL L, y(@)ni,) Bxp (-ALAL v(@m3l )]

N-1

eq.(3) ~ ~ «

E A n(@)Ay H Exp (—AJTVAZH,N(O‘)??;@T)
k=1

N-1
fa(@) TT Bxo (~ AT v (@)
k=1

£ Jr(a)Exp(=6 fr)

(A.8)

The noise quantity ¢ fp can be shown to be approximately zero mean and Gaussian through repeated first
order approximation (noting that for small rotations, the right Jacobian is close to the identity):

N-1
—Log (H Exp (_AZH,NH(d)’?gT))
k=1

(n [Bxp (AT (@) Bxp (—AJTV,NH(&)H%T_J)

k=1

—Log (EXP (Log (1\][:[2 Exp (AZ+1,N+1(6‘)77§T>>> Exp (A-IJ;/,N—Q—l(d)n%Tl))

k=1

N-2
eq.(2) N\
~ —Log (H Exp (_A—1£+1,N+1(a)nkT)>

k=1

N-2
+J,7t <L0g <H Exp (Al+1,N+1(d)nzT)>> (*AITV,N+1(6‘)"7%T—1)

k=1

o fr

(A.9)

Q

N-—-2
—Log (H Exp (—ALLNH((’)TI?T)) + AN v (@)ny,
k=1

2

-1

T N
Ak+1,N+1(a)772T

1

Q

~
Il

O

Lemma 3 (FK factor position noise isolation). Using (12), (13), the first order approximation of the ex-
ponential map, and anticommutativity of skew-symmetric matrices, the position term can be approximated

as.
R'(d—p)= f,(&—n")

N—1N-1

~ f(&) + Z Z Ay 1 (@)t Ay g (6)m)T (A.10)
k=1 n=k

2 f(a)-df,

The noise quantity 0 f,, is a linear combination of zero mean Gaussians, and is therefore also zero mean and
Gaussian.



n=1
N
=t + Z Ay, (6 —n)t,
n=2
(13) N n—1
eq .
%+ |Aw(@) | [T Exo (-AT . @)n )) tn]
n=2 k=1
N n—1 A
~ 4+ [An(@) ( (1 (ALat@my) )) tn]
n=2 k=1
N T nol A (A.11)
n=2 L k=1
N T n—1 A
- tl + Z Aln (d)tn Aln(d) (Z (Ak+1 n(d)nk ) > t71‘|
n=2 k=1
N T n—1
= tl + Z Aln(d)tn + Aln(d)t;\ Z A;—+1,n(d)nzT‘|
n=2 L k=1
N N n—1
= Aln(d)tn + Z Aln(d) Ak+1 n( )n(lzT‘|
n=1 n=2 k=1
N
= fp(d) + Z Aln t/\ Z Ak+1 n a ‘|
n=2

By expanding and recollecting terms, the summations can grouped:

RT(d - p) = £,(&) + A, o(@)t5 (AT (@)ns")

+ A, s(a)ty (A;g(&)n?T + A;s(&)nf)

+ A, y(@)ty (AT y(@)ni + AT y(@ms" + -+ AL x(@m3ly)
= £,(@) + (A1 2(G)65 AT(&) + Ay 5(@) AT (&) + -+ Ay (@R AT (@) 1i
+ <A1,3(C~')t§A;3(5‘) +o A1,N(C~“)t1AvA;N(d)) TIST

+ (A v(@th AT v(@)) nil
N—-1N-1

= f(a)+ Z Z Al,n+1(d)thz+1A-lg+1,n+1(6‘)nzT
k=1 n=k
= fp(d) =9 fp

(A.12)

where the noise term, d f,,, is a sum of zero-mean Gaussians, and is therefore also a zero-mean Gaussian.

O



The forward kinematics measurement model can now be defined as:

fr(&) = RTCExp(d fz)

R - (A.13)
fpla)=R(d-p)+4f,
with the noise characterized by:
N—1 AT ~ a
*Ir = =1 Ak+1’N+1(a)nkT ~ N (0gx1 Ef) (A.14)
a N-1N-1 - \ a X1, .
5fp k=1 Zn:k _A1,n+1(a)t;L\HAZH,nH(a)WkT

1.3 Residuals and Covariance

After the noise is separated out from the measurement equations, the forward kinematic residual errors can
be written as:

I‘fRi = Log (fR(di)TR;rCi)

T R (A.15)
Ty, = R;(d; —p;) — f(a)
In addition, the forward kinematics noise can be rewritten as a linear system:
n?l
sfz] _[Q]| ™2
S -E] 19
"7aNT—1
where columns of the 3 x 3(IN — 1) matrices Q and S are derived from Eq (A.14):
Qi = A1T+1,N+1(d)
(A.17)

N—1
~ T ~
S, =— Z Al,n+1(a)t2+1Ak+1,n+1(a)
n=u

The covariance can be computed using the linear noise model, Eq (A.16) , and the sensor covariance matrix,
X0t € R3NV-Dx3(N=1) "that describes the encoder noise p*:

3= [8} 0t Q7 ST] (A.18)

2 Forward Kinematics Factor Jacobians

Given a retraction mapping and the associated manifold, we can optimize over the manifold by iteratively
lifting the cost function of our optimization problem to the tangent space, solving the reparameterized
problem, and then mapping the updated solution back to the manifold using the retraction. For SE(3) we
adopt the retraction used in [2], Rr(d¢,6p) = (RExp(6¢),p + Rdg), vec(d¢,p) € RE.

Therefore, lifting involves the following retraction on the base and the contact frame poses:

R, + R,Exp(d¢,) C, « C,Exp(d0,)

A.19

allowing the Jacobians of the residuals easy to compute. The Jacobians for the forward kinematic factors
are derived in the following sections.



2.1 Jacobians of ry

The Jacobians of the forward kinematic factor residuals can now be computed as:
rfR(RiEXP(5¢i)) = Log ( fR(di)T(R'EXp(5¢i))TCi)

= Log ( fa(&)"Exp(~0,)R]C,)

— Log ( fn(é,)TRTC,Exp(—CI R0, ) A20)
= Log | Exp (Log( (&) "R C))) Exp(~C[ Ri3¢))|
~ Log( fr(&;)"R{ C,) + I, (Log( fr(&;) "R} C;))(—C]R;6¢;)
=Ty (R;) — Jr_l(r fr (Ri))CiTRi&ﬁi
r 4, (CiExp(66,)) = Log ( f2(&;) TR (C;Fxp(46,) )
— Log [Exp(Log( fr(é,) "RTC,))Exp(66,)| (A21)
~ Log( fr(&,)"R] C;) + J, " (Log( fz(&;)"R] C,))sb,
—r, (C)+3,(r, (C,)d6;
or fn .
66¢Z = _Jr (rf (Rz)>C;I—R7,
3rf
n
g‘spi (A.22)
rfR _ 11
960 _Jr (rfR(C’L))
or fo
0d, ~°
2.2 Jacobians of ry
Ty (R;Exp(0¢;)) = (RiEXp(5¢i))T(di —Pi) — fp(di)
= EXP(—(S@)Rz‘T(di -Pp;)— fp(di>
~(I-0¢M R/ (d; —p;) — f,(&
( ; ¢7,) z( 7 /\pz-)r fp(al) ) (AQS)
=R;(d; —p;) —0¢;R; (d; — p;) — -fp(ai)
=R/(d,—p;) — AGHES (R](d; — p;))" 00,
= rfp(Ri) + R;r(di —p;)" 0,
ry (p; +R0p;) = R (d; — (p; + Ri0p;)) — f,(&;)
:R;r( ) pz R(spz) f (~1)
= R;r( i —Pi) —0p; — fp(di) (A.24)
= RzT(dz - p;) — fp(a;) —p;)
(pz) - 5pz



ry (d; +C;6d,) = R ((d; + C;6d,) — p;) — f,(&,)
=R/{(d; + C;0d;, — p;) — f,(&;)
=R/{(d; —p;,) + R/ C;0d; — f,(&;) (A.25)
=R/(d, - p;) - AGCHES R]C,id;
=r; (d;) + R/ C;0d;

or
L =R, (d;, —
86¢1 ( 7 pl)
or 5o 1
op,  °
o, (A.26)
£ =0
060,
Or
f, T
L =R, C,
00d; v
3 Rigid Contact Factor Derivations
3.1 Measurement Model
Starting with Eq. (29), the relative motion increments for the contact frame are given by:
j—1
AC,; = CJC; = || Exp(ny?At)
b= (A.27)
Ad,; = C](d; —d,) ZAczkndet

Next, we wish to isolate the noise terms. First, we will deal with the rotation of the contact frame. The
product of multiple incremental rotations can be expressed as one larger rotation. Therefore,

AC;; £ AC,;Exp(—40,)) (A.28)

where Aéij denotes the measured relative rotation of the contact frame between times ¢; and t;. Due to the

rigid contact frame assumption, Eq. (27), Aéij = 1. The noise term 60,; = — Hi;: Exp(n¢?At) accounts
for the accumulated angular contact slip. Though repeated first order approximation, 46,; is shown to be



approximately zero mean and Gaussian:

j—1
46,; = —Log <H —Exp(n‘,jdAt))

k=i
j—2
= —Log (Exp (Log <H Exp(n‘,‘jdAt)>> Exp (n]‘f’flAt)>
k=i
a.(2) g p
~ —Log (H Exp('rf,jdAt)> +J,7t (Log (H Exp(rﬁjdAt)>> n;’flAt
k=i k=i (A.29)

Jj—2
~ —Log (H Exp(nfdAt)> + 'r]‘j‘-"flAt
k=i

7j—1
~ Z nYiAL
k=i

where we make use of the fact that for small noise quantities, the right Jacobian and its inverse are close to
the identity.

Now, we can isolate the noise in the position of the contact frame by substituting Eq. (A.28) into Adij7
using the first-order exponential map approximation, and dropping the higher order noise terms.

j—1
Ad;; ~ ) AC,(I-660))n At
k=1
j—1
= I—60))n'%At
k:Z( zk)nk (A.SO)
j—1
~— Z n};dAt
k=1
N -
2 Ad,; — 0d,;

where Aaij denotes the measured incremental translation of the contact frame between times ¢; and t;.
Again, due to the rigid contact frame assumption, Eq. (27), Aaij = 0. The noise term dd,;; = Zi;i nyviAL
is a linear combination of Gaussians, and is therefore also zero mean and Gaussian.

Finally, we arrive at the preintegrated contact measurement model:

AC,; = C/C,Exp(00,;) =1

- T (A.31)
with the noise characterized by:
50, 1 melAt
I = ’;:; n’“d ~ N (061, 2;;) (A.32)
od,; j—i M At
3.2 Residuals and Covariance
Once the noise terms are separated out, we can write down the residual errors:
T'ac, = Log(C; C;)
! (A.33)

Tad,; = Cz'T(dj —-d;)



Furthermore, since both noise terms are simply additive Gaussians, the covariance can easily be computed.
Written as a linear system, the measurement noise model becomes:

00, 00, wd
0d;p 14 odyy, i
This allows is to compute the covariance as iteratively starting at 3,; = 0:
b 0]
) _ ) nwd 3 2
Yipr1 =2+ { 0, Envd:| At (A.35)

where X, ; and X, ; are the discrete covariance matrices of the contact frame’s angular and linear velocity

noises, n*% and n¥?. This iterative update equation allows for time-varying contact noise. This would be
particularly useful if the noise was modeled to depend on contact pressure.
If the contact noise kept constant, Eq. (A.35) simply becomes:

b} O
nw 3 -
Eij [ 0, Env:| Aty (A.36)

where 3, and 3, , are the continuous covariance matrices of the contact frame’s angular and linear velocity

noises, n* and 0¥, and At;; = i:i At.

4 Rigid Contact Factor Jacobians

4.1 Jacobians of ryo
ij

Using the retraction defined in Eq. (A.19), the Jacobians of the rigid contact factor residuals can now be
computed as:

rac,, (C:Exp(68;)) = Log((C;Exp(d6;))" C;)

xp(—66;)C{ C;)

C; C,Exp(—C] C,30,))
(Log(Cch))EXP(—CJT‘Ci(SBi))
C ) (LOg(CICj))(_C}—Ciéei)
=rac (C;) =T 1(rACij(Ci))C;rCi59i

(A.37)

rac,, (C;Exp(06;)) = Log(C{ (C;Exp(58,)))
= Log(C] C,Exp(68,))
= Log(Ex (Log(CTC ))Exp(56,)) (A.38)
= Log(C;C;) + J,*(Log(C/C,))s8,
= rACV,(Cj) +J,1 (rACU (C;))d0,

ij



Written concisely, the Jacobians of rpo = are,
ij

T
aaﬁjj — 3 (rac, (C)C]C,
81'Acij

95d,
('9rACij

960
arACij

9éd,

4.2 Jacobians of r,,
ij

TAd,, (CiExp(d6;)) = (CiEXP((Sgi))T(d]‘ —d;)

= EXP(_‘SOi)CiT(dj

-d,)

~(I- 50?)03(‘13‘ —d,;)

~ C'T(d' -d;) - 59?03(‘1]' -d;)

T
;—d;) +(C/(d; —d,))"60,
=TAd,; (C) + (Cz‘T(dj —d;))"06,

~CJ(d, —

rag,,(d; + C;0d;) = CJ(d; - (d; + C;0d,))

C/(d; —d, — C;id,
= ZT(d d;) —dd,)
) —ddy)

a, (d;

7

raa, (d; +C;éd;) = Cj ((d; + C;dd,)

(d;

Written concisely, the Jacobians of r,4 = are,
ij

Orpg, .

856; = (Cj(dj - di))/\
8rAdij o

Dod, ~ B

(’91‘Adij o

960

Orpg,

=T,

i)

C —d,)
=C/(d; + C;6d; —d,)

C/(d; —d;)+C]C
=rpa, (d;) + C{ C;dd,

;0d;

10

(A.39)

(A.40)

(A1)

(A.42)

(A.43)



5 Point Contact Factor Derivations

5.1 Measurement Model
In this section, we derive the preintegrated point contact measurement model beginning with Eq. (38).
j—1
R/ (d; —d;) =R]CnAt + Z ARy, fr(éy, — i )nyt At (A.44)
k=i+1

The rotation increment AR,;; is defined and explained fully in [2]. In order for this report to be self contained,
we include the definitions below.

7—1
AR, 2R]R; = [[ Exp ((a;k —bf - ngd)At) — R, Exp(—3¢,;) (A.45)
1=1

where up to a first-order approximation,

= [T Exp (@, — bY)A)
= (A.46)

i
~ T -
i = > ARy Ji(@y — b)nl! AT

Substituting Eq. (A.45) into Eq. (A.44) yields,

j—1
Rz‘T(dj —d;) = RiTszdAt + Z AR, R EXP(—06;) fr(dy, n%)nZdAt
k=i+1
i—1
~R]Cm At + Z AR, (I = ¢} fr(éy — nt)mptAt (A.47)
k=i+1
j—1
~R]Cn At + Z ARy, fr(éy, — ni)nyt At
k=i+1

where all higher order noise terms have been dropped. Substituting in Eq. (13) and again dropping higher
order noise terms gives:

j—1 N—1
R](d; —d;) = R]C;n} At + Z ARy, (fR(dk) H Exp (-AI+1,N+1(54)772T)> i At

k*i-&-l n=1

j N—-1 A
~RCni At + Z AR, (fﬂdk) II (I— (ATos e (@) ))nzdm
n=1

k=i+1
Jj—1 N-1 A
~RIC'At+ Y AR, (fR@) <1 > (AT va@ms) ))nzdm
k=1+1 n=1
j—1 N—-1 A
=R/ Cmj'At + Z ARy, fr(@)niAt — ARy, fr(&y) Z ( ni1N41(@ )n%*) mit At
k=i+1 n=1

j—1
%RT 7.771dAt+ Z ARzk fR(ak)n At
k=i+1

(A.48)

11



where the preintegrated contact position measurement is zero, i.e. Aaij =0.

Therefore, up to a first-order approximation, the preintegrated contact position noise, éd,., does not

150
depend on either the rotational noise, d¢,;, or the encoder noise, n°t. The preintegrated point contact

measurement model can now be written as:

3 T
Ad;; = R; (d; —d;) +dd; (A.49)

5.2 Iterative Noise Propagation

In this section we derive the covariance of the point contact residual function as an iterative update equation.
Since the gyroscope measurements are needed to compute 6dij, the preintegrated point contact factor is
formulated as an extension to preintegrated IMU factor described in [2].

The combined IMU / Point Contact preintegration residual includes the three IMU residuals defined in
[2] and the new point contact residual, Eq. (40). Written explicitly, the full residual becomes:

L AR, (b’ OR; §b? RT
fan, oc | (a8, Gmo (G0 ) ) RIR,
r = :Avij = R;F(Vj —V; — gAt”) - |:AVij (B?, B;l) + ({;‘{)Zgj ob? + g;;ig (Sba:| (A50)
APs; T 1 _ o9 cay | ODy Dij . o
I'ad,, R; (p; — p; — ViAt;; — 53Atij) - |:Apij(bi ,b;) + 9b¢ 6b? + Ib° ob ]
i R/(d; —d,) ]

Likewise, the preintegrated noise vector, first defined in [2], is appended to include the contact noise yielding:
T
nf 2 (065, 6v], 000, 0d] ] ~ N (0121, Zs5) (A.51)

The preintegrated contact position noise, defined in Eq (A.48), can be written in an iterative update form
by removing a term from the summation and reordering;:

j—1
~R;CnlAt — Z ARy, fr(ay)nyt At

od,; =
k=i+1
T vd = S ~ vd ~ ~ vd (A52)
= -R/Cn!'At— Y ARy, fr(dy)niAt — AR, ;_; fa(a; )nY At
k=i+1
=dd;;_, —AR; ;4 fR(&j—l)n;‘)ilAt
The iterative update equation can now be written as:
d;, — RLCmilAt for k =i
6dik+1 = ik K Kk ~ vd or Z (A.53)
§dik - ARM fR(ak)nk At for k> 1

initialized with dd;; = Ogx1.
Using Eq. (A.53) and the iterative update equations for the rest of niAj defined in [2], we can write the
linear noise model as:

01
5Vz‘k+1
5pik+1
5dik+1

T
ARy 03 03 03
—AR,;,(ar — b}) At I, O3 053
= 1 -
—EARik(ék —bHMNA? LAt I 03
03 05 03 ARy, fr(dy)npiAt
03 ARikAt 03 'rli
+ I 5 2 ngd
03 QAleAt 03 ”]Zd
03 03 AR, fr(ay,)At

12

0P
5V7;k
OPik
(A.54)

for k > 1



This linear system can be simply written as:
nﬁcﬂ = Ang +Bni  fork>i (A.55)

(Note that the update equation for k = ¢ will be slightly different due to the cases in Eq. (A.53)).
The covariance can now be computed iteratively:

Sis1 = AS,AT+BS, BT for k> (A.56)

where En is the covariance of the raw IMU and contact noise terms nﬁ, initialized with %;; = 012x12.

5.3 Separation of IMU and Contact Factors

Upon closer inspection of Eq. (A.54), it can be seen that both A and B are block diagonal matrices.
Therefore, it can also be shown that the final covariance 3;; will also be block diagonal. This means that
the preintegrated point contact measurement is uncorrelated with the preintegrated IMU measurements.
In addition, because they are jointly Gaussian, the measurements are independent. This independence is
obtained because of the first-order approximation of the noise models.

Since the preintegrated IMU and contact measurements are independent, the combined factor given by
Eq. (A.50) can be split into preintegrated IMU factor and a preintegrated contact factor. This separation is
important, because existing code implementations of IMU preintegration can be used without modifications.

The separated preintegrated point contact factor residual is simply:

raq, = RJ(d; —d;) (A.57)

The iterative update equation for the new covariance X;; € R3*3 is given by:

=y + (RICAL) 5, (R{ckAt)T for k =i

' g . (A.58)
.+ (ARik fR(ak)At) >N <ARik fR(ak)At) for k > i

Eik+1 =

starting with 3, = 0343, where X, 18 the covariance of the discrete contact velocity noise n%d.

v

6 Point Contact Factor Jacobians

6.1 Jacobians of r ,
ij

Using the retraction defined in Eq. (A.19), the Jacobians of the point contact factor residuals can now be
computed as:

rAdij(RiEXp((qui)) = (RiEXp(6¢i))T(dj —-d;)
= EXP(_5¢i)R2—(d]’ —-d;)
= (I - 5¢£\)R1'T(dj - di)

= R;r(dj -d;) - (Sd);\R;r(dj - di) (459
= Rz‘T(dg‘ -d;) + (Rz‘T(dj —d;))"de,
=Taq,, (Ry) + (R} (d; - d,))"d¢;
rag,,(d; + C;0d;) = R/ (d; - (d; + C;éd,))
| =R/(d; - d, - C;0d,)
(A.60)

= Rz'T(d' -d;) - R;'I—Ciadi
TAd, (d;) — Rz'TCi(Sdz'

(3

13



raq, (d; +C;0d;) = R ((d; + C;0d;) — d;)
R (d, + C,dd; — d;)
T(dj d;) + chjédj
T
a,,(d;) +R{ C;dd,

(A.61)

(2

Written concisely, the Jacobians of r,4 are,
ij

81'Adi,
956,

arAdij 0
0dp;

3rAdij o
040,

Orpg,

&Sd; =-RiC,
arAd,;j 0
2o,
8rAd1;j 0

Bépj
arAdij _o
000
8rAdij _RTC.
04d; v

= (R;r(dj - di))/\

(A.62)
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